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Extended abstract 
To understand mathematics as a whole would entail a discussion of the roles 
mathematics plays in everyday personal affairs, in schooling (e.g., as a sorter), in 
occupations, in other fields such as physics, and in its existence as a discipline 
studied for its own sake.  In contrast, this talk is primarily concerned with what it 
means to understand some mathematics, which generally means to begin with a bit of 
mathematics and to subject it to detailed analysis, usually from the perspective of the 
learning of that bit. 
It is natural for mathematics educators to view mathematical understanding from the 
standpoint of the learner, whether that learning is for use in life, for use on a job, for 
personal enjoyment, or for a test. But the full or complete understanding of 
mathematics in schools requires more than the learning perspective. It includes the 
understanding of mathematics also from the standpoints of educational policy and the 
teaching of mathematics. For mathematicians, the understanding of mathematics 
includes an understanding from the standpoint of those who invent or discover new 
mathematics. 
We in education act both as behaviourists and cognitivists. As behaviourists, we want 
students to answer questions correctly and sometimes do not care how they got their 
answers. As cognitivists, we want to know what students are thinking as they work 
with mathematics and we ask students to show their work. In the 1970s, Skemp 
(1976) used the phrases instrumental understanding and relational understanding, 
essentially meaning procedural understanding and conceptual understanding. I agree 
with Skemp that instrumental and relational understanding are different but I do not 
agree that they are different subjects. I view them as different aspects of 
understanding the same subject. Also, I believe there are more than two aspects or 
types of understanding, as different from each other as Skemp’s two types, but all 
different aspects of understanding mathematics. I call these aspects dimensions of 
understanding. 
Educational policy towards mathematics includes the selection of content to be 
covered in school, who should encounter that content, and when.  The understanding 
of the invention or discovery of mathematics from the mathematician’s perspective 
has been the subject of many books. The understanding of mathematical invention 
would not be complete without consideration also of the inventors, mathematicians 
themselves, through the many available biographies. 
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Mathematics deals with both concepts and problems.  On problem solving, Polya’s 
How To Solve It (1957) has long been a seminal work. It is significant that the first of 
his four steps of problem solving is understanding the problem. 
To exemplify understanding of concepts, in this presentation two dissimilar concepts 
are discussed: multiplication of fractions, an arithmetic operation, and congruence, a 
geometric relation.  For each, we discuss vocabulary and the dimensions of 
understanding.  It is the ability to apply all the dimensions to these ideas that makes 
them concepts and not uni-dimensional entities. 


Table 1: Dimensions of understanding 


Dimension of 
understanding 


Range 
From Through To 


Skill-algorithm 
(calculators and 
computers 
included) 


application of an 
algorithm 


selection and 
comparison of 
algorithms 


invention of new 
algorithms 


Property-proof justification of a 
property 


derivation of 
properties 


proofs of new 
results 


Use-application application of a 
concept 


use of mathematical 
models 


invention of new 
models 


Representation-
metaphor 


representation of 
an idea 


analyses of 
representations 


Invention of new 
representations 


History-culture historical facts 
and demographics 


analysis and 
comparison of 
mathematics in 
cultures 


discovery of new 
connections or 
historical themes 


The dimensions of understanding detailed in Table 1 have common qualities. Each 
has supporters for whom that dimension is preeminent, and who believe that the other 
dimensions do not convey the real essence of the understanding of mathematics. Each 
dimension has aspects that can be memorized yet the potential for the highest level of 
creative thinking.  The dimensions of understanding are relatively independent in the 
sense that they can be, and are often, learned in isolation from each other, and no 
particular dimension need precede any of the others. 
For over a quarter century, we have been using this multi-dimensional framework to 
help guide our development of the University of Chicago School Mathematics 
Project materials for secondary schools.  By keeping a watchful eye on these 
dimensions, we feel that our materials become richer and reach more students than if 
we did not implement this broad perspective. 
The teacher is an applied mathematician whose field of application involves the 
classroom and the student. Like other applied mathematicians, in order to apply the 
mathematics, the teacher needs to have a good deal of knowledge about the field 
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itself – that is, the about the educational process - as well as about mathematics. 
Thus, the understandings that a teacher needs involve more than mathematical 
understandings. The teacher also must take into account students, classrooms, 
teaching materials, and the necessities of explaining, motivating, and reacting to 
students. 
To understand the teaching of mathematics, teachers must have pedagogical content 
knowledge, an understanding of mathematical concepts, an understanding of 
mathematical problems, and be able to integrate and connect these ideas to other 
mathematics and the other subjects studied in school. 
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Mathematical activity involves work with concepts and problems. Understanding 
mathematical activity in mathematics education is different for the policy maker, the 
mathematician, the teacher, and the student. This paper deals with the understanding of a 
concept in mathematics from the standpoint of the student, that is, the learner’s standpoint. 
We make the case for the existence at least five dimensions to this understanding: the skill-
algorithm dimension, the property-proof dimension, the use-application (modeling) 
dimension, the representation-metaphor dimension, and the history-culture dimension. We 
delineate these dimensions for two concepts: multiplication of fractions, and congruence in 
geometry. 


Curriculum, mathematical understanding, fractions, congruence, mathematical concepts 


 


INTRODUCTION 


To understand mathematics as a whole would entail a discussion of the roles mathematics 
plays in everyday personal affairs, in schooling (e.g., as a sorter), in occupations, in other 
fields such as physics, and in its existence as a discipline studied for its own sake.  In 
contrast, this paper is primarily concerned with what it means to understand some 
mathematics, which generally means to begin with a bit of mathematics and to subject it to 
detailed analysis, usually from the perspective of the learning of that bit.  


In taking on this task, I realize full well that I have entered an area on which a very large 
number of very talented individuals have trod. Indeed, these pages could be entirely filled 
by a reference list of works that include some analysis of mathematical understanding. 
However, my perspective is slightly different from many who have written on the subject. 
It comes from the standpoint of a curriculum developer, from decades of writing materials 
for students that attempt to lead them to understand the mathematics they are being asked 
to learn. This perspective falls somewhere between Freudenthal’s Didactical 
Phenomenology of Mathematical Structures (1983) and Hiebert and Carpenter’s chapter on 
learning and teaching with understanding in the Handbook of Research on Mathematics 
Learning and Teaching (1992). 
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UNDERSTANDING SCHOOL MATHEMATICS 


Throughout the 20th century psychologists and mathematics educators wrestled with what it 
means to “understand” a bit of mathematics. When I was a student in the 1960s, one 
definition of “learning” was “a change in behavior”, which meant that understanding was 
allied with certain actions. This represented a behaviorist view of learning. Indeed, there is 
a common saying attributed to Confucius, which in English is sometimes translated as: “I 
hear and I forget. I see and I remember. I do and I understand.” Yet we often hear it said 
that students can “do” certain mathematics but not understand what they are doing. This 
roughly parallels the difference between what in psychology are sometimes called 
behaviorism and cognitivism. We in education act both as behaviorists and cognitivists. We 
view “understanding” as something that goes on in the brain without external actions yet 
we want students to exhibit their understanding by responding to tasks we present before 
them. Specifically, as behaviorists, we want students to answer questions correctly and 
sometimes do not care how they got their answers. As cognitivists, we want to know what 
students are thinking as they work with mathematics and we ask students to show their 
work.  


In the 1970s, Skemp (1976) wrote on this subject with the phrases instrumental 
understanding and relational understanding essentially meaning procedural understanding 
and conceptual understanding.  He wrote, “I now believe that there are two effectively 
different subjects being taught under the same name, ‘mathematics’.” Skemp’s dichotomy 
is, I believe, now the most common broad delineation of what is meant by mathematical 
understanding.  


In this paper, I offer a view of understanding that evolved in my mind rather independently 
of Skemp.  You will see that I agree with Skemp that instrumental and relational 
understanding are different but I do not agree that they are different subjects. I view them 
as different aspects of understanding the same subject. You will also see that I think there 
are more than two aspects or types of understanding, as different from each other as 
Skemp’s two types, but all different aspects of understanding the same subject. For reasons 
I explain later, I call these aspects dimensions of understanding. 


Since we are speaking of mathematical understanding, in discussing the subject, it is 
necessary to have some idea of the extent of the subject. For our purposes, mathematics is 
an activity involving objects and the relations among them; these objects may be abstract 
or abstractions from real objects. The activity consists of concepts and problems or 
questions: mathematicians employ and invent concepts to answer questions and problems; 
mathematicians pose questions and problems to delineate concepts. So a full understanding 
of mathematics requires an understanding both of concepts and of problems and what it 
means to invent mathematics. 


It is natural for mathematics educators to view the understanding of mathematics from the 
standpoint of a person’s learning of mathematics, whether that learning is for use in life, 
for use on a job, for personal enjoyment, or for a test. But the full understanding of 
mathematics in schools requires more than the learning perspective. It includes the 
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understanding of mathematics also from the standpoints of educational policy and the 
teaching of mathematics. For mathematicians, the understanding of mathematics includes 
an understanding from the standpoint of those who invent or discover new mathematics. 


Educational policy towards mathematics includes the selection of content to be covered in 
school, who should encounter that content, and when. In the selection of content, a 
fundamental question concerns what constitutes mathematics. Is statistics mathematics? Is 
physics mathematics? Is formal logic a part of mathematics? In general, when if ever does 
applied mathematics cease to be mathematics? Should telling time be a part of the 
mathematics curriculum? What about reading tables of data or locating one’s home town 
on a map of a country? What about doing a logic puzzle such as a Sudoku puzzle? What 
about a discussion of lucky numbers and favorite numbers and unlucky numbers? Is 
computing using a calculator doing mathematics or avoiding it?  Is conjecturing 
mathematics or is it proto-mathematics, that is, not the real thing but leading up to the real 
thing. These questions bring out differences among us in what we think mathematics is, 
and differences in what we think is real or good mathematics. A full paper could be 
devoted to these questions but it is not the focus here. 


The understanding of a mathematics concept or problem from the teacher’s perspective 
overlaps the learner’s perspective but is not the same. I return to the teacher’s perspective 
at the end of this paper. 


The understanding of the invention or discovery of mathematics from the mathematician’s 
perspective has been the subject of many books, of which the classics by Hadamard (1945), 
Hardy (1940), and Polya (1962) are probably the most well-known, at least in the West. 
The understanding of mathematical invention would not be complete without consideration 
also of the inventors, mathematicians themselves, through the many biographies that are 
available. The recent book by Reuben Hersh and Vera John-Steiner (2010) also falls into 
this broad category. 


On problem solving, Polya’s How To Solve It (1957) has long been a seminal work. It is 
significant that the first of his four steps of problem solving is understanding the problem. 
Polya and others since have treated this subject in such detail that I have nothing significant 
to add. For this reason, in this paper, I concentrate on the understanding of concepts. 


There is a vast array of concepts which might be considered, ranging from very general 
concepts, such as number, function, point, linearity, or structure, to specific concepts such 
as the mean of a set, the Pythagorean Theorem, the solving of a linear equation, and many 
concepts in between. For the purposes of this paper, I have picked two dissimilar concepts 
as examples: multiplication of fractions, an arithmetic operation, and congruence, a 
geometric relation.  


Finally, as the last demarcation of the topic to be discussed here, let us indicate what does 
not constitute understanding. We say that someone does not understand a bit of 
mathematics when that person acts blindly to the prompts in the situation, or acts 
incorrectly to the prompts.   
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FIRST EXAMPLE: UNDERSTANDING THE MULTIPLICATION OF FRACTIONS 


Vocabulary 


Mathematics is, among its many other attributes, a language of discourse. It is both a 
written language and a spoken language, for – particularly in school mathematics – we 
have words for virtually all the symbols. Familiarity with this language is a precursor to all 
understanding. You cannot begin to understand multiplication of fractions unless you know 
what a fraction is and what it looks like, and that multiplication is an operation which, 
given two numbers, produces a third. The vocabulary of fractions is interesting and not at 
all trivial.1 In general, dealing with the written and spoken vocabulary of a concept is an 
essential part of its understanding that transcends all aspects of that understanding. 


Skill-Algorithm Understanding of Multiplication of Fractions 


If a random person on the street is asked, “Do you understand the multiplication of 
fractions?, a typical response might be, “Yes, you multiply the numerators and 
denominators to get the answer.” To the world outside academia, understanding is often 
equated with getting the right answer. Knowing how to get an answer is the essence of the 
procedural understanding of the multiplication of fractions or any other concept. Because 
algorithms are often done (and supposed to be done) automatically, we often view applying 
a procedure as the opposite of understanding.   


However, there is much more to procedural understanding than merely applying an 
algorithm. With regard to the multiplication of fractions, the procedure seems very simple. 
If we are confronted with calculation (1), 


    
2
3


 X 4
5


, (1) 


we merely multiply numerators and denominators to obtain the product 8
15


.  


However, the values of the numerators and denominators can alter what we do. In (1), 
change the 4 to a 6, as shown in (2), 


    2
3


 X 6
5


,  (2) 


and we may divide the 3 and 6 by 3 and thus get 2
1


 X 2
5


, and now multiply numerators and 


denominators to obtain the product 4
5


. Or we may divide the 3 into the 6 and write 1 and 2. 


Some people cross out the 3 and 6 in the process. These variants of the algorithm used in 
(1) are different enough to require days of instruction in a typical classroom. 


Change the 4 in calculation (1) to a 3, and we think about it even another way.  


	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
1 For instance, the word “fraction” itself has many different meanings in English that are all 
used in classroom discourse:  (1) a number between 0 and 1; (2) a number that is not an 
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    2
3


 X 3
5


  (3) 


We ignore the 3s (some people cross them out) and just write down 2
5


. 


Change the 4
5


 to 4 and there is another algorithm.  


    2
3


 X 4  (4) 


I multiply the 2 by 4 and write down 8
3


. Some students feel the necessity to replace the 4 


with 4
1


 and then they treat the problem as if were of type (1) and multiply numerators and 


denominators to obtain 8
3


. 


Change the 4
5


 to 60 and there is still another algorithm.  


    2
3


 X 60  (5) 


Now we may divide 3 into 60 and then multiply the quotient 20 by 2. Or, since the 
numbers are so simple, you might multiply 2 by 60 and then divide by 3. 


Change the 4
5


 to 3
2


 and there is still another algorithm.  


    2
3


 X 3
2


  (6) 


We recognize that these numbers are reciprocals and immediately write down the product 1. 


Change the 4
5


 to 1 4
5


 and there is still another algorithm.  


    2
3


 X 1 4
5


  (7) 


The mixed number (what a term that is!) 1 4
5


 needs to be changed to the improper fraction 


(another unfortunate term!) 9
5


 and then the algorithm used in (1) above is applied. 


If there are more than two fractions to be multiplied, combinations of these strategies are 
applied. 


Multiplication of fractions is perhaps the simplest algorithm in all of elementary school 
arithmetic. And yet the skillful arithmetician has at least seven different ways of 
multiplying two fractions, depending on the numbers involved in the situation.  


Skill is sometimes thought of as a lower order form of thinking. Accordingly, procedural 
understanding is often viewed as not as deep an understanding as conceptual understanding. 
I would like to argue that the understanding of procedures is not so lower-level at all. 
Those who are skillful make all sorts of decisions while performing the skills. They possess 
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skill-algorithm understanding. You and I exhibit skill-algorithm understanding of the 
multiplication of fractions when we do it and get the right answer. We exhibit a higher 
form of this same type of understanding when we know many ways of getting the right 
answer (that is, we know different algorithms) and choose a particular algorithm because it 
is more efficient than others. Many people possess this type of understanding because we 
spend so much time working on the skill.  


Property-Proof Understanding of Multiplication of Fractions 


For many people, understanding has a completely different meaning than obtaining the 
correct answer in an efficient manner. You don’t really understand something unless you 
can identify the mathematical properties that underlie why your way of obtaining the 
answer worked. "Understanding" is contrasted with "doing".  This kind of understanding is 
often found in courses in mathematics for elementary school teachers. 


For example, for the multiplication problem 2
3


 X 4
5


, we wish to justify the rule 


For any numbers a, b, c, and d with b ≠ 0 and d ≠ 0, a
b


 • c
d


 = ac
bd


, 


by showing how it follows logically from a set of simpler properties.  


 a
b


 • c
d


 = (a • 1
b


) • (c • 1
d


)  (definition of division) 


 = a • ( 1
b


 • c) • 1
d


  (associative property of multiplication) 


 = a • (c • 1
b


) • 1
d


  (commutative property of multiplication) 


 = (a • c) • ( 1
b


 • 1
d


)  (associative property of multiplication) 


  = (ac) • ( 1
bd


)  (uniqueness of multiplicative inverse; each is the  


         inverse of bd) 


 = ac
bd


    (definition of division) 


This aspect of understanding, property-proof understanding, is obviously quite different 
from skill-algorithm understanding. From this mathematical derivation of the rule, a 
student learns that multiplication of fractions is not an arbitrary rule but a property that can 
be deduced from more general properties of multiplication and division. The derivation 


also shows the importance of thinking of the fraction a
b


 as being equal to a • 1
b


, the 


relevance of reciprocals, and so on. 


Technically, the proof above that a
b


 • c
d


 = ac
bd


 only accounts for the algorithm in case (1) 


mentioned above, a multiplication involving two fractions with no common factors in 
numerators and denominators. To justify case (2), in which the denominator of one fraction 







	  
 


	   	   	  
ICME-‐12,	  2012	   	   7	  


Usiskin 


is a factor of the numerator of the other fraction, as in 2
3


 X 6
5


, we must show that a
b


 • bc
d


 


=  a • c
d


. A full justification of the ways in which we multiply fractions requires proofs 


also for cases (3) through (7). Thus the complexity of the algorithms is matched by a 
complexity of the mathematical underpinnings. 


I have never seen anyone take the seven different cases of multiplying fractions shown 
above and subject each of them to careful mathematical analysis – and for good reasons – 
the seven cases are the tip of an iceberg of infinitely many variations. So such an analysis 
would always be incomplete, and the payoff in increased proficiency that would come from 
a large number of proofs is unlikely to reflect the extra time that it takes to handle all of the 
cases. 


Some believe that if you understand these sorts of mathematical derivations and use 
language correctly, then you will be more skillful. This was the hope of many who worked 
with the “new math”, that era that lasted in the United States roughly from about 1960 to 
1974. But it was found that the transfer from understanding properties to understanding 
skill was not automatic. Skill requires practice, and also requires flexibility to choose 
among various possible algorithms, a quality that the mathematical derivations do not 
convey.  


It is still the case today that some people will say that a person does not really understand 
arithmetic until he or she knows the mathematical theory behind it.  It is also the case that 
when people contrast procedural understanding with conceptual understanding, they are 
often contrasting skill understanding with the understanding that comes from mathematical 
properties. However, there is more to understanding than these two facets. 


Use-Application Understanding of Multiplication of Fractions 


A person may know how to do something and may know why his or her method works, but 
– particularly to people who use mathematics in their daily lives and on the job – a person 
does not fully understand the multiplication of fractions unless he or she understands when 
to multiply fractions. I would like to call this the “use-modelling understanding” but the 
word “model” has too many meanings and could be confusing. So I call it use-application 
understanding.  


This type of understanding is different from both skill-algorithm understanding or 
property-proof understanding. Many people who can multiply fractions do not know of any 
place where they could use it. Students can even know both algorithms and mathematical 
properties associated with a concept without knowing its uses; this is a common situation 
in mathematics classrooms worldwide.  


That there are students who can multiply fractions who cannot use them tells us that 
understanding of applications does not come automatically. We have only begun to realize 
that uses can be taught and that must be taught before most students realize what to do. 
Here are some examples of situations that might lead to that multiplication. 
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(1) A rectangular region on a farm is 2
3


 km by 4
5


 km. What is its area? 


(2) If an animal travels at a rate of 2 km in 3 hours (i.e., at 2
3


 km per hour), how many 


miles will it travel in 48 minutes (i.e., 4
5


 hour) 


(3) If two independent events have probabilities 2
3


 and 4
5


, what is the probability both 


will occur?  


(4) If a segment on a sheet of paper is 4
5


 inch long and is put in a copy machine at 2
3


 its 


original length, what will be its final length?  


(5) If something is on sale at 1/3 off (i.e., at 2
3


 its original price) and you get a 20% 


discount (to 4
5


 of the sale price) for opening a charge account, your cost is what part 


of the original price? 


That these five situations represent five different types of applications, not merely five 
different application contexts, can be seen by examining the units of measure (or lack of 
units) involved.  


(1) A measure is multiplied by a measure: 2
3


 km X 4
5


 km = 8
15


 square kilometer. 


(2) A rate, a measure with a derived unit, is multiplied by a measure: 
2
3


 km/hour X 4
5


 hours = 8
15


 km. 


(3) Two scalars2 are multiplied: 2
3


 X 4
5


 = 8
15


. 


(4) A scalar is multiplied by a measure: 2
3


 X 4
5


 inch = 8
15


 inch. 


(5) A scalar is multiplied by an unknown measure; then the product is multiplied by a 


scalar: 2
3


 X 4
5


 X original price = 8
15


 X original price. 


The conception most people have about applications is that they involve a higher order of 
thinking than skill. The evidence is overwhelming that this is not the case, that applications 
involve a different kind of thinking, but not necessarily one that is higher or more difficult.  


We spend large amounts of time teaching arithmetic paper-and-pencil skills, including 
weeks on multiplication and division of fractions alone. We spend relatively little time 
teaching students how to apply these operations with fractions. As a result, performance on 


	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
2	  A	  scalar	  is	  a	  number	  without	  a	  unit.	  	  Percents	  and	  probabilities	  are	  always	  scalars.	  	  Fractions	  may	  or	  may	  not	  
be	  unitized.	  
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application is lower than performance on skill and we are led to believe that application is 
more difficult than skill. I would argue that some application is harder than some skill, but 
some skill is harder than some application.  


Representation-Metaphor Understanding of Multiplication of Fractions 


Even these three types of understanding do not encompass the entire scope of what it 
means to understand a mathematical concept. To cognitive psychologists with whom I have 
discussed this topic, the three types of understanding discussed so far do not convey the 
real true understanding of mathematics. From psychology we obtain the notion that a 
person does not really understand mathematics unless he or she can represent the concept 
in some way. For some, that way must be with concrete objects; for others, a pictoral 
representation or metaphor will do. 


How can we represent 2
3


 X 4
5


? One obvious way, given the application situation (1) just 


stated above, is with area. In this representation, 2
3


 and 4
5


 are side lengths of a rectangle 


and the product is the area. We represent 2
3


 by splitting the square horizontally into 3 parts 


and shading the top two parts. We represent 4
5


 by splitting the same square vertically into 


5 parts and shading the 4 parts on the left with a different shading than used for 2
3


. This 


splits the square into 15 rectangles, 8 of which have both shadings, a picture of 


! 


8
15


. 


2
3


4
5        


A discrete version of the area representation is with an array of dots. Above, 2
3


 is 


represented by putting 2 of 3 dots above a horizontal line; 4
5


 is represented by putting 4 of 


5 dots to the left of a vertical line; and the product consists of the 8 of 15 dots that are both 
above the horizontal and to the left of the vertical.  


A third representation is quite different and views the 2
3


 and 4
5


 not as equal partners but 


the 2
3


 as operating on the 4
5


. In this representation, suggested by application situation (4) 


above, we begin with any geometric figure (below, the larger trapezoid) on which there is a 
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segment of length 4
5


. Then we draw segments from some point (below, point C) to the 


vertices of the trapezoid. Then, on each segment from C, we pick points 2
3


 of the way to 


the vertices of the trapezoid. Connecting those segments results in an image trapezoid 


whose sides have 2
3


 the length of the corresponding sides of the original trapezoid.  


 


 


 


 


 


 


 


 


Although this representation seems like a lot of work for such a simple arithmetic operation, 
it has wide applicability. 


A person can have a rather deep knowledge of multiplication of fractions even though the 
person has never seen these representations. Millions of youngsters have acquired skills, 
learned the mathematical underpinnings, and developed the ability to apply mathematics 
without touching any concrete materials or seeing any sort of representation of a particular 
piece of mathematics. Thus concrete or pictoral representations precede acquisition of the 
other types of understandings, even though some people appeal to psychology to advise us 
in the same way that we were told about knowing properties; if students are brought 
carefully to understand (in the representational sense) what they are doing, then they will 
ultimately be better at skill.  


One of the principles advocated by some mathematics educators today is to delay the study 
of certain aspects of "formal arithmetic" in the elementary school, until these concrete and 
representational understandings are established. The rationale given for all this is that 
before these ages students either cannot or do not really understand what they are doing; 
that they need conceptual buildup before they can understand. Little is done to define what 
is meant by a concept or what is really meant by understanding. Little is done to 
acknowledge the vast numbers of students who gain other understandings without going 
through these stages. Little is done to analyze the possible effects of such practices if the 
theory is wrong. It may be as unfruitful to wait for this kind of understanding to move on as 
it is to wait for skill understanding to move on.  


The understanding that comes from representations can be quite useful. Statisticians know 
the effects of a good graph. Mathematicians often use graphical and diagrammatic 
representations. More and more graphing is used in algebra and higher mathematics 
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because graphs convey so much information; and with function graphing technology we do 
not have to work so hard to obtain this understanding.  


It is not difficult to apply these four dimensions of understanding to other arithmetic topics 
and to the understanding of topics from algebra and analysis.  So, for the second example, I 
have picked a concept that is quite different, congruence and congruent figures in geometry. 
The four dimensions of understanding will still fit, but a fifth dimension of understanding, 
quite different from the other four, will appear. 


SECOND EXAMPLE: CONGRUENCE IN GEOMETRY 


We begin with the vocabulary of congruence. We think of a figure as referring to any set of 
points. Congruent figures are often informally described as figures that have the same size 
and same shape. The types of sets of points being discussed ranges from discussions that 
apply only to triangles to discussions that apply to all figures. For this discussion, let us 
restrict ourselves to congruence in the plane. 


In the early grades, the discussion is often quite general. Two figures are congruent if one 
can be placed on top of the other. This approach might be termed dynamic, for it speaks of 
a movement of one figure to another. In contrast, in higher grades in the United States, the 
approach in the later grades is static, and it is common to have individual criteria for one or 
more specific types of figures: 


 Two segments are congruent if and only if they have the same length. 


 Two angles are congruent if and only if they have the same measure. 


 Two triangles are congruent if and only if there is a correspondence between their 
vertices with corresponding sides having the same length and corresponding angles having 
the same measure. 


 Two circles are congruent if and only if they have the same radius. 


Both static and dynamic approaches can be obtained by employing the language of 
geometric transformations, that is, functions that map one set of points (the preimage) onto 
another (the image). 3  Here is a characterization of congruence that is dynamic. 


 Two figures are congruent if and only if one can be reflected, rotated, and/or 
translated to the position of the other.4 


Transformations also provide static models for dynamic actions by ignoring any 
intermediary positions of the figure and concentrating only on the points of the preimage 
figure and the points of the image figure.  


 Two figures are congruent if and only if there is a distance-preserving 
transformation (isometry) that maps one figure onto the other. 


	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
3 Some people restrict transformations to be 1-1 functions of the plane.  This issue need not 
concern us here. 
4 It is understood that composites of these transformations are allowed.  In particular, 
congruent figures may be related by glide reflections.   
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Skill-Algorithm Understanding of Congruence 


The skills of geometry relate to drawing and visualizing and are as old as any other aspects 
of formal geometry. The first theorem in Euclid’s Elements is the construction of an 
equilateral triangle, and the steps in that construction constitute the first algorithm of many 
in this genre. Specifically with respect to congruence, a child’s first skill-algorithm 
understanding is likely with tracing a figure or using a stencil to create a congruent one. 
Dealing with the puzzle found in some newspapers and magazines where two complex 
drawings are shown and a student needs to locate the differences is part of this 
understanding. An older child may draw or construct reflection, rotation, or translation 
images of figures, or combine congruent figures to create a tessellation of the plane. Given 
two congruent figures, a student might be asked to describe in visual terms which 
transformation maps one onto the other.  


This particular aspect of understanding is more difficult in three dimensions than in two. 
There visualization plays a greater role. What does a figure look like when viewed from a 
different angle? What are the possible plane sections of the figure?   


Artists and designers often understand this aspect of geometry better than any other. 
Whereas it is common in mathematics textbooks to draw a stylized cube, in which the front 
and back look congruent to the viewer, an artist will use perspective to draw the cube the 
way it would look in the real world, with the back of the cube smaller than the front 
because it is farther away. 


 


 


 


 


 


 


  cube without perspective         cube with perspective 


Skill-algorithm understanding in geometry is similar to that in arithmetic and algebra in 
that technology today is now commonly used when accuracy and speed are desired. The 
use of software such as dynamic geometry programs and computer-assisted design (CAD) 
falls under this dimension of understanding geometry. 


Property-Proof Understanding of Congruence 


The property-proof dimension of understanding is the aspect of congruence that is given 
most priority in secondary schools.  It includes the side-angle-side and other conditions that 
cause two triangles to be congruent, and the use of these conditions to deduce properties of 
lines, angles, triangles, quadrilaterals, and other polygons.  This dimension also includes 
the pro-perties of each of the isometries, the properties of symmetric figures that result 
from the congruence of a figure with itself, relationships between the various isometries 
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(e.g., the composite of two reflections over intersecting lines is a rotation). We derive the 
basic formulas for the areas of triangles, special quadrilaterals, and regular polygons from 
the fact that congruent figures have the same area. These and other derivations are also part 
of the property-proof understanding of congruence.  


Advanced aspects of this understanding involve such things as the statements about 
congruence need to be assumed to form a complete postulate set for Euclidean geometry, 
and the notion that in hyperbolic non-Euclidean geometry the only similar figures are 
congruent ones. The Banach-Tarski paradox in 3-dimensional geometry exemplifies the 
difficulties that can arise when the idea of congruence is applied to very complicated 
figures. 


Use-Application Understanding of Congruence 


Uses of 2-dimensional and 3-dimensional congruence abound. In textbook discussions of 
geometry, we often see pictures of railroad trestles or buildings using congruent triangles, 
congruent rectangular window frames, and other examples of congruence of the particular 
types of figures that are studied. But congruence is far more ubiquitous. Printing makes use 
of congruent letters and symbols, and copies of pages are congruent. Mass production of 
machines makes their parts congruent and simplifies repairs or replacements. From eating 
utensils to chairs, tiles to bricks, congruent objects are everywhere in our lives, so common 
we neglect to mention them.  


Each of the types of isometries have their own applications. Reflections model mirrors. 
Rotations are intimately connected with turns. Translations can be thought of as slides. 
Glide reflections connect consecutive footprints a person might leave when walking. 
Problems of optimal packing bring into play areas and volumes of congruent figures. Since 
the measurement of angles, lengths, areas, and volumes involve congruent figures, the 
applications of measurements also fall into this dimension of understanding. 


Representation-Metaphor Understanding of Congruence 


Geometry is the study of sets of points and visual patterns. In mathematics, these points 
may take on many forms: idealized locations, as in Euclidean geometry; ordered pairs, 3-
tuples, or n-tuples, as in coordinate geometry; data points as in statistics; nodes as in 
networks; dots as in the pixels on computer screens or some paintings. The variety of these 
uses of points underlies the geometric representations of so many arithmetic and algebraic 
concepts.  


Sometimes we represent one type of geometry by another, as when we describe locations 
on a subway system by a diagram, or the Königsberg Bridge Problem by a network as 
Euler did, or a translation by a vector. 


In school mathematics, representations of geometric ideas are often algebraic. We describe 
lines and some other figures, such as the conic sections, by equations. We place 2-
dimensional geometric figures on a coordinate plane. For younger students, we may use a 
representation on a geoboard.  
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With respect to congruence, there is a formula for the coordinates of the image (x’, y’) of a 
point (x, y) under any isometry. This formula can be described algebraically or represented 
by a matrix. Equivalently, we can place a figure on the complex plane and describe any 
isometry by a formula involving complex numbers. These are not simple representations, 
but they are powerful and they are used in describing movements of figures we see on 
computer screens.  


A TAXONOMY OF MATHEMATICAL UNDERSTANDING 


The four dimensions of understanding detailed above have certain common qualities. Each 
dimension of understanding has supporters for whom that dimension is preeminent, and 
who believe that the other dimensions do not convey the real essence of the understanding 
of mathematics. Each dimension has aspects that can be memorized. Skills, names of 
properties, connections between mathematics and the real world, and even work with 
representations can be memorized. They also have potential for highest level of creative 
thinking: the invention of algorithms, the proofs that things work, the discovery of new 
applications for old mathematics, the development of new representations or metaphors.  


The four dimensions of understanding are relatively independent in the sense that they can 
be, and are often, learned in isolation from each other, and no particular dimension need 
precede any of the others. Some believe mathematics should begin with real world 
situations; others with skills; others with concrete materials; and still others believe you 
should develop the mathematical theory first and let everything else come from that.  


It is because of the relative independence of skill-property understanding, property-proof 
understanding, use-application understanding, and representation-metaphor understanding 
from each other, that I believe that the understanding of mathematics is a multi–
dimensional entity, in the sense that there are independent components that constitute what 
might be called "real true”, “complete”, or “full” understanding.  


There is, I believe, at least one other dimension to this understanding, one that is not 
usually found in school mathematics but is a part of the “real true” understanding of 
mathematics. It is the history-culture dimension. How and why did a certain bit of 
mathematics arise? How has it developed over time? How is it treated in different cultures? 
Those who study the history of mathematics or cross-cultural mathematics obtain an 
understanding of mathematical concepts that is different from any of the understandings we 
have discussed so far. It is a fifth dimension. 


History-Culture Understanding 


With respect to congruence, the history-culture dimension includes understanding the work 
of Euclid and its significance, and also the work of Fermat and Descartes to describe 
figures with coordinates, the Erlanger Program of Felix Klein, and Hilbert’s use of the SAS 
Postulate in his Foundations of Geometry.  Much of this is found in books on the history of 
mathematics and is familiar to us. Also, at least in the history of school mathematics, we 
might include the artwork of Maurits Escher. Escher’s tessellations that brought home to 
many of us the idea that the notion of congruence can be applied to figures such as fish, 
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lizards, and birds, and in doing this Escher expanded the applications of congruence and 
tessellations.  


All of this history is from Europe because I am not familiar with the history of these ideas 
elsewhere. It is a gap in my history-culture understanding of congruence.  


I also do not know much about the history of the multiplication of fractions, but most of us 
do have some cultural-historical understanding of fractions themselves. The first fractions 
were those for halves, thirds, and fourths. Over 2000 years ago, the Egyptians represented 
other fractions as sums of unit fractions. Simon Stevin, in his invention of decimals in the 
late 1500s called them decimal fractions, and some places still use that term. The first use 
of the bar for fractions seems to be among Arab mathematicians well over 1000 years ago 
but their common use did not appear until the 16th century (Flegg 2002, pp. 74-75; Cajori 
1928, p. 310). A sign very much like the slash for fractions first appeared in Mexico in the 
late 1700s (Cajori 1928, p. 313). Even today the symbols are not the same everywhere. In 
some places, the fraction a/b is represented by a:b, while in other places the symbol a:b 
represents a ratio that is mathematically not identical to a fraction. For mathematics 
education, the cultural history of fractions represents a dimension of understanding of the 
concept that is considered particularly important to those who believe in a genetic approach 
to learning, that is, a progression of learning activities that parallels the historical 
development of the subject. The cultural history of a mathematical concept is also central 
to ethnomathematics.  


What is a “concept”? 


As mentioned earlier, the word concept is often used as a counterpart to skill. In this paper, 
“multiplication of fractions” is identified as a concept. Why do I consider multiplication of 
fractions to be a concept and not a skill? The reason is that I believe a concept is something 
that lends itself to be analyzed by these dimensions of understanding. A concept has 
associated skills, properties, uses, representations and history. A concept is, in the language 
of this paper, multi-dimensional. 


In contrast, an algorithm or a proof or a model or a representation is not by itself a concept. 
However, by connecting the various dimensions of understanding, one can take any of 
these and turn it into a concept. For example, the long division algorithm is not a concept, 
but if one analyzes this algorithm for its mathematical underpinnings, finds uses for it 
beyond just obtaining answers to division problems, represents it, and discusses its history 
and variants in different cultures, then long division becomes more than an algorithm; it 
becomes a concept.  


Because concepts involve all of these dimensions of understanding, it is often the case that 
a view of a concept does not neatly fit into one of the dimensions. For instance, the proving 
that the algorithms for multiplying fractions mentioned earlier are valid, or justifying the 
straightedge-and-compass construction of a triangle congruent to a given triangle might be 
viewed as straddling the skill-algorithm and proof-properties dimensions. But carrying out 
the algorithms is so different from justifying them that it seems clear that they involve quite 
different dimensions of understanding. 
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There is thinking that does not fit this multi-dimensional conception of understanding. A 
notion that a student needs to be able to perform multiplication before he can understand 
how to use that multiplication, or that a student must be able to draw reflection images 
before being able to use them is in effect saying that these two things, doing and using, are 
in the same dimension of understanding, with using more advanced than doing. Likewise, 
the notion that a student must see concrete representations of ideas before learning the 
theory also does not fit this multi-dimensional conceptualization. Ordering ideas or 
concepts in terms of difficulty is only appropriate if these items are in the same dimension.  


This multi-dimensional approach to understanding also conflicts with uni-dimensional 
Rasch models of evaluation, where items of all different kinds are placed on the same 
linear scale. It also brings into question statistical reliability tests that are used to throw out 
items that do not act like other items, such as items that higher-scoring students answer 
incorrectly in greater numbers than would be expected by their scores. It is quite possible 
that such items are merely in different dimensions of understanding and some students 
understand those aspects better than others.   


This multi–dimensional approach to understanding also conflicts somewhat with the 
organization of knowledge found in Bloom's Taxonomy of Educational Objectives 
(Krathwohl, Bloom, and Masia 1964). In the taxonomy, there are six levels - from lowest 
to highest: knowledge, comprehension - a synonym for understanding, application, analysis, 
synthesis, and evaluation. At the level of knowledge would be the ability to do multiply 
fractions; at the level of comprehension are the mathematical underpinnings and 
representations; at the third level would be applications. I believe there is no such ordering. 
The experience that led to this belief was an attempt I had made in the middle 1970s to do a 
first-year algebra course in which the mathematics developed from real-world applications, 
not from the field properties. Students using these materials often knew how to apply 
algebra before they had the paper-and-pencil skills to carry out the application. Bloom (a 
colleague of mine in the same department) wanted to call such application higher-order 
thinking, at the third level of his taxonomy. I argued with him that something could be 
changed from higher order to lower order if you worked on it every day. It made me realize 
that one goal of mathematics instruction is to change higher-order activities into lower-
order ones. This is why it is so difficult to teach problem-solving and proof and the 
invention of algorithms and new models.    


On the other hand, a common view of “understanding” is that understanding involves 
connecting ideas, and so it should come as no surprise that for many decades we have 
known that applications and concrete representations can increase the learning of skills, 
that skills and properties taught together are better than either taught alone.  


Applications of the Multi-dimensional framework 


For over a quarter century, we have been using this multi-dimensional framework to help 
guide our development of the University of Chicago School Mathematics Project materials 
for secondary schools. Items on tests at the ends of units are identified with one of the first 
four dimensions (skills, properties, uses, or representations) – the cultural-historical 
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dimension is not tested. Chapter review questions are also sorted into one of the 
dimensions. Some of the authors who work on our writing teams are stronger at instructing 
about the pure mathematics of properties and proof, while others are better at one of the 
other dimensions of understanding.  By keeping a watchful eye on these dimensions, we 
feel that our materials become richer and reach more students than if we did not implement 
this broad perspective.  


“Understanding” mathematics is also important in the new (2010) Common Core State 
Standards for Mathematics (CCSSM) in the United States. The words “understand”, 
“understands”, “understanding”, and “understandings” appear over 250 times in the 
document. The standards for the multiplication of fractions involve several dimensions of 
understanding. Here is a part of one of the standards at grade 5:  


Apply and extend previous understandings of multiplication to multiply a fraction or 
whole number by a fraction.  


Interpret the product (a/b) × q as a parts of a partition of q into b equal parts; 
equivalently, as the result of a sequence of operations a × q ÷ b. For example, use a 
visual fraction model to show (2/3) × 4 = 8/3, and create a story context for this 
equation. Do the same with (2/3) × (4/5) = 8/15. (In general, (a/b) × (c/d) = ac/bd.)  


Here we interpret the standard for asking for the dimensions of understanding as included 
in parentheses:  


Interpret the product (a/b) × q as a parts of a partition of q into b equal parts 
(Vocabulary); equivalently, as the result of a sequence of operations a × q ÷ b 
(Property-Proof). For example, use a visual fraction model to show (2/3) × 4 = 8/3 
(Representation-Metaphor), and create a story context for this equation (Use-
Application). Do the same with (2/3) × (4/5) = 8/15. (In general, (a/b) × (c/d) = 
ac/bd. (Skill-Algorithm or Property-Proof).  


We can conclude that students are asked to have a broad understanding of fractions. 


Here is the standard dealing with congruence at grade 8. 


Understand congruence using physical models, transparencies, or geometry software. 


1. Verify experimentally the properties of rotations, reflections, and translations 
(Skill-Algorithm or Property-Proof): 


a. Lines are taken to lines, and line segments to line segments of the same length. 


b. Angles are taken to angles of the same measure. 


c. Parallel lines are taken to parallel lines. 


2. Understand that a two-dimensional figure is congruent to another if the second 
can be obtained from the first by a sequence of rotations, reflections, and 
translations (Property-Proof); given two congruent figures, describe a sequence that 
exhibits the congruence between them (Skill-Algorithm) . 


3. Describe the effect of dilations, translations, rotations, and reflections on two-
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dimensional figures using coordinates (Representation-Metaphor). 


Although this analysis of the standard suggests that the standard does not include the use-
application dimension, the mention of physical models at the top of the standard could 
certainly be interpreted as including applications of each of the three transformations that 
are mentioned. 


Understanding Mathematics from the Teacher’s Perspective 


The teacher is an applied mathematician whose field of application involves the classroom 
and the student. Like other applied mathematicians, in order to apply the mathematics, the 
teacher needs to have a good deal of knowledge about the field itself as well as about 
mathematics. Thus, the understandings that a teacher needs involve more than the 
understandings the student needs. The teacher also must take into account students, 
classrooms, teaching materials, and the necessities of explaining, motivating, and reacting 
to students. 


In 2005, the Mathematical Sciences Research Institute in Berkeley held a conference on the 
mathematics a teacher needs to know. In advance, the organizers, who included Deborah 
Ball and Hyman Bass, identified eight tasks they felt required a knowledge of mathematics. 
I have added to their list and provide the following as four realms of understanding 
mathematics from the teacher’s perspective. I call these realms and not dimensions because 
operationally they are clearly very much interrelated. 


For the first realm, there is a substantial literature. The phrase that identifies it, pedagogical 
content knowledge, was introduced by Shulman (1976). 


  Pedagogical content knowledge: 


designing and preparing for a lesson  


analyzing student errors 


explaining and representing ideas new to students  


responding to questions that learners have about what they are learning. 


The second realm deals with applying the understanding of mathematical concepts. 


Concept analysis: 


engaging students in proof and proving 


choosing and comparing different representations for a specific mathematical 
procedure or concept 


choosing and using mathematical definitions  


explaining why concepts arose and how they have changed over time 


dealing with the wide range of applications of the mathematical ideas being taught.  


The third realm deals with the understanding of problems and problem-solving. 
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Problem analysis: 


examining different student solution methods 


engaging students in problem solving  


discussing alternate ways of approaching problems with and without calculator and 
computer technology  


offering extensions and generalizations of problems. 


The fourth realm integrates the other three. 


 Connections and generalizations to other mathematics 


comparing different textbook treatments of a mathematical procedure or topic 


 extending and generalizing properties and mathematical arguments 


explaining how ideas studied in school relate to ideas students may encounter or 
have encountered in other mathematics study 


realizing the implications for student learning of spending too little or too much time 
on a given topic.  


It is clear that teachers need understandings that go far beyond those of students. 


SUMMARY 


Understanding a piece of mathematics from the standpoint of mathematics education is 
different for the policy maker, the mathematician, the teacher, and the student. The policy 
maker needs to understand the importance of that piece to the student at a given time and 
place. The mathematician needs to understand the potential for the invention of new 
concepts, the consideration of new and previously unsolved problems, and the discovery of 
new results. The teacher needs to have a variety of understandings related to pedagogy, 
concepts, problems, and connections and generalizations of what is done in the classroom.  


Mathematical activity consists of concepts and problems or questions: we employ and 
invent concepts to answer questions and problems; we pose questions and problems to 
delineate concepts. The central person in mathematics education is the student, and, 
primarily because there exist well-known treatises on the understanding of problem solving, 
this paper has mainly dealt with the understanding of a concept in mathematics from the 
standpoint of the student, that is, the learner’s standpoint.   


We view there to be at least five aspects to this understanding. In this view, a person has 
full understanding of a mathematical concept if he or she can deal effectively with the 
skills and algorithms associated with the concept, with properties and mathematical 
justifications (proofs) involving the concept, with uses and applications of the concept, 
with representations and metaphors for the concept, and with the history of the concept and 
its treatment in different cultures. Although these aspects are obviously connected when 
attached to a particular concept, we call them dimensions of understanding because each 
aspect can be mastered relatively independently of the others.  
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All but the last of these dimensions are important in the teaching and evaluation of 
mathematics learning. We have delineated these dimensions for two concepts: 
multiplication of fractions, and congruence in geometry. An actualization of this 
framework in a full curriculum for grades 6-12 can be found in the materials of the 
University of Chicago School Mathematics Project.  
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GEOMETRY PROBLEM-SOLVING IN COLLABORATIVE 
SMALL GROUPS 


 Phadiela Cooper 
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Extended abstract 
The paper reports on a case study that was carried out in a township school. A small 
group of three students were observed while they were engaging in geometry 
problem-solving. It highlights the collaborative work, their interaction with one 
another and with the problem and their mathematical practices while they were doing 
geometry problem-solving.  
Problem-solving is an important component of mathematics curricula and its 
importance has been emphasised in the Curriculum and Assessment Policy Statement 
(CAPS) (Department of Basic Education, 2011). Group work is also given 
prominence in the new curriculum.  Polya (1957), in his seminal work, How to solve 
it explains his problem-solving process.  Also, from 2008 to 2013 geometry has been 
excluded from the core mathematics syllabus for grade 12 and has been an optional 
topic tested in an optional paper (Mathematics Paper 3). Geometry has been 
reintroduced into the grade 11 core mathematics syllabus in 2013 and will be in the 
core mathematics syllabus for grade 12 in 2014. This had prompted me to pursue a 
study on geometry problem-solving in collaborative small groups. 
The research question which the study sought to respond to was: What is the structure 
of the problem-solving process while students are engaged in geometry problem-
solving in a small group setting? 
The paper explains the problem-solving process advocated by Polya as well as 
Schoenfeld’s definition of a mathematical problem. It also distinguishes between 
collaborative and cooperative group work. The 
problem that was given to the students satisfied 
the criterion that the students did not have a 
readily accessible means by which to find a 
solution to the problem (Schoenfeld, 1985). 
The following problem was given to the students: 


Circles are drawn with the sides of a right 
triangle as diameters. If the area of the triangle is 
36cm², find the total area of the shaded regions. 


(Source: Daily problem, AMESA Congress, 29 
June 2009) 
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Data were collected by means of audio and video recordings and through interviews 
with the students. The data analysis included the analysis of field notes, audio and 
video transcripts and students’ written work. The data were analysed in terms of 
Pickering’s theoretical notion of “a mangle of practice”. 


This study found that during collaborative group work, instances of bridging, 
transcription and filling, as given by Pickering’s theory, could be identified. The 
cyclical nature of these processes also came to the fore, thus highlighting that the 
processes involved in collaborative problem-solving in geometry parallels scientific 
practice as a post-humanist activity. Viewing problem-solving within this framework 
as it occurs in real time, helped us to understand the process of students’ geometrical 
problem-solving in small groups. Recognition of the nature of resistances in 
geometry problem-solving will enable teachers to facilitate the learning of geometry 
by asking appropriate questions to students or by designing appropriate scaffolding 
approaches. 
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INTRODUCTION 
The theme of the 2013 AMESA curriculum is ‘Mathematics versus the curriculum’ 
with a tagline that asks ‘What’s the score?’ The spectre that is raised in this title is of 
school mathematics, as recontextualised from the mathematics disciplinary field into 
curricula, working in ways that sit at odds with perspectives drawn from the 
originating field of mathematics. In this paper, I want to add a further layer to this 
picture of potential for distortion – and this further layer relates to the ways in which 
the curriculum comes to be enacted in classrooms. My empirical focus, as part of the 
work I am involved in at Wits, is on primary mathematics classrooms and 
particularly, in the teaching of early number. In research and development oriented 
terms, my interest is in exploring the nature of Foundation Phase teachers’ 
mathematical knowledge, with attention that goes beyond what teachers know to the 
ways in which they appear to hold this knowledge. 
Survey research looking at comparisons of quality across education systems is 
emphatic that this additional layer matters. An oft-cited section from the 2007 
McKinsey report (Barber & Mourshed 2007) notes that high performing schools 
systems: 


‘get the right people to become teachers  (the quality of an education system cannot exceed 
the quality of its teachers) 
‘develop these people into effective instructors (the only way to improve outcomes is to 
improve instruction) (op.cit.:13) 


Research in mathematics education is equally emphatic about the limitations of 
reforms driven by changes at the level of curriculum, with little attention to teacher 
development: 


Although the typical methods of improving U.S. instructional quality have been to develop 
curriculum, and—especially in the last decade—to articulate standards for what students should 
learn, little improvement is possible without direct attention to the practice of teaching. Strong 
standards and quality curriculum are important. But no curriculum teaches itself, and standards 
do not operate independently of professionals’ use of them. To implement standards and 
curriculum effectively, school systems depend upon the work of skilled teachers who understand 
the subject matter. How well teachers know mathematics is central to their capacity to use 
instructional materials wisely, to assess students’ progress, and to make sound judgments about 
presentation, emphasis, and sequencing. (Ball, Hill & Bass 2005: 14) 
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Extending the complexity further still, Schmidt & Burroughs (2013) point to the need 
for alignment between curricula attuned to the nature of mathematics in its intended, 
enacted and assessed forms. 
My focus in this paper is to consider the current South African education policy 
context in relation to the emphasis on teacher development seen in research findings. 
Centrally, my interest is related to Ball et al.’s comment about the need to emphasize 
‘direct attention’ to teacher development. I begin the next section by briefly 
overviewing the current South African education policy context, with particular 
attention to curriculum and teacher development. Given the widespread calls for 
focus on primary mathematics teacher content knowledge, I note within this 
discussion key aspects of mathematics teacher development policy at national and 
provincial levels, and discuss this in relation to theorizations of mathematics 
knowledge for teaching. In order to consider teaching in the context of curriculum 
reform, I draw from teacher reflection data collected in the context of a small scale 
teacher development intervention trialled within our broader Wits Maths Connect – 
Primary project. This data allows for the beginnings of an exploration about where 
our primary mathematics teacher development work might need to focus in order to 
capitalize on the potential of curriculum reform. 
SOUTH AFRICAN EDUCATION POLICY CONTEXT – A BRIEF 
OVERVIEW 
Poor mathematics performance on external assessments continues at all levels of the 
system in South Africa (DBE 2012a; 2012b). Recent responses to this problem have 
revolved around another wave of curriculum reform – the introduction of the 
Curriculum and Assessment Policy Statement (CAPS) (e.g., DBE 2011), which, in 
primary schools, was preceded by the introduction of the Foundations For Learning 
curriculum (DoE, 2008). Both curricula present increased specification of content, 
sequencing and pacing, with introduction of national systemic assessment aligned 
with curriculum and monitoring of this performance making in hard to resist 
adoption. In Gauteng, schools identified by districts as ‘underperforming schools’ 
have an additional layer of provision in the specification of lesson plans within the 
Gauteng Primary Literacy and Mathematics Strategy (GPLMS). 
Prior research in mathematics education in South Africa has been largely critical of 
previous rounds of curriculum revision, noting problems at the levels of curriculum 
coverage and pacing (Reeves & Muller 2005), and under-specification of content, 
sequencing and progression within Curriculum 2005 (Chisholm et al. 2000), viewed 
as continuing into the Revised National Curriculum Statement (Hoadley, Murray, 
Drew & Setati 2010). This under-specification was viewed as particularly 
problematic in a context where significant gaps in teachers’ content knowledge and 
pedagogic content knowledge had been identified (Taylor & Vinjevold 1999). Gaps 
in mathematics content knowledge continue to be noted as prevalent on the ground in 
research studies (Taylor 2011) and in the public arena (Jansen 2013), leading to calls 
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for increasing focus on content knowledge in pre-service teacher education and 
teacher testing. 
Within this somewhat fraught terrain, mathematics teacher development work, 
focused particularly at the level of classroom skills, continues to be described as 
insufficient to deal with the scale of the problem (NEEDU 2013). This is noted in 
spite of acknowledgement of significant spending on upskilling programmes such as 
the Advanced Certificate in Education courses and others, and the increasing 
proportions of ‘qualified’ teachers in the system. Many of the current training 
offerings are short term in nature and ‘off site’ – district organized afternoon 
workshops or Saturday subject content knowledge sessions. Predictably, given the 
newness of the CAPS curriculum, much recent teacher development work has 
focused on CAPS-awareness related training. A combination of off-site and in-class 
support has been on offer to GPLMS schools in Gauteng with ‘just-in-time’ training 
aimed at supporting the teaching of content areas scheduled for the following term, 
and in-classroom mentor support working alongside teachers providing 
demonstration and assisted lessons and support aligned with GPLMS lesson plans. 
The NEEDU report notes specifically the different models of teacher development 
underlying the GPLMS initiative in Gauteng and the LitNum Intervention in 
Foundation Phase in the Western Cape, both attempting to work at scale across 
primary schools. The former works to build content knowledge and classroom 
competence via classroom based support centred around the use of scripted lesson 
plans, whilst the latter offers a combination of 5 days training focused on 
mathematical content knowledge followed by in-school support. Importantly, both of 
these initiatives have an extended time frame, and have been subject to on-going 
revisions based on feedback from earlier implementation cycles on the ground. 
THINKING ABOUT PRIMARY TEACHERS’ MATHEMATICAL CONTENT 
KNOWLEDGE 
These initiatives, and smaller-scale initiatives on the ground like our project, are 
grappling in a range of ways with issues around supporting the development of 
mathematical content knowledge, related pedagogical content knowledge and 
classroom competence. An issue that frames questions of mathematics teacher 
content knowledge development from the outset relates to questions around what 
content knowledge primary mathematics teachers require, to what depth and breadth, 
and to what level. These are questions that have been considered extensively in the 
mathematics teacher education literature (Ball et al. 2005; Baumert et al. 2010), so 
there is neither space nor necessity to rehearse them here. For the purposes of the 
argument I wish to make in this paper, I pick up on one strand of this research which 
emphasizes the need to pay attention to the ways in which teachers hold mathematics, 
rather than what mathematical content knowledge they hold. I use Watson & 
Barton’s (2011) idea of teachers needing to know mathematics in ways that 
emphasize ‘mathematical modes of enquiry’ – which they delineate as follows: 
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Knowing mathematics means being able to use mathematical concepts mathematically: the two 
cannot be separated. (op.cit.: 66) 
It is not just a question of what teachers know, but how they know it, how they are aware of it, 
how they use it and how they exemplify it. (op.cit.: 67) 
To become a fluent mathematician, a student must learn to act in certain ways in mathematical 
and other situations, to develop mathematical habits of mind, to enact mathematical modes of 
enquiry, and to think in terms of these underpinning key understandings.’ (op.cit.: 70) 


The idea of paying attention to the ways in which knowledge is held has substantial 
antecedents in the literature, and in particular, in writing that has dealt with the notion 
of syntactic knowledge of a discipline as necessary alongside substantive knowledge 
(Grossman, Wilson & Shulman 1989; Schwab 1978). In this body of work, 
substantive knowledge is described as encompassing facts, concepts, structures and 
explanatory principles within a discipline. In contrast, syntactic knowledge relates to 
the nature of inquiry and the ways in which new knowledge comes to be established. 
Watson & Barton’s interest in mathematical modes of inquiry can therefore be 
viewed as an emphasis on syntactic knowledge as underpinning and interweaving 
substantive knowledge. 
My interest in the notion of mathematical modes of enquiry is driven by evidence of 
Foundation Phase mathematics teaching within our project schools, and more 
broadly. Across the last two years of our project, a recurrent feature of much of the 
teaching we have observed relates to episodes in which correct answers are produced 
within teacher explanations, but produced in ways that show a lack of attunement to 
the ways in which knowledge is established in mathematics. Two episodes, re-created 
from fieldnotes and feedback from project team observers, illustrate this view. 
 
Episode 1 
‘Halving’ is the topic being dealt with in a Grade 2 class. The task in focus is 
working out ‘Half of 26’. Each pair in the class is asked to make 26 balls from clay – 
which they do. The teacher’s explanation proceeds as follows: ‘I want us to count to 
13, and move those balls aside. How many balls are on the other side? 13 as well. So 
13 is half of 26. 
Episode 2 
A Grade 1 class are working on number bonds of 5. Each learner pair has a set of 5 
bottle tops in front of them. The teacher asks for two numbers that add up to 5. 
Learners produce a 4/1 split. The teacher asks learners to separate the two groups. 
She then says: ‘Put them all together and count how many you have altogether. 
 
In both of these instances, teachers are working with content that is grade appropriate 
in relation to the curriculum and its sequencing. No overtly wrong answers are 
produced in either case, but mathematical purpose, direction, connection and the 
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ways in which given information can be used to derive unknowns are disrupted. 
Writing at both primary and secondary levels (Bansilal 2012; Venkat & Adler 2012) 
provides evidence suggesting that the phenomena is a broad one. In previous writing 
emanating from the project, we have discussed elements of this prevalence, noting 
that our data suggests that it is not content knowledge in any simplistic sense that 
appears to be at the root of the problem in Foundation Phase – given that Foundation 
Phase teachers appear able to produce the correct answers to the problems they are 
working with (Askew, Venkat & Mathews 2012). One way of conceptualizing this 
problem is in relation to temporal scope, with production of the right answer dealing 
with the temporal present in ways that allow the teacher to move on to the next 
problem, whilst not dealing with the connections that locate mathematical concepts 
within networks of ideas that build and broaden over time. In a forthcoming paper, I 
describe this phenomena in the following terms: 


teaching often either accepts, or produces, the answer to the immediate problem without 
attention to the broader understandings and longer term efficiencies needed for autonomous 
student work with similar and related problems. This production allows lessons to progress 
without any need for learning to progress within them. (Venkat, forthcoming) 


Across this evidence, the ‘problem’ seems to relate more to ways in which 
mathematics knowledge is known rather than the knowledge components per se. This 
point leads back to this conference’s concern with curriculum formulations in relation 
to mathematics. Watson & Barton’s concern relates to the ways in which teachers’ 
work aligns with disciplinary ideas about mathematical working. The policy context 
outline above notes that the CAPS curriculum has moved in the direction of 
increasing specification of content and sequence, with this increasing specification 
viewed largely as a necessary corrective in an arena of content knowledge gaps. My 
question in this paper is with the nature of the gaps in Foundation Phase teachers’ 
content knowledge and whether increasing specification of (primarily substantive) 
content can fill gaps that appear at the syntactic level. 
DATA SOURCES 
In order to consider this issue, I share data drawn from our experiences of 
collaborating with two colleagues, Anna-Lena Ekdahl and Ulla Runesson from 
Jönköping University, Sweden running a teacher development project based on a 
‘Learning Study’ (Lo & Pong, 2005). Learning studies are a teacher development 
model based on the Japanese lesson study model, which involves teachers working 
with an experienced teacher and researcher to understand learner understandings of a 
specific ‘object of learning’, and then planning a series of lessons together that build 
these understandings. 
Variation theory forms the underpinning theory of learning in Learning Studies. A 
central tenet of variation theory is that learning is made possible through discernment 
of variation of the critical features that constitute an ‘object of learning’. Further, 
objects of learning have both specific and general features. Specific features can be 
related to the ability to select actions that allow for completion of the problem at 
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hand, with general features relating to the longer term understandings and 
competences that working with particular tasks is intending to develop. In line with 
its antecedents in phenomenography (Marton & Booth 1997), what is critical to 
perceive about objects of learning is viewed ‘relationally’ – i.e. as emergent in 
encounters between learners and what it is they are trying to learn. Thus, the critical 
features in focus often shift across the course of a Learning Study. 
Our Learning Study was located in a suburban Johannesburg primary school serving 
a township, inner city and local area learner body. The school is one of the primary 
schools in our broader Wits Maths Connect-Primary project, a 5 year research and 
development project working with ten primary schools in one district. Data collected 
during 2012 from the Grade 3 cohort in a Maths Club at this school suggested that 
whilst there had been some shift from ‘count all’ to ‘count on’ based strategies, 
grouped counting strategies were only used in the context of availability of specific 
resources (money, bead strings), with reversions to unit counting if these resources 
were unavailable (Takane 2013). Further, Foundation Phase teachers in this school 
had told us during a 2012 focus group interview that whilst learners were able to add 
or subtract two given numbers, they were usually unable to solve problems involving 
either missing addends/subtrahends or missing start numbers: 


e.g. 7 + __ = 12  or __ - 6 = 15 
When we asked the teachers how they dealt with learner inability to solve these 
problems, one noted that she would then tell her learners that they had to take away 7 
from 12 or add 6 to 15 in the above instances. She noted though, that many learners 
were not able to follow these rules, and either wrote incorrect answers, or left out 
these kinds of problems. These findings, coupled with the broader South African 
literature detailing the on-going use of concrete counting based strategies with 
addition/ subtraction (Ensor et al. 2009; Schollar 2008) led to our focus on solving 
part-part-whole relations in additive situations and the partitioning competence that 
underlies these solutions for a small scale intervention project. 
The Learning Study afternoon planning meetings involved the three Grade 2 and 
three Grade 3 teachers in the school, with follow up videotaping of each of the three 
jointly planned lessons taught by the Grade 3 teachers. The whole process took 3 
weeks and was conducted in February 2013. Pre- and post-tests focused on learner 
awareness of partitions and part-part-whole situations were conducted at the start and 
end of this process. Follow up learner interviews and group and individual teacher 
interviews completed the Learning Study. Video records of planning meetings and 
interviews, and then video records of all three Grade 3 teachers teaching the planned 
lessons formed the central data sources for the Learning Study. 
Whilst the research focus within learning study research is more usually on the ways 
in which differences in what is made available to learn impacts on what is actually 
learned (Liljestrand & Runesson 2006), my interest here is primarily on analyzing the 
final focus group and individual teacher reflections on the process of involvement in 
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the Learning Study. The learner performance overview of pre- to post-test findings is 
included simply to show that it is possible, in relatively short periods of time, to shift 
learner understandings with changes in teaching emphases, with the need to remain 
realistic about what these shifts consist of. The analysis of the detail of the Learning 
Study data is on-going and in progress currently. Central to this paper are data on 
teacher reflections that point to limitations in their understandings of what acting 
mathematically consists of with important gaps that this intervention brought some 
awareness of. 
Given my interest in the alignments between teaching of these ideas, and the ways in 
which they are described mathematically and pedagogically in the literature and 
inscribed in the curriculum, I briefly outline relevant literature and the Foundation 
Phase CAPS curriculum treatment of additive relations. 
ADDITIVE RELATIONS – LITERATURE 
Carpenter et al (1999) have identified the range of additive relation situations as: 
join/separate (change) situations, part-part-whole (combine) situations and compare 
situations. Within each of these problem types, the ‘missing’ quantity can be varied 
to represent total, initial value or change value in join/separate situations, and part or 
whole quantities in combination and comparison situations. Carpenter et al have 
noted that whilst ‘start unknown’ problems are much harder for learners given the 
absence of an initial reference, making ‘direct modelling’ of the situation through a 
concrete replay involving count actions redundant and requiring a more abstract 
sense of the structural relations between whole and parts. 
An influential piece of writing in the phenomenographic literature focused on 
additive relations is Dagmar Neuman’s (1987) work which aimed to understand why 
learners perform differently on early addition problems. Whilst the original work was 
in Swedish, the results have been reported in other studies (Marton & Booth 1997). 
Neuman’s work argues for teaching that encourages structural, rather than 
operational conceptions of number relationships. This work pushes the need to 
discern the nature of the number relationships in additive relation problems. 
Literature notes the need, for the sake of efficiency and for instances where 
operational options cannot be directly applied, for teaching to incorporate a focus on 
structural models that show part-part-whole relationships. Two kinds of diagrams of 
part-part-whole relationships are common in the literature and in textbooks – a 
rectangular model and a triad model. Both are shown in Figure 1, applied to the 
context of the following problem: 
Thandeka has seven cakes. She has three more cakes than Kim. How many cakes 
does Kim have? 
As the number range in additive problems increases, knowledge of partitions of 
numbers in the lower number ranges supports fluent problem solving in higher 
number ranges: e.g. to solve 18 + 7, selecting 2 + 5 as a useful partition of 7, and then 
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applying this partition to the original problem to give 18 + 2 + 5 allows for efficient 
problem-solving. 


 
Figure 1: Rectangular and triad models to represent part-part-whole relations. 


Similarly, to work out 25 = 18 + __ , it is useful recognize that a jump of 2 from 18 
produces 20, with a further 5 producing 25. These analyses lead to broad agreement 
in the literature that teaching should work to support the development of all additive 
relation facts at the level of recall to 20. 
ADDITIVE RELATIONS – CAPS FOUNDATION PHASE 
Number-related concepts make up the majority of the Foundation Phase Mathematics 
curriculum, allocated a 65%, 60% and 58% content weighting respectively across 
Grades 1 to 3 (DBE 2011: 12). Addition and subtraction are dealt with across all 
three grades, in the midst of ‘word problems and ‘context-free’ problems. The 
comparison and ordering of numbers that underlies competence with part-part-whole 
relations also figures across all three grades. The need to include change, combine 
and compare examples is noted explicitly across all three grades, as is the need to 
incorporate problems where the missing value varies across start, addend/subtrahend 
and total. 
Partitioning skills are focused on ‘breaking down’ numbers into constituent parts. 
This idea is explicitly mentioned in the CAPS curriculum across all three grades as a 
‘technique when solving problems’ (op.cit.: 23). Extension of number range and 
building towards more efficient abstract strategies are two key recurring features of 
progression, with the expectation by the end of Grade 2, of ‘rapid recall’ of all 
number pairs that add up to give 20 (op.cit.: 356). 
Of interest within my focus on part-part-whole relations and partitioning numbers, is 
the limited explicit attention to how learners can be supported to identify and model 
different problem types or to identify wholes and parts in a range of additive relation 
situations (there is mention in Grade 1 on ‘getting learners to think about numbers as 
composed of other numbers’ (op.cit.: 110). This understanding is required in order to 
select the appropriate strategy. A further feature, given the problem-solving 
imperative that requires a learner to both identify parts and wholes and then select an 


? 3
7


7


3 ?







Plenary Papers 


 12 


appropriate decomposition, is the lack of emphasis on working systematically to note 
all or at least many of the possible decompositions. 
FINDINGS AND ANALYSIS 
In Table 1 I provide an overview of shifts in performance between the pre- and post-
tests that book-ended the Learning Study intervention. Matched pre- and post-test 
data were available for 123 learners across the three classes in Grade 3 in the school. 
  Table 1: Pre- and post-tests results of the Learning Study intervention. 


Question 1 Number of learners in this category 


No of partitions of 9 into 2 boxes Pre-test Post-test 
0 44 24 
1 18 4 
2 17 6 
3 11 6 
4 to 9 33 54 
10 0 29 


Question 2 Number of learners in this category 


No of partitions of 12 Pre-test Post-test  
0 to 4 45 22 
5 to 9 59 43 
10 19 58 


Question 3 Number of learners in this category 


Mixed part-part-whole problems Pre-test Post-test 
8 + 7 = _ 118 109 
10 - _ = 7 103 99 
_ - 2 = 3 70 89 
14 = _ + 6 64 72 
_ + 9 = 13 67 77 
_ - 4 = 6 34 66 
6 + _ = 11 63 83 
10 = _ - 6 16 13 


On Q3, which consisted of a variety of missing part/missing whole problems, some 
learners left some problems unanswered, so the figures in the table show the numbers 
getting that problem correct. 
Some features of the test are noteworthy. Firstly, the partitioning of number expected 
in this test (of 9 and 12) fall below what is expected in the CAPS curriculum for 
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Grade 3. Similarly, the number range of the part-part-whole problems in Q3 falls 
within the number and problem range expected in Grade 2. 
Learner performance shows large improvement across the period of the Learning 
Study on producing all or many partitions of 9 and 12 (up from 0 to 29 learners for 9, 
and 19 to 58 learners for 12). Within the intervention lessons, we saw in learners’ 
worksheet responses on tasks looking at breaking numbers down into two parts, that 
there were shifts towards more systematic production of partitions using either 
commutativity or compensation strategies. However, using partitioning skills 
strategically across the range of part-part-whole problems given in Q3 shows more 
mixed results, with some small increases or decreases. Of interest is that relatively 
large positive shifts in performance are seen in missing start problems, and especially 
so in the missing start problems involving subtraction. 
The increases in the number of learners able to produce many or all partitions of 
numbers through systematic working suggested that features such as systematicity 
and completeness had not featured as prominently in these teachers’ handling of 
additive relations ideas previously. A post intervention focus group meeting with the 
Grade 2 and Grade 3 teachers indicated some corroboration for this view. Reflecting 
on the interventions, one Grade 2 teacher commented, with others agreeing with her: 


If you are doing the bonds of 10, you’ll just go in the class and say: ‘Now we are going to do the 
bonds of 10, and you are going to give me two numbers that is going to build 10. […] 


And then, to realize or identify – like the one that you say? Systematic. We didn’t know that we 
supposed to do that systematically. We are just giving the numbers haphazardly. 


Differences in relation to how they taught a topic that all of them had taught before 
were also acknowledged: 


3C teacher: ‘The way we were teaching didn’t help much because children were making 
mistakes, a lot of them. But now, with this one, as we moved from one stage to another, making 
combinations, then the structure, then the part-part, I can see that children were getting it right. 
And they could solve the problems. [..] This method is better than what we have been doing. We 
didn’t know what to do, but this one is much better. 
3B teacher: ‘Before it was nearly the same but I didn’t stress the word of splitting. And then the 
part-part-whole, I didn’t use it. But they did do it. Like 15, you can say 10 + 5. And again, I 
didn’t mention the word – u swap, when I taught them before. We did it, but I didn’t stress it.’ 


In addition to seeing the importance of working systematically, some comments also 
indicated a lack of awareness of ‘efficiency’ or ‘brevity’ as an important component 
of mathematical development: 


3A teacher: I learned that they [learners] can get answers without counting. As long as they 
know that these two parts can interchange, they will easily get their answers. 


Given the prevalence of concrete counting-based strategies in primary mathematics in 
South Africa, there are indications that a lack of attunement to efficiency within 
mathematical working is widespread. 







Plenary Papers 


 14 


Across all teachers, there were positive comments about the openings to discuss and 
plan lessons together, as well as time to watch excerpts of each others’ teaching. This 
comment and elements of the previous answer suggests that some shifts may have 
been effected at the level of substantive knowledge. Importantly, in the recognition 
that we saw at the end of the Learning Study of the need for systematic working and 
completeness, I would also suggest that some learning has been effected at the level 
of syntactic knowledge – in relation to the ‘norms’ of what is entailed in working in 
mathematically attuned ways. 
DISCUSSION 
What do these findings suggest for the possibilities of seeing improvements in 
learning in the CAPS context – a context dominated by a highly specified and 
sequenced curricular form? Firstly, it would appear that increased specification of 
content cannot, in and of itself, address gaps at the level of syntactic knowledge – the 
level that seems to relate most centrally to mathematical modes of inquiry and the 
kinds of practices that point towards the practices of mathematics as a discipline. 
Watson & Barton (2011) note this, cautioning that: 


For us, lists of required mathematics content knowledge are hypothetical until mathematical 
modes of seeking, using, and exemplifying understanding are understood. (op.cit.: 66) 


Secondly, it appears highly unlikely that once off, ‘just in time’ models of training 
can change teachers’ modes of thinking, as their focus on supporting immediate 
delivery tends to push towards a ‘how to complete tasks’ orientation rather than an 
orientation towards mathematical inquiry. A long trajectory of research in teacher 
development suggests that successful teacher development extends over time. 
Finally, Watson & Barton’s notion of mathematical modes of thinking rests on 
extended opportunities to do mathematics in mathematical ways – working within 
programmes to build both substantive and syntactic knowledge over time. Current 
models of teacher development in South Africa suggest that this framework is not 
currently in view. 
Anna-Lena Ekdahl’s closing comment to the teachers following thanking them for 
their participation in the Learning Study was as follows: 


It really matters how you teach. It makes a difference. 


My sense is that part of what shifted in relation to these teachers’ handling of additive 
relations was related not just to the concepts and skills needed to complete problems, 
but also to a shift towards seeing systematic working, completeness of a set of 
solutions, and attention to supporting efficiency as integral to this working. All of 
these features are important aspects of working mathematically whilst working with 
mathematical content. In a terrain where there is broader evidence from Foundation 
Phase mathematics teaching that suggests that this attunement towards working 
mathematically may be lacking, indications of this shift are potentially as important 
as growth in substantive knowledge of mathematics. 
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GRAPHS IN EVERYDAY LIFE 
Historical background 
The development of mathematics has always been driven by needs of the societies of 
the day. In ancient times, the need to measure and predict seasonal events such as the 
cycles of the moon, the seasons, or recurring floods lead to the development and 
advancement of astronomy. Architecture required geometry, and increased 
exploration required advances in navigation, which were made possible through 
increased knowledge of trigonometry. During the middle ages, increased trade 
between distant locations required methods for easy currency conversion, which in 
turn led to advances in arithmetic and algebra. Arabic numerals, which replaced the 
Roman numerals, had the advantage of much easier arithmetic manipulation. For 
example the simple multiplication 


XII times XIX   =   CCXXVIII 
requires significantly more complicated procedures than the same problem, written in 
Arabic numerals 


12 times 19 = 228. 
This was undoubtedly a factor in the rapid replacement of Roman numerals by 
Arabic numerals. 
Over the next centuries, much of mathematics was concerned with problems arising 
in mechanics and physics. Differential and integral calculus arose from mechanical 
problems, rather than from purely mathematical considerations. From an increasingly 
systematic study of chance in gambling, a mathematical theory of probability 
emerged. 
The first half of the 20th century brought a development of new areas like linear 
programming, with the hope that it could increase efficiency of industrial and 
military processes, and game theory which models the situations in which players 
each choose between different options, and depending on the choices made by all 
players, a reward or penalty is determined for each player. 
With the advent of computers, there was an increasing need to develop a theory of 
networks that link objects such as computers, and the links between them. Graph 
theory filled this gap. The first book on graph theory, written by the Hungarian Denes 
König, appeared in 1936, and since then there has been a rapid development of this 
field. 
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Over the past decades there has been a realisation of the fact that many aspects of our 
lives are governed by networks, such as social networks, computer networks, and cell 
phone networks, which are governed by similar principles. In the following sections 
we explore some aspects of graph theory and networks, some of its many 
applications, and its possible place within mathematics education. 
What is a graph? 
We give two definitions of a graph, first the definition that is generally used in 
practice and that allows us to visualise graphs, and later we give the abstract 
definition. 
Definition: A graph consists of points in the plane, and lines joining some of the 
points. The points are called vertices, and the lines edges. 


 
Figure 1: A graph with six vertices and seven edges. 


It is important to note from the start that the graphs of functions, for example the 
graph of are not considered in graph theory. It is a historical coincidence that these 
objects share the same name. 
Graphs appear in science, technology and in our daily lives in many disguises. Here 
are a few examples: 


• maps with cities (the vertices) and streets (the edges) linking them, 


• transportation networks such as Gautrain or London Underground with 
stations (the vertices) and direct rail links (the edges) linking them, 


• molecular diagrams with atoms (the vertices) and bonds (the edges), 


• social networks with people (the vertices) and relationships such as 
friendships, common interests, or communication during a certain time period 
(the edges) linking them, 


• friendship graphs are an example of social networks, with people (the vertices) 
and friendships (the edges) linking them, 


• the world wide web with web pages (the vertices) and hyperlinks (the edges), 


• economic networks with banks (the vertices) and relationships of lending funds 
(the edges). 
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Figure 2: The SA roadmap is a graph. 


 


 
Figure 3: The London Underground is a graph. 
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 Figure 4: The structural formula for butane is a graph. 


For the record we give the abstract definition, although we won’t use it in this form. 
Definition: A graph G consists of two sets: a set V, whose elements are the vertices of 
G, and a set E of two element subsets of V, called the edges of G. 
Sometimes the edges in a graph have directions, similar to a street that can be a one-
way street. In this case the graphs are called directed graphs or digraphs. We restrict 
ourselves here to graphs in which the edges have no direction, so they link their two 
ends both ways. 
We need a further term from graph theory. 
Definition: Let G be a graph and u and v distinct vertices of G. If there is an edge 
joining u and v, then we say that u and v are adjacent, or neighbours, in G. The edge 
joining u and v is denoted by uv. 
BASIC GRAPH THEORY: DISTANCES 
Definition of the distance 
The following two definitions aim to capture how far two given vertices are apart 
from each other in a graph. Informally, the distance between two vertices is the 
minimum number of “hops” along edges one needs to get from one vertex to the 
other, and a sequence of hops is called a path. The formal definitions are as follows. 


 
Figure 5: A shortest a-e path: a, c, d, e. 


Definition: Let G be a graph. A path in G is a sequence of vertices, such that each 
vertex in the sequence is adjacent to the next one. A path whose first vertex is u and 
whose last vertex is v is called a u-v path. The length of a path v1, v2, …, vk is k. 
Definition: Let u and v be vertices of a graph G. The distance between u and v is the 
smallest of the lengths of all u-v paths in G. 
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For example in the graph in Figure 5, a possible a-e path is from a, b, c, d, e. Its 
length is four. A shorter a-e path, of length three, is a, c, d, e. 


 
Figure 6: Phone calls within a group during a ten day period. 


Depending on what a graph represents, the distance between two vertices u and v can 
have different meanings. For example if G represents a transportation network then 
the distance between u and v tells us how many intermediate stops are necessary if 
one travels from u to v, friendship graph then the distance between u and v indicates 
how far socially apart u and v are. For example if u and v have distance 1, they are 
friends. If their distance is 2, then they are not friends, but they have a friend in 
common. If the distance is 3, then neither are they friends, nor have they a friend in 
common, but some friend of u and some friend of v are friends, and so on, internet 
graph then the distance between u and v indicates how many clicks one needs to get 
from web page u to web page v, financial graph then the distance between u and v 
indicates how much a failure of one bank would expose the other bank to risk. 
In mathematical circles a well-known distance is the so-called Erdös number. Paul 
Erdös was one of the most prolific researchers in mathematics of all time and one of 
the greatest mathematicians of the 20th century. He travelled throughout his life to 
collaborate with several hundred other mathematicians. The Erdös number of a 
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mathematician is defined as follows. Erdös himself has Erdös number 0. Everybody 
who has co-authored a paper with Erdös has Erdös number 1. Everybody who has not 
co-authored a paper with Erdös, but has co-authored a paper with someone whose 
Erdös number is 1, has Erdös number 2, and so on. Mathematically speaking, the 
Erdös number of a mathematician is the distance of his vertex to Erdös in the 
collaboration graph, in which the vertices stand for the mathematicians, past and 
present, and two vertices are adjacent if their mathematicians have co-authored a 
paper. 
A light-hearted Hollywood variant of the Erdös number is the Bacon number, named 
after the actor Kevin Bacon. It is defined analogously to the Erdös number. The actor 
Kevin Bacon has a Bacon number of 0. Every actor who has appeared in a movie 
together with Kevin Bacon has Bacon number 1, and so on. While some few actors 
cannot be linked to Kevin Bacon at all, most Bacon numbers are remarkably small. 
For example Elvis Presley has a Bacon number of 2, and the cricketer Tendulkar’s 
Bacon number is 3. The largest reported Bacon number is 9. The popularity of this 
concept is shown by the fact that the Google search engine has a feature to determine 
the Bacon number of actors by typing in the search field “Bacon number” followed 
by the name of the actor in question. 
If a graph is connected, that is, if between any two vertices there is a path in the 
graph, then important information on the distances is captured in the largest of the 
distances. 
Definition: Let G be a graph. The largest of the distances between all pairs of 
vertices is the diameter of G. 
For example the graph in Figure 5 has diameter 3. This can be verified by checking 
the distances between all pairs of vertices. None of them is greater than 3, but there 
are distances (for example the distance between a and e) that equal 3. 
Computing Distances 
How does one determine the distance between two vertices in a graph? In the 
example below, if we wish to determine the distance between a and d, we probably 
look at the graph and, through careful inspection, convince ourselves that it takes at 
least three steps to get from a to d. 


 
Figure 7: What is the distance between …? 







Plenary Papers 


 25 


The method of careful inspection works well for small graphs, but for graphs with 
many vertices this is not practical. For example in the graph in Figure 6, which 
depicts phone calls made between members of a 400 person group on the island Isla 
del Sueño off the coast of Florida over a ten day period in 2008, it seems not feasible 
to find distances between vertices just by inspection. Since in practice many graphs 
are much larger, a systematic way to determine distances in graphs is needed. We 
describe a simple method, essentially the so-called breadth first search, to determine 
all distances from a given vertex. 
We demonstrate the method on the graph in Figure 7. Assume that we want to 
determine the distances from vertex a to all other vertices. The basic idea is to 
determine first all vertices at distance 1 from a. Then we use these vertices to 
determine all vertices at distance 2 from a, and these vertices are used to determine 
all vertices at distance 3 from a and so on. 


• Vertices at distance 0 from a are easy to determine; a is the only vertex at 
distance 0 from a. 


• Vertices at distance 1 from a are the vertices that are adjacent to a. These are 
vertices b and g. 


We record our progress in the graph, by writing next to each vertex its distance from 
a, if we have determined it already. 


 
Figure 8: The vertices at distance 0 or 1 from a. 


How can we determine vertices at distance 2 from a? The key observation is the 
following: a shortest path from a to a vertex, call it x, at distance 2 from a has to pass 
through a vertex at distance 1 from a just before reaching x. This is only possible if x 
is a neighbour of some vertex at distance 1 from a. But we have determined the 
vertices at distance 1 from a already. So all we have to do is list all the neighbours of 
all vertices that we found to have distance 1 from a; each of  these vertices has 
distance 2 from a, except for those that we have already found to have distance 0 or 1 
from a. 


• Vertices at distance 2 from a are the vertices that are adjacent to a vertex at 
distance 1 from a, i.e., to b or g, but that are not at distance 0 or 1 from a. In 
our example the vertices adjacent to b are a, g, h and c, and the vertices 
adjacent to g are a, b, h and f. So the vertices of distance 2 from a are the 







Plenary Papers 


 26 


vertices in a, b, c, g and h that do not have distance 0 (vertex a) or 1 (vertices b 
and g) from a, which leaves c, f and h. 


Again, let’s record our progress in the drawing of the graph. 


 
Figure 9: The vertices at distance 0, 1 or 2 from a. 


The determination of the vertices at distance 3 from a uses the same idea. The key 
observation is now that a shortest path from a to a vertex, call it y, at distance 3 from 
a has to pass through a vertex at distance 2 from a just before reaching y. Hence y is a 
neighbour of some vertex at distance 2 from a. But we have determined the vertices 
at distance 2 from a in the last step. So all we have to do is list all the neighbours of 
all vertices that we found to have distance 2 from a; each of these vertices has 
distance 3 from a, except for those that we have already found to have distance 0 or 1 
or 2 from a. 


• Vertices at distance 3 from a are the vertices that are adjacent to a vertex at 
distance 2 from a, i.e., to c, f or h, but that are not at distance 0, 1 or 2 from a. 
In our example the vertices adjacent to c are b, h, f, e and d, the vertices 
adjacent to f are g, h, c and e, and the vertices adjacent to h are b, c, e, f and g. 
So the vertices of distance 3 from a are the vertices among b, c, d, e, f, g and h 
that do not have distance 0 (vertex a) or 1 (vertices b and g) or 2 (vertices c, f 
and h) from a, which leaves d and e. 


Because there are no further vertices left, we have determined the distances between 
a and all other vertices. We record our findings in the graph. 


 
Figure 10: All distances from a determined. 


The method here is easy to use for bigger graphs and greater distances. Its advantage 
is that it can be easily formalised and that it does not require the spotting of paths or 
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careful inspection. This method can be written out as a proper algorithm or computer 
programme, which is essential when determining distances in real world graphs with 
several thousand vertices. 
THE SIX DEGREES OF SEPARATION 
Origins of the Six Degrees 
The author Brian Hayes (2000) discussed the question, “What is the diameter of the 
world wide web?” and mentioned that it is not 7927 miles (or 12742 km), the 
diameter of the earth, but that it is estimated to be 19. The diameter in question is of 
course the diameter of the graph representing the world wide web, whose vertices 
correspond to web pages, and whose edges correspond to hyperlinks. 
It is most remarkable that a graph of such gigantic proportions—it is estimated that 
there are currently more than 800 million websites on the web, and each is 
represented by a vertex in the web graph—has such a small diameter. Over the past 
two or so decades there has been an increasing amount of evidence that many graphs 
representing real world networks, in particular social networks in which the vertices 
represent people, have a surprisingly small diameter, and also an increasing 
understanding of the reasons behind it. 
Probably the first observation of a small diameter of a large graph associated with 
people and their social relations was made in a famous experiment by the sociologist 
Stanley Milgram in the 1960s. Envelopes addressed to an individual in Boston were 
handed to a number of volunteers in Nebraska and Kansas, and they had to pass them 
on to someone they thought likely to be closer to the individual in Boston, and who 
would then do the same until, hopefully, the envelope reached the addressee. The rule 
was that the envelope had to be handed to the next person, and this had to be 
someone the current holder of the envelope knew personally. It turned out that a 
significant number of envelopes reached their target, and on average in just under six 
steps. From this originated the popular phrase of the six degrees of separation, which 
was popularised by a theatre play and later also a movie of the same title by John 
Guare in the 1990s. 
It seems a little premature to draw the conclusion from this experiment that between 
any two individuals in the global acquaintance graph there is a path of length at least 
six. The number six is close to the average of the steps taken by each letter, not the 
maximum. Also there is no guarantee that the letters always travelled along the best 
route to the target. And while Kansas and Nebraska may seem very far away from 
Boston, there are  certainly more remote corners on our globe. Finally, the number of 
envelopes that never  reached their targets were small, but not insignificant. 
However, the experiment  certainly points towards the fact that individuals, even if 
they seem geographically or socially rather distant, are linked by remarkably short 
chains of acquaintanceship. Although there have been objections to these conclusions 
within sociology, they seem to have been widely accepted as essentially valid. 
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The Six Degrees in Graph Theory 
Define the acquaintance graph to be the graph in which there is a vertex representing 
each person, with two vertices being adjacent if their persons know each other. Then 
the statement that every two persons are linked to each other through at most six 
acquaintances can be restated as: 


The diameter of the acquaintance graph is not more than 6. 
How can one check such a statement about a graph that is not explicitly given since 
we don’t know for every two people if they are acquainted or not? The general 
approach is to examine a small and manageable part of the graph, and then 
extrapolate. For this we need two further notions. The first is the degree of a vertex. 
Definition: Let v be a vertex of a graph. The degree of v is the number of vertices v is 
linked to by an edge. 
For example vertex a in Figure 7 has degree 2, while vertex b has degree 4. So the 
degree of a vertex in the acquaintance graph is just the number of acquaintances of 
the person represented by this vertex. Surveys in the US at the time revealed that 
most people have close to 1000 acquaintances, so that is a rough approximation of 
the degrees of the vertices of our acquaintance graph. 
The second notion required is that of a random graph. This notion was introduced by 
Paul Erdös and Alfréd Rényi in the 1960s, and it has become a concept of central 
importance within graph theory. Described in a rather simplistic manner, it examines 
graphs that are chosen at random from the set of all graphs, or from the set of all 
graphs with certain properties. 
One of the remarkable findings of the research on random graphs has been the fact 
that many statements hold for almost all graphs, let’s say for more than 99% of all 
graphs, or for almost no graph, say for less than 1% of all graphs with a given 
number of vertices, depending on the degrees of the vertices on average, and this 
distinction is getting more pronounced the more vertices our graphs have. The 
reasoning four our acquaintance graph would then be as follows: 


• The acquaintance graph has approximately 6 billion vertices, and the vertices 
have, on average, degree about 1000. 


• The theory of random graphs has shown that over 99% of all graphs with 6 
billion vertices whose degrees are about 1000 have diameter not more than 6. 


• Hence we conclude that it is very likely that the acquaintance graph has 
diameter not more than 6. 


In order to understand the reasoning better, a closer look at the theory of random 
graphs is required. Consider all graphs on, say, 100 vertices, and denote these 
vertices by a, b, ... , z. 
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Now focus on the two vertices, say a and b. In some graphs they are joined by an 
edge, in others not. Since we can group all graphs with vertices a, b, ... , z into pairs 
of graphs that are identical except that in one graph edge ab is present and in the 
other graph it is not present (see Figure 11 for a smaller example with only eight 
vertices), we conclude that exactly half of these graphs contain the edge ab. The same 
holds for all other edges, so for every two vertices, in exactly half of all graphs these 
two vertices are joined by an edge, and in (the other) half of all graphs these vertices 
are not joined by an edge. That means that, if we choose a graph randomly from all 
graphs with vertices a, b, ... , z, where each graph is equally likely to be chosen, then 
any two vertices in the graph are joined by an edge with a 50% probability. 


 
Figure 11: For each graph with edge ab, there is one without ab. 


This in turn means that a random graph can be generated by a simple method: Run 
through all pairs of vertices, ab, ac, ad, ..., yz and for each pair flip a coin, with an 
edge being inserted if heads comes up, and no edge if tails comes up. This simple 
trick makes it possible to analyse random graphs. We make use of the trick to 
determine the likely value of the diameter of our random graph. 
Consider the distance between two vertices, say a and b, in our random graph on 
twenty-six vertices. There is a 50% probability that a and b are joined by an edge 
because when the coin is flipped to determine if there is an edge joining a and b, head 
and tails could come up with a 50% chance for each. So the probability that the 
distance between a and b equals 1 is 50%. 
What is the probability that it equals 2? For this to be the case, some vertex has to be 
joined to both, a and b. In Figure 11, c is such a vertex. What is the probability that c 
is joined to a and to b? Each of the two edges, ac and bc, is present with a 50% 
probability, and since the two coin flips to determine whether these edges are present 
are made independently, the probability that both edges are present is 0.5 × 0.5  
which is 25%. Now for the distance between a and b to be 2, it is not necessary that it 
is vertex c that is joined to both, a and b. Any other vertex, d, e, f, ... , or z would do 
just as well. So what is the probability that there is a (or possibly more than one) 
vertex that is joined to a and b? For each of these vertices, the probability that it is 
joined to a and to b is 25%, so the probability for it not to be joined to both, a and b, 
is 75%. That applies to each of the vertices c, d, ..., z, so the probability that none of 
them is joined to both, a and b, equals 


0.75 × 0.75 × ...× 0.75 = 0.7598 ≈ 0.00000000000057 . 
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So in almost 100% of all graphs there is a vertex that is joined to a and b. Hence, for 
99.999% of the graphs, the distance between a and b is either 1 or 2 (depending on 
whether there is an edge between a and b), and only in less than 0.00000000000029%  
of the graphs the distance between a and b is greater than 2. 
To complete the argument, we count the numbers of pairs of vertices, which are 
100
2


⎛
⎝⎜


⎞
⎠⎟
= 100 × 99


2
= 4950  and so on average a graph on 100 vertices has 


4950 × 0.00000000000029 ≈ 0.0000000014  pairs of vertices at distance greater than 
2. Hence over 99% of all graphs on 100 vertices have no vertices at distance 3 or 
more, that means almost all such graphs have diameter 2. 
A similar, although somewhat more complicated, argument can be used to analyse 
the diameter of a graph with 6 billion vertices in which most vertices have degree 
about 1000. The same model is used, where for every two vertices a coin is flipped to 
determine if we join them by an edge or not. In order to make sure that most vertices 
have a degree of about 1000, we use a biased coin in which tails, that is no edge, is 
far more likely than heads, which means an edge. A classical result of the theory of 
random graphs states that almost all graphs with n vertices whose vertices have, on 
average, a degree of d, have a diameter of approximately 


constant × log(n)
log(d)


 


provided d > log(n) , where log(n)  stands for the natural logarithm of n. Keeping in 
mind that log(n)  is much smaller than n, a good enough approximation of log(n)  is 
the number of digits of n, this result says that almost all graphs have a very small 
diameter relative to the number of vertices. For more details about random graphs we 
refer to the comprehensive text by Bollobás (2001), or to the gentle introduction by 
Harary & Palmer (1973). 
The Six Degrees and the power law 
Over the past decades, with the advent of electronic communication, it has become 
possible to observe communication and social networks much more closely than 
before. Telephone and cell phone networks are more easily observed, and social 
media such as Facebook provide valuable data. 
It has become apparent that in many instances a random graph in the form described 
above is not the best model for many real world networks, such as the acquaintance 
graph. One problem being that random graphs do not satisfy the so-called power law. 
A few examples will demonstrate what is meant by power law. 
Theorem: (Lotka’s Law, 1926) For k ∈  let A(k) denote the number of authors who 


published k scientific articles. Then A(k) ≈ constant × 1
k2


. 
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To illustrate Lotka’s Law consider an example. Assume that, say, A(1) = 1000. So 
1000 authors published exactly 1 scientific article. Then the approximate number of 
authors who published two, three or more articles is as given in the table below. 
 


A(1) A(2) A(3)  A(4) A(5)  ... 
1000  1000


4 = 250  
1000
9 = 111  


1000
16 = 64  


1000
25 = 40  ... 


 
We say that A(k) follows a power law with exponent 2. This is visualised as in Figure 
12. It is immediate, and typical for distributions that satisfy a power-law, that many 
authors published one article, fewer published two articles, even fewer published 
three articles and so on. The important property that makes this a power law 
distribution is that the number A(k) decreases like the inverse of a polynomial in k, 
1
k2


 in this case, and not exponentially. 


 
Figure 12: Number of authors who published k scientific papers. 


We give a few more examples of distributions that satisfy the power-law. 
Theorem: (Zipf’s Law, 1952) Suppose all English words are listed in order of 
frequency of usage, w1 being the most common word, w2 the second most common 
word and so on. Let W(k) equal the average number of occurrences of wk in 100 
words of standard text. Then W(k) follows a power law with exponent 1, i.e., 


W (k) ≈ constant × 1
k


. 


Zipf’s Law has been observed to hold not only for English, but for all human 
languages, and even for some programming languages. 
Theorem: (Awerbach 1913) City sizes follow a power law. 
Over the past decades it has transpired that in a large number of real world networks 
the vertex degrees follow a power law distribution. We define what exactly is meant 
by that. 
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Definition: Let G be a (typically large) graph. For  k ∈  let Deg(k)  = number of 
vertices of degree k. If Deg(k)  follows a power law, then we say that G is a power 
law graph. 
A few examples of power law graphs and their exponents are listed in Figure 13. 


Year Network Number of vertices d exponent 
 Social:    


1999 phone calls 47 000 000 3.16 2.1 
2002 emails 59 912 1.44 1.5 
1998 film actors 449.913 3.48 2.3 


 Information:    
1999 www.nd.edu 269.504 5.55 2.1 
2005 world wide web 53 000 000 000  2.1 
2002 word co-occurrences 460 902 70.1 2.7 
1998 citation network 783.339 8.57 3.0 


 Biological:    
2000 metabolic  network 765 9.64 2.2 
2001 protein interaction 2 115 2.12 2.4 


Figure 13: Examples for power law graphs (d denotes the average vertex degree). 
The most typical example of a power law graph is the world wide web, WWW. (It 
corresponds to a directed graph because the edges, i.e., the hyperlinks, have a 
direction, but we ignore this fact). In the WWW the important pages are usually those 
that have a large number of pages pointing towards them, like the Google page in the 
picture of a tiny section of the WWW in Figure 14. As the WWW grows, new pages 
are created, and they create links to existing pages. However, and this is the 
difference between random graphs and typical power law graphs, they do not create 
links to pages randomly, but it is more likely that a new page creates a link to an 
important page than to an unimportant page. 
See for example the section of the world wide web in Figure 14 where every page has 
a link to Google.  This is called preferential attachment. A result of preferential 
attachment is a phenomenon observed in real world power law graphs: there is a 
small number of vertices of large degree which allow for many short connections. For 
example in an acquaintance graph, there are a small number of individuals who know 
an unusually large number of people, the “big players”, and they allow for many 
short connections. So power law graphs seem to provide a good model for networks 
such as the acquaintance graph. 
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What does this mean for the six degrees of separation? The following standard result 
in the literature on random power laws provides the answer. 
Theorem: Of all power law graphs with n vertices and average degree d, almost  all 
have a diameter of approximately constantd × log(log(n)) , where the constant 
depends on d, but not on n. 
Hence the diameter of power law graphs is generally extremely small. If one 
imagines the logarithm of n as the number of digits of n, then log(log(n)) , the 
logarithm of the logarithm of n, is approximately the number of digits of the number 
of digits of n. So for 10100  this would yield the number of digits of 101, which is 3. 
So power law graphs have a diameter that is very small relative to their number of 
vertices. And that applies also to power law graphs such as the world wide web 
whose current number of pages is estimated to be about 800 million and whose 
diameter is estimated as 19 as mentioned at the beginning of this section, or to the 
acquaintance graph. The conclusion is: while mathematics cannot guarantee that its 
diameter is 6, it is likely that it is a small number, not too far off 6. 


 
Figure 14: A tiny section of the world wide web. 
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GRAPH THEORY IN SCHOOLS? 
We hope that the preceding sections demonstrated that graph theory has relevant and 
interesting applications. It has also many characteristics that make it a great subject to 
be taught at schools, within mathematics. 


• Graph theory has more visual impact than much of the more traditional 
mathematics. A graph can be drawn and pictured. For example manipulations 
of graphs can visually be demonstrated and observed. 


• Students that have fallen behind in more traditional mathematics may find out 
that they enjoy and understand graph theory much more easily. When lecturing 
mathematics courses with a significant graph theory content to science and 
engineering students, I often saw students who did fairly well in graph theory, 
while struggling with, for example, calculus and linear algebra. 


• Graph theory could help give students more confidence in mathematics, and 
possibly also help get struggling students back into mathematics. 


• Graph theory has all the rigour of traditional mathematics, so in a more 
advanced course it helps develop the ability to follow logical chains of 
arguments. 


• The relevance of graph theory to technology and everyday life, for example 
computer networks, is more apparent than in much of the traditional 
mathematics. 


Examples for topics in graph theory that could be taught, and partly are taught in 
some schools, are the following: 


• Minimum spanning trees 


• Distance between vertices 


• Euler tours 


• Matrix multiplication and walks 


• Trees 


• Graph theory as an analytical tool (critical path method and others). 
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INTRODUCTION 
At present the idea of coherence is enjoying a fair amount of attention in local 
discussions of school mathematics curricula, texts and pedagogy. Given that the 
results of students on mathematics tests are often cited in the introductory remarks in 
many papers, it seems that the appeal to coherence is intended to assist us to diagnose 
the state of mathematics education in schools, as well as to assist us to find a way to 
repair the apparently dismal state of school mathematics as indexed by the 
performances of South African school students on high stakes examinations. The take 
up of the idea of coherence as a diagnostic and explanatory tool appears to have been 
popularised by the large volume of work, mostly in the USA, that has emerged 
around TIMSS as well as around the work of the Consortium on Chicago School 
Research. So, while this essay is a reflection on local uses of coherence, a brief 
review of the relevant work of TIMSS is necessary. 
TIMSS AND COHERENCE 
What coherence might be is often dealt with by researchers by appealing to the 
widely-cited gloss of the term due to Schmidt and his collaborators: “We define 
content standards and curricula to be coherent if they are articulated over time as a 
sequence of topics and performances that are logical and reflect, where appropriate, 
the sequential or hierarchical nature of the disciplinary content from which the 
subject matter derives” (Schmidt, Houang & Cogan 2002: 19). This take on 
coherence emerges in a host of related papers (Beane 1995; Cogan, Schmidt & Wiley 
2001; Ferrini-Mundy, Burrill & Schmidt 2007; Schmidt 2004; Schmidt 2008; 
Schmidt & Houang 2012; Schmidt, Wang & McKnight 2005; Schmidt & Prawat 
2006; Schmidt, McKnight, Cogan, Jakwerth & Houang 1998; Valverde & Schmidt 
2000). The TIMSS research pursed by Schmidt and his collaborators develops a 
measure of incoherence, by comparing the teaching of curriculum content with a 
stipulated curriculum which is taken as a model of coherence, using five indicators: 
(1) teaching a topic before the first grade for which it is indicated; (2) “sins of 
commission”: teaching a topic in a grade for which it is not indicated; (3) “sins of 
omission”: failing to teach a topic in a grade for which it is indicated; (4) teaching a 
topic later than the final grade for which is indicated; (5) breaks in the teaching of a 
topic across grades where such breaks are not indicated in the model (Schmidt & 
Houang 2012). The idea is that an overall measure of the degree of (mis-)alignment 
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with a stipulated curriculum (which is taken to be the model of coherence) can be 
derived by using the five indicators. 
Related work on the TIMSS video study (Hiebert et al. 2003) addresses the issue of 
coherence in pedagogic contexts by examining the relations between subsequent 
problems in the sequence of problems that might be employed in a lesson, as well as 
considering the topic-relatedness of those problems. The nature of connections 
between successive problems were examined, and all but the first problem of a lesson 
were coded as being one of : (1) a repetition; (2) mathematically related; (3) 
thematically related; and (4) unrelated. They also calculated the proportion of 
problems related to a topic as part of their measure of the “clarity and coherence” of 
lessons. 
Hiebert et al. attempt to develop and use a measure of problem complexity as part of 
their investigation of coherence, but their account of such complexity remains 
underdeveloped in its reliance on the number of decisions needed to be made and the 
presence or absence of sub-problems. What a “decision” might be in their scheme is 
rather unclear. Are decisions only explicitly made choices? Or are they also implicit 
made choices that have a regulative effect on the choices made at the local level of 
the particular problem? The same goes for their use of the idea of a “step” when they 
attempt to measure procedural complexity of problems by counting the “operational 
steps” per problem. What is a “step”? Is it a line of written text? Or might it be any 
computation, including those not written down but which are computationally 
necessary? Further, are computations always transparent, so that one can decide with 
a reasonable degree of certainty what the decisions and steps are? Problems are taken 
to be: (1) of high complexity if the student needs to make more than 4 decisions and 
solve 2 sub-problems; (2) of moderate complexity if more than 4 decisions are 
required along with the solution of 1 sub-problem; and (3) of low complexity if 4 or 
fewer decisions were required and no sub-problems. 
Ultimately, though, it is content continuity that is to be used to gain an impression of 
the degree of coherence of mathematics lessons. Content continuity, accompanied by 
increasing procedural complexity and non-repetitive mathematical relatedness across 
a segment of teaching, seems to be the acme of mathematical coherence in lessons for 
Hiebert et al. (2003). 
OPPORTUNITY-TO-LEARN AND COHERENCE 
In the work of Reeves and her collaborators we find the idea of coherence aligned 
with the notion of opportunity-to-learn (also referred to as ‘OTL’; see Smith, Smith 
& Bryk 1998) in the form of “curricular coherence”, one of the central dimensions of 
OTL (see also, Gillies & Quijada 2008; McDonnell 1995; Reeves 2005; Smith 1998; 
Stevens 1996; Stevens no date; Wang 1998). 


More recently, the OTL construct has been expanded to include measures of ‘curricular 
coherence’, that is, the degree to which domain-specific or disciplinary content is systematically 
presented to learners in terms of the conceptual coherence of its organization, and ‘curricular 
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pacing’, the structuring and organization of curriculum across adjacent grades. The idea is that 
curricular pacing and coherence helps prevent a cumulative deficit in breadth and depth of 
domain specific knowledge and conceptual advancement of specialized skills and concepts 
across grades improving the likelihood of learners having the prerequisite content knowledge for 
the next year […] (Reeves & Muller 2005: 107-108) 


Reeves and her collaborators detect a general lack of coherence at the level of 
curriculum implementation in South African mathematics teaching (Reeves & Muller 
2005; Reeves & McAuliffe 2012). The message is that the curriculum is coherent, but 
that pedagogy is very often problematic in South African schooling contexts because, 
they aver, mathematics teaching tends to lack coherence and consequently robs 
students of OTL. Reeves and her collaborators also refer to coherence as “the degree 
to which domain-specific or disciplinary content is systematically presented to 
learners in terms of the conceptual coherence of its organization” (Reeves & Muller 
2005: 107) but they are silent on what such “conceptual coherence” might be. Reeves 
& McAuliffe (2012: 20) arrive at a measure of coherence by asking an expert—“a 
highly qualified and experienced mathematics teacher, who had served on the 
committee that developed the revised National Curriculum Statement for 
mathematics”—to assess whether or not a representation of a sequence of pedagogic 
activity indicates coherence. At the end of the day, for them, incoherence at the level 
of curriculum implementation is indicated by the presence of two pedagogic failings, 
one of which is the disruption of the official curriculum sequencing of content, and 
the other, a dramatic decrease in the pace of content delivery, both of which result in 
a loss of OTL for students. 
Schmidt and Reeves, along with their respective collaborators, argue that the 
organisation of the implemented curriculum in local pedagogic contexts can produce 
pedagogic effects that result in weak curricular coherence, with the consequent 
negative effects on school students’ opportunities to learn mathematics, when the 
sequencing and pacing of content delivery fails to align with curriculum statements. 
Outside of the work of Hiebert et al. (2003), neither of the two groups really say 
much about coherence in terms of the detail of the mathematics content that is taught. 
There are, however, local attempts at engaging with aspects of pedagogy beyond 
sequence, pace and alignment. One example of which is Venkat & Naidoo (2012), 
who use elements of Systemic Functional Linguistics to measure the coherence of the 
language use of teachers in mathematics lessons. 
SYSTEMIC FUNCTIONAL LINGUISTICS AND COHERENCE 
Venkat and Naidoo attempt to measure the linguistic coherence of pedagogic 
communication of mathematics teaching by studying the linguistic referencing that 
emerges in pedagogic communication in terms of what Halliday & Hasan (1985) 
refer to as co-reference, co-classification and co-extension. We can describe the three 
terms in a simplified manner as follows, taking pairs of linguistic references as our 
object: co-reference refers to different utterances referring to the same thing; co-
classification refers to different utterances referring to non-identical things, but both 
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of which belong to the same category; and co-extension refers to different utterances 
referring to non-identical things that belong to non-identical categories, but with the 
non-identical classes both belonging to a more general category. For Halliday and 
Hasan, the coherence of a text is realised through the generation of cohesive chains. 
Such chains are sequences of language that hang together by means of relations of 
identity and similarity, which Halliday and Hasan describe as identity chains and 
similarity chains. The linguistic chains are composed of cohesive ties established 
through the use of co-reference, co-classification and co-extension, with co-reference 
realising identity chains, and co-classification and co-extension realising similarity 
chains. 
In their analysis of the mathematics teaching in a Grade 2 lesson, Venkat and Naidoo 
discover instances of the “ambiguous use of co-reference”, of “disconnections in co-
classification” and of “incoherent co-extensions”, each indicating a weakening of 
linguistic coherence in pedagogic communication because the formation of cohesive 
ties are disrupted. If their analysis is valid, it might well be the case that the students 
who participated in the lesson experienced difficulties in grasping and learning some 
of the mathematics content because of the general incoherence of the pedagogic 
communication to which they were subjected. 
While the analytic method offered in Venkat & Naidoo (2012) engages with the 
mathematics of classrooms in terms of the referential aspects of pedagogic 
communication in an attempt to measure coherence, it doesn’t really engage directly 
with the mathematical processing of teachers and their students. In Venkat & Adler 
(2013), however, we do find an attempt to deal with the problem of coherence by 
engaging with the mathematics work of teachers and students more directly. 
PROCEDURAL TRANSFORMATIONS AND COHERENCE 
Venkat & Adler (2013) construct a method for measuring the coherence of what they 
refer to as mathematical discourses in instruction (essentially, pedagogic 
communication) by examining transformations of the representations associated with 
typical mathematics problems used in the teaching of curriculum content. The core 
elements of the method consist in: (1) identifying a stated mathematics problem 
(stated problem); (2) identifying the initial expression/representation that is used to 
start work on the problem (initial representation); (3) describing the method used to 
work through the problem, starting with the initial representation (transformation 
activity); (4) answering four yes/no questions: (4.1) does the initial representation 
connect with the stated problem appropriately? (4.2) does the transformation activity 
connect with the initial representation in mathematical terms at interim stages? (4.3) 
does the transformation activity connect with the initial representation in 
mathematical terms at the final stage? (4.4) does the transformation activity and the 
associated explanation “establish connections between its steps with the initial 
representation?” The number of ‘yes’/‘no’ answers to the four questions listed under 
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(4) indicates the degree of coherence/incoherence of the particular “mathematical 
discourse in instruction”. 
Venkat and Adler’s method centres on deciding at the various points in the solution 
of a problem whether a mathematically defensible link, or “connection”, is 
maintained with previous transformations of the successive representations that 
emerge as a problem is worked through. The methodological problem that Venkat 
and Adler might consider exploring in greater depth is whether or not their four 
questions (4.1 to 4.4) can really be answered in the manner that they do. The central 
issue of interest here can be expressed in the form of a question: “What constitutes a 
connection between initial, interim and terminal representations?” The problem is 
that the idea of connection, which is made to do so much analytic work in the 
method, remains underspecified. 
In mounting their arguments for measuring the degree of mathematical coherence in 
pedagogy and problem solving, both Venkat & Naidoo (2012) and Venkat & Adler 
(2013) imply an acceptance of a view of school mathematics that reads the content 
that is realised in schooling as that described in official curriculum statements. The 
same can be said of the implicit views of school mathematics in the discussions of 
coherence in the work of Schmidt and Reeves and their collaborators. One of the 
effects of such—perfectly reasonable—views of school mathematics is that there are 
computational features of the mathematical activity of teachers and their students that 
are central to the realisation of mathematical coherence but which escape 
consideration in the analyses discussed thus far. 
TOPIC, CONTENT AND COHERENCE 
In Jaffer (2012) we find an approach to the question of coherence that does not treat 
the mathematics constituted in pedagogic contexts as always-already given by official 
curriculum statements. Drawing on Eco’s (1984) discussion of textual coherence, 
Jaffer argues for using the terms of topic and content in a way that takes topic names 
to be labels used to indicate that some or other selection of mathematics contents 
should be focused on, and contents are what come to constituted in response to those 
labels. For Jaffer, how a topic name comes to be associated with content depends in 
part on what Eco refers to as isotopies. An isotopy is a textual marker the reader uses 
as a clue to the topic, enabling them to work towards constituting a coherent text. 
Jaffer argues that, just as Eco’s readers search texts for isotopies, so mathematics 
students read the computational activity that they are routinely required to engage in 
for isotopic markers to get clues about the mathematics topics they engage with. As 
in the case of Eco’s readers, the isotopic markers recognised by mathematics students 
enable them to work towards constituting coherence. What this means is (1) that the 
content constituted in the name of an announced topic in part comes to be through the 
interpretative work of the participants as they work on generating isotopic coherence, 
and (2) the texts produced can possess internal coherence which might or might not 
be aligned with some or other external model of coherence. 
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Jaffer’s take on coherence is clearly different from the other positions discussed in 
that it focuses in the first instance on reading the coherence produced by the 
interpretative work of pedagogic agents rather than immediately measuring the texts 
that they produce for coherence by way of comparison with an external model of 
coherence. What this methodological move enables her to do is to gain some insight 
into what does come to be constituted as the content, how the content comes to be 
constituted, as well as being suggestive of why the content takes the form it does, all 
of which can productively inform our understanding of the educational and 
pedagogic problems that plague us as well as suggest ways to proceed. That said, we 
must note that without some model of coherence we cannot proceed very far beyond 
the initial level of description of the mathematical work of teachers and their students 
generated by Jaffer’s approach. 
COMPUTATIONAL STRUCTURES AND COHERENCE 
In this section I introduce an additional dimension of coherence into the discussion—
one that I believe remains largely ignored, or unnoticed, in the research literature. 
Whatever comes to be constituted as the mathematics content of a topic, whether in 
curricula, textbooks or pedagogic activity, is either a clear restatement of some or 
other mathematics content, or it is something that is intended to effect the same 
outcome as some or other mathematics content. 
For example, the term cancellation is used routinely in the teaching of school 
mathematics, where most teachers intend the term to refer to the composition of 
inverses (often, additive or multiplicative). Many students do, however, read their 
teachers’ uses of the term cancellation as referring to the deletion of elements of 
expressions that are spatially situated in particular ways, thus generating ‘operations’ 
that are different from the arithmetic compositions intended by their teachers. Much 
of the time such ‘cancellations’ produce outcomes that are consistent with the 
composition of inverses, but there are times when they produce outcomes that cannot 
be integrated with the arithmetic of the real numbers and, for an adept, the result is an 
immediately recognisable lack of mathematical coherence at the local computational 
level. 
Consider the work of an otherwise very successful Grade 10 student, referred to by 
her teachers at the private school she attended as one of their top Grade 10 students, 
and who consistently scored above 80% on her mathematics tests and examinations. 
On her mid-year examination she encountered a problem requiring her to simplify the 


expression 2 + 3
a
+ 4
a −1


. Her attempted solution to the problem, along with her 


teacher’s marking of the solution, is shown in Figure 1. The student computed what 
she believed to be a ‘lowest common denominator’, a −1, from the terms in the 
expression and then attempted to multiply each of those terms by a −1, ‘cancelling’ 
where she thought it was appropriate to do so. From other work done by the student it 
appeared that she computed lowest common denominators by finding the smallest 
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value into which all of the denominators divide. Her computation of the lowest 
common denominator in this instance is curious because it, apparently, doesn’t agree 
with her usual procedure. However, once we understand what she means by 
cancellation we can see that has applied her procedure for computing lowest common 
denominators faithfully. 


 


Figure 1: ‘Multiplying’ 2 + 3
a
+ 4
a −1  


by the ‘LCD’ (a −1) . 


When the student was shown her attempted solution and asked to explain how she 
went about solving it, an interesting and revealing exchange between the student and 
the researcher about her ‘cancellation’ of terms ensued. 


Student:   I thought that if you times by a minus one … it is gonna be … of each other … I 
thought it is gonna give minus three. 


Interviewer: Now, explain what you did here … You divided? … You cancelled? … What did 
you do to the a? 


Student:   Um. It is the same as if you … it’s minus … it’s four. I thought it is the same as if 
you have fraction three over four and you times by four, it is going to be 
cancelled each other because … 


She writes down the computation shown in Figure 2 as she speaks. 


 


Figure 2: Cancelling the 4s in 
3
4
× 4
1


. 


Interviewer: But you didn’t cancel the minus one there … 
Student:   Ja, so that is … Oh, no … But … Yes … a minus one… Isn’t it …  there different 


thing, there difference between a and minus one? 
Interviewer: Explain. I am not quite sure what you mean. 


Student:   Um … I thought the a and the minus one is separate things … Do  you know 
what I mean? 


Interviewer: Is it, a times minus one? 
Student:   No, it is not a times minus one because if it was it is going to be minus a … 


Right? They wrote a minus one. They mean … The teacher wants to me to … 
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They just wanted … They just wanted a subtract … They say a minus one. So, I 
thought that they are separate things. 


She writes down the computation shown in Figure 3 as she speaks. 
Interviewer: Because of the way it is said? 


Student:   I said that it can be cancelled … each other. 


 


Figure 3: ‘Cancelling’ the as in 
3
a
× a −1
1


. 


The type of cancellation performed by the student doesn’t produce any conflicts with 


arithmetic in instances like her example of 
3
4
× 4
1


, but it clearly does violate our real 


number arithmetic in her example of 
3
a
× a −1
1


= −3, where she ‘cancels’ the as to 


produce 3× −1= −3. Her cancellation ‘operation’ is one that takes as its arguments 
(inputs) the spatial positions of what she determines to be identical objects—4 in the 
instance, a in the other—and its value (output) is a void. The ‘operation’ is sensitive 
to the vertical position of identical objects, constituting them as pairs of arguments—
top and bottom—which are deleted from expressions to leave a void. We can thus 
describe the students cancellation ‘operation’ as one that maps pairs of identical 
objects that are spatially situated so that they are vertically distinguishable as (top, 
bottom) or (bottom, top), to a void. The scriptural indicators of the ‘operation’ are 
usually oblique slashes drawn through its arguments. We can also describe the 
‘operation’ using a more concise symbolism by writing CAN:(atop, abottom) → void, 
which is to be read as CAN maps the pair (atop, abottom) to void. Since CAN is clearly 
commutative, we can also write CAN:( abottom, atop) → void. In Figure 4 we see a 
good example of her use of cancellation to produce a void, which appears to be the 
outcome of the ‘operation’ consuming the two arguments. 


 
Figure 4: The use of the pair (a − 2,a − 2) once causes each a − 2  to vanish. 
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Elsewhere in the student’s work, however, we do find instances where she uses the 
term cancel to refer to an operation that looks like CAN, but which produces 1 as a 
value, even when she’s dealing with letters rather than numbers (see Figure 5). 


 


Figure 5: Cancelling (b − a)  in −(b − a)
(b − a)


 


Given that she uses both CAN:(atop, abottom) → void and CAN:(atop, abottom) → 1, we 
need to distinguish them. Let’s rename the first CANv:(atop, abottom) → void and the 
rename the second CAN1:(atop, abottom) → 1. When we examine the instances in which 
the two ‘operations’ occur in the student’s work, we find that she uses CAN1 


whenever she has expressions or sub-expressions of the form 
x
x


, and CANv whenever 


she believes that there are identical terms that meet her vertical position criterion, but 


which are not part of the same sub-expression, like 
3
a
× a −1
1


 or 
−12a −1
20a


 (see Figure 


6). This difference appears to be the result of her criterion for recognising and 
constituting arguments for cancellation: whenever she encounters expressions from 
which she can constitute a pair of terms as (xtop, xbottom), they can be cancelled. 


 


Figure 6: ‘Cancelling’ the as and the ‘common factor’ 4 in 
−12a −1
20a


. 


In each of the instances discussed, as far as the student is concerned, she’s merely 
cancelling, which is an operation she has seen her teachers do hundreds of times. The 
student has four different computational resources for dealing with the composition 
of multiplicative inverses in her computational repertoire: 
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(1) division, as in  x ÷ x = 1, where x ≠ 0, x ∈;  


(2) multiplication, as in 
 
x × 1


x
= 1, where x ≠ 0, x ∈;  


(3) CAN1, as in −(b − a)
(b − a)


= −1;  and 


(4) CANv, as in 
(a + 2)− 3a(a + 2)


a + 2
= (a + 2)− 3a . 


There are two implications flowing from the students computational repertoire that I 
wish to draw attention to here. The first is that it is clear that the ‘operation’ 
CANv:(atop, abottom) → void introduces incoherence into the computational space in 
which the student works because the mapping does not do what division or 
multiplication do, and is therefore inconsistent with real number arithmetic. 
Secondly, CANv:(atop, abottom) → void, and probably also CAN1:(atop, abottom) → 1, are 
not taking elements of the real numbers as arguments and values. The arguments are 
probably alphanumeric characters, so that CAN1 and CANv do not have    as domain 
but rather some implicitly recognised collection consisting of symbols that are 
commonly used in school mathematics. What this means is that ‘operations’ like 
CAN1 and CANv insert non-numerical objects and processes into the computational 
space, but those processes cannot be integrated with the fundamental computational 
resources of the field of real numbers because they do not take numbers as arguments 
and values. 
We thus have computational resources for arithmetic consisting of numbers and 
arithmetic operations used in tandem with ‘operations’ that have arguments and 
values that are not elements of the reals. This state of affairs produces a fragmented 
computational space, consisting of different regions of objects and associated 
operations—real numbers with arithmetic operations on the one hand, and 
alphanumeric characters used with CAN1 and CANv on the other—but with none of 
the operations able to range over all the objects in the computational space. Such a 
computational space seems to be tainted by a lack of mathematical coherence at a 
both more general and fundamental level than the local level of computational work 
unfolding in the process of solution a problem, even if many of its resources enable 
teachers and students to, so to speak, ‘get the job done’. 
CONCLUDING REMARKS 
Each of the diverse investigations of coherence discussed in this presentation covers a 
dimension of coherence that is important for school mathematics, indicating that we 
should take a multifaceted approach to coherence if we believe that it is an issue of 
great significance to the teaching and learning of school mathematics. Alongside the 
question of whether or not the taught curriculum is aligned with the prescribed 
curriculum, we also have to consider the coherence of the curriculum itself, the 
coherence of the language used to elaborate mathematics in mathematics lessons and 
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in textbooks, the coherence of approaches to the solution of mathematics problems in 
textbooks and lessons, the coherence of lesson structure, the manner in which 
students attempt to construct mathematical coherence for themselves, as well as the 
general and local computational coherence of teacher and student mathematical 
activity. 
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