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Foreword 

For educators, the employment of various technologies associated with the 4IR, is currently the 
subject of lively debate. The discussions centre around how to best equip learners with 21st 
century skills needed in an evolving market where many future jobs cannot even be imagined at 
present. In the African context, innovative solutions are needed to address challenges such as 
poverty, inequalities, famine and lack of proper housing – all critically impacting the ability of 
the citizens of Africa to access, afford and utilize educational technology. In order to facilitate the 
development of 21st century skills among learners, techno-savvy pedagogies are required to foster 
critical thinking, complex problem solving, effective communication and collaboration, and self-
directed learning. The current congress theme, ‘Developing Equitable Mathematical Teaching 
and Learning Practices that Empower Teachers and Learners in the 4IR Era’ was conceptualized 
against this background. The plenaries, presentations and workshops of the AMESA 2021 
Congress further highlight and explore these themes, in addition to various approaches to optimise 
teaching in the mathematics classroom. 

We view the COVID-19 pandemic as a quintessential adaptive and transformative challenge that 
affects learning from all corners of the globe. It is namely critical for learners to have access to 
teachers who are au fait with the innovative application of technology and who can equip learners 
with skills needed for the evolving career landscape. This is a call for the mathematics classrooms 
in 4IR, not only to provide sustainable education, but also to promote core values and qualities of 
social justice and equity for all. Subsequently, there is a need to reflect on and rethink the way in 
which mathematics is taught in South Africa.  Thus, themes cover problem solving, empowering 
pre-service teachers with skills on the creation of flipped classrooms and how mathematics 
teaching and learning can be decolonised.  

We trust that this virtual congress will inspire you to reconsider how you effect quality and 
equality within the teaching and learning of mathematics beyond the two and half days. You will 
continuously use the two volumes as a resource in your classrooms, workshops and seminars and 
share the knowledge gained, with other colleagues in the mathematics fraternity. 

Lastly, we remain thankful to all our presenters and their reviewers of papers for their immense 
contribution to 26th Annual National Congress of the Association for Mathematics Education of 
South Africa. Keep Well and Enjoy! 

Academic Coordinator 

Zingiswa Jojo 

July 2021 
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VISUAL LITERACY: A CRITICAL ATTRIBUTE FOR 

EFFECTIVE TEACHING AND LEARNING IN THE 4IR ERA 

Lindelani Mnguni 
Faculty of Health Sciences, University of the Witwatersrand, Parktown, 

South Africa 

Teaching and learning in STEM education have evolved significantly over the last 
century. More recently, the emergence of Covid-19 has exacerbated the need to 
integrate 4IR technologies as an integral component of instructional design. These 
technologies have necessitated the need to re-thing the skills that learners need to 
develop to learn effectively. Amongst these skills is visual literacy which has become 
a critical attribute for effective teaching and learning, especially for online and 
digital learning. This paper explores the nature of visual literacy and its 
significance in STEM Education. Considering the increasing use of online and 
digital learning, it is recommended that teachers and curriculum design should 
consider various visual literacy skills as part of overall learner development. 

Introduction  

The past century has seen a rapid evolution in curriculum and instructional design, 
particularly in Science, Technology, Engineering, and Mathematics (STEM) 
education. This evolution occurs as an attempt to prepare learners for the fourth 
industrial revolution (4IR) of the 21st century (Hoeg & Bencze, 2017; Pietarinen et 
al., 2017). In some countries, such as South Africa, education reforms are also 
inspired by socio-economic and political imperatives that seek to promote social 
justice (Mnguni, 2018). The emergence of the Covid-19 pandemic has exacerbated 
the adoption of teaching and learning strategies that integrate 4IR technologies to 
enhance knowledge construction and application among learners and societies. In 
particular, the Covid-19 pandemic has compelled instructional designers and 
teachers to adopt online teaching methods to reduce the spread of the coronavirus. 
For researchers, the need to develop theories and frameworks for online teaching 
and learning has increased significantly.  

Most researchers, particularly in developing countries are now exploring effective 
strategies for integrating 4IR technologies, including internet-based teaching and 
learning methods. With this, the effectiveness of these strategies and their impact 
on the students' conceptualization of STEM knowledge, its application, and 
relevance are continuously being investigated. Recent research has shown that 
integrating digital learning technologies improves students' conceptualization of 
STEM knowledge (Kelley & Knowles, 2016). However, there is an urgent need to 
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explore how these 4IR-Covid-19 inspired online teaching and learning methods 
could be used in diverse contexts, particularly in under-resourced and rural areas. 
In addition to digital learning technologies, the 21st century has seen the rise in 
technologies such as robotics, virtual reality (VR), and artificial intelligence (AI). 
However, the role of these technologies in the teaching of STEM education requires 
extensive research, to prevent the adoption of ill-informed methods as a knee-jerk 
reaction to Covid-19 and the 4IR pressures. 

Visuo-semiotic models as a 4IR response to Covid-19 

STEM education has evolved significantly over the last century. This evolution has 
been in line with evolution in industries and technology, i.e. industrial revolutions. 
For example, between the mid-1700s and the mid-1800s, the mechanized factory 
system saw a significant transition from hand production methods to the use of 
machines, such as chemical manufacturing, and steam engines. It was during this 
time that Nicholas Louis Robert produced a paper machine that could produce a 
continuous sheet of paper on a loop of wire fabric in France. This had a significant 
impact on teaching and learning as scholars adopted the use of paper graphics to 
illustrate scientific phenomena. Additionally, wooden models were also used by 
researchers and teachers to demonstrate scientific phenomena for research, 
teaching, and learning. In the 1800s, Matthias Koops and Charles Fenerty 
experimented with the idea of using wood to make paper, including the extraction 
of fibers from wood to make paper. It was around the same time that mass 
production of pen and pencil occurred, during which time steam-driven rotary 
printing press also increased significantly. Researchers would therefore use these 
inventions, including the telegraph, to communicate their ideas. In the 1900s, the 
world shifted towards digitalization including the use of digital electronics, digital 
computers, and digital record keeping. Yet again, this had a significant impact on 
the nature and use of visuo-semiotic models to communicate a scientific idea.  

Visual Literacy, visuo-semiotic models and visuo-semiotic reasoning 

Because of the use of graphics, learners had to develop different skills that would 
allow them to learn effectively from graphic models. In the 21st century, these 
graphic modes have largely been computerized, into what could be referred to as 
visuo-semiotic models. Visuo-semiotic models can be defined “as visual models 
that use discipline-specific semiotics to represent scientific phenomena for research, 
teaching, and learning” (Mnguni, 2019, p. 1). They include a broad variety of 
models such as physical models, paper-based 2D models, printed 3D models, or 
computer and virtual models. By nature, some of these are static while others are 
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dynamic, such as computer animations and simulations. Visuo-semiotic models 
may be created from other materials such as wood and synthetic plastic, or 
generated by computers. These models could be used to represent phenomena that 
exist at complex macroscopic levels, microscopic levels, or molecular levels.  

While there are generic visuo-semiotic models in STEM education, such as 
numbers, most are context-specific. For example, in molecular biology and 
chemistry, a hyphen ( - ) could be used to represent a negatively charged electron, 
while a plus sign ( + ) could be used to represent a positively charged proton. 
However, in mathematics, these could be used to represent subtraction and addition, 
respectively. Consequently, it is generally accepted that each discipline may have 
its discipline-specific set of visuo-semiotic models. Students and experts, therefore, 
communicate using these discipline-specific visuo-semiotic models.  

Among other skills therefore which students must learn is visuo-semiotic reasoning. 
Visuo-semiotic reasoning goes beyond mere visual literacy in that it is context and 
discipline-specific. For example, researchers in visual literacy argue that there is no 
one universal definition of visual literacy. (Avgerinou & Pettersson, 2011). On the 
one hand, some researchers (e.g. Arnerson & Offerdahl, 2018) suggest that visual 
literacy involves the ability to engage effectively in disciplinary discourses through 
encoding, decoding, and interpreting visual representations, both cognitively and 
physically. Others however argue that visual literacy refers to the ability to read and 
write visual representations by using complex discipline-specific semiotics (e.g., 
Offerdahl, Arneson, & Byrne, 2017). In line with this perspective, Avgerinou and 
Pettersson (2011), argue that visual literacy is an interdisciplinary visual language, 
grammar, syntax, and vocabulary which make up a visual language. Linenberger 
and Holme (2015, p. 24) also suggest that "visual literacy is the ability to understand 
(read) and use (write) images and to think and learn in terms of images." These 
perspectives, therefore, suggest that there is no one definition of visual literacy.  

What is clear, however, is that one cannot define visual literacy in the same way 
that general verbal literacy is defined, by simply signifying the ability to read (make 
sense of) and write (draw or create). This is because visual literacy is context-
specific rather than generic. Mnguni (2019, p. 2) argues that,   

“visual literacy is directly intertwined with subject-specific knowledge and 
semiotics, which may differ significantly within and between disciplines. For 
example, a student may be visually literate in mathematics, but be visually illiterate 
in biology. Therefore, the present researcher proposes that visual literacy be defined 
within disciplines. This could include, bio-visual literacy, and mathematical-visual 
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literacy, wherein the visual literacy is directly defined within the context of 
disciplinary discourse and related semiotic resources, which provide access to a 
discipline-specific epistemology and ontology.” 

Similarly, Airey and Linder (2009, p. 33) propose that "visual literacy can be 
defined in terms of discursive fluency, that is, when a student understands the 
various ways in which the discipline generally uses that mode to represent a 
particular way of knowing." Given the views, therefore, one argues that visuo-
semiotic models are context-specific. Flowing from this view, visuo-semiotic 
reasoning is defined as the "ability to internalize, conceptualize, and externalize” 
subject-specific content knowledge through the use of VSMs and discipline-
specific semiotics representing” discipline-specific content (Mnguni, 2019, p. 4). 

Visuo-semiotic reasoning: the process 

Within the context of embodied cognition, learning from visuo-semiotic models 
involves an interaction between internal cognitive structures and the internal and 
the external world. Learning theories that relate to embodied cognition, including 
the cognitive theory of multimedia learning, dual coding theory, and the limited 
capacity theory, suggest that information processing can be divided into three 
interrelated processes, i.e., internalization of visuo-semiotic models, the 
conceptualization of visuo-semiotic models and externalization of visuo-semiotic 
models. Internalization of visuo-semiotic models refers to the ‘inputting’ of 
information through sensory organs such as eyes, from the external world. 
Conceptualization of visuo-semiotic models refers to the cognitive processes that 
take place in the working memory to select, organize, code, and decode, integrate 
as well as store information. Externalization of visuo-semiotic models refers to the 
'outputting' of information from the cognitive structures back to the external world 
verbally or kinaesthetically.  

a) Internalization of visuo-semiotic models  

Researchers suggest that the internalization of visuo-semiotic models varies in 
terms of the cognitive effort required. At the very least, the internalization of visuo-
semiotic models could be a simple task of feature extraction, target detection, region 
tracking, and counting, which could require minimal effort. Alternatively, it could 
be a highly cognitive effort that includes concept formulation (Healey, 2005; 
Mnguni, 2014; van Schoren, 2005). This is because, to an expert, this task, may 
require feature extraction, target detection on the visuo-semiotic model, including 
detecting for the presence or absence of distinguishable features (Healey, 2005). 
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One of the key features of low-level cognitive tasks is that they can be performed 
in a relatively low period as they require much less cognitive effort. For example, 
Stevenson and Roorda (2005) suggest that in some instances, “pre-attentive tasks 
can be performed in less than 200 to 250 milliseconds of viewing a visual model” 
(Mnguni, 2014, p. 3).  

Other researchers suggest that the internalization of visuo-semiotic models involves 
pre-attentive processing of information as a subconscious accumulation of 
information. Folk and Remington (2006) suggest that there are two models of pre-
attentive processing, namely, pure-capture and contingent-capture. Pure-capture, 
also known as bottom-up processing, refers to the internalization of visuo-semiotic 
models by focusing on the stimulus salience (Tollner, Zehetleitner, Gramann & 
Muller, 2010). In this instance, the sensory organs tend to detect features that stand 
out on the mode, such as distinguishable color, movement, and sound. In this regard, 
the internalization is 'bottom-up' in the sense that the stimulus affects selection. This 
observation is in line with Mayer's principles of multimedia learning. Mayer argues 
for example that students learn better when cues that highlight the organization of 
the essential material are added. This is because these cues on the model, facilitate 
the pure capturing of the model so that learners can focus on those features that are 
important and must be internalized. In the contingent-capture model, Folk and 
Remington (2006) argue that the intentions of the viewer may affect the rate of 
internalization of the visuo-semiotic model. This is because cognition directs the 
attention towards the more 'urgent needs of the individual to reserve resources. For 
example, the limited capacity theory suggests that because there is a limited 
capacity for cognitive processing of information, the allocation of cognitive 
resources is dependent on the urgency and importance of the information being 
processed. If the features of the visuo-semiotic model are in line with the goals and 
intentions of the student, the brain will allocate more resources to the processing of 
that information, so that this information stimuli will be processed faster at the pre-
attentive stage and will be more likely to be selected for attentive processing.  

With regards to the internalization of information from animated visuo-semiotic 
models, researchers suggest that stimuli exist as first-order stimuli and second-order 
stimuli (e.g. Baloch, Grossbrg, Mingolla & Nogueira, 1999). in the first-order 
stimuli, feature extraction is based mainly on luminance, while contract and texture 
characterize feature extraction. This suggests that fewer cognitive resources may be 
used to process visuo-semiotic models in the case of first-order stimuli. Second-
order stimuli play a significant role in the processing of 3D models and 2D models 
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where the relative depth of overlapping surfaces is important to determine the 
position of objects, such as when a model depicts different molecular geometry of 
molecules.   

A critical addition to Paivio’s dual coding theory is that in the 21st century, 4IR 
technology has made it possible for learners to learn through haptic engagement 
with the stimulus. Haptic learners internalize information through touch, feeling, or 
sensing information. For example, learners using touch screen computers may 
internalize information as they sense it through their skin. Likewise, learners 
learning from physical models may internalize information of the external features 
of the model in terms of texture. In the same way, other learners may internalize 
information through taste and smell and create mental models of such information. 
Once internalized, this information is processed in the same way as other forms of 
information.  

The emergence of the haptic learning style suggests that Mayer's Cognitive Theory 
of Multimedia Learning may require a slight modification, to include other forms 
of internalization. These forms may include olfactory learners who internalize 
knowledge through the senses of smell and taste (Davis, 2004). Researchers argue 
for example that "the shapes of acquired odour representations, and their gradual 
transformation over the course of cumulative learning, also can be directly 
measured, adding an additional representational dimension to the traditional metrics 
of memory strength and persistence” (Tong, Peace & Cleland, 2014, p. 1). 
Consequently, internalization of information is multifaceted (Figure 1) 

Figure 1 An illustration of the different forms of internalization through which 
information is internalized  

 

Figure 1: An illustration of the different forms of internalization through which 
information is internalized  
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b) Conceptualization of Visual Models 

Various theories account for the conceptualization of visuo-semiotic models. 
Simply put, the conceptualization of visuo-semiotic models refers to processes that 
take place in the working memory through which meaning is created. This stage is 
interlinked, and perhaps could be inseparable from the internalization stage. In the 
conceptualization stage, cognitive effort and cognitive resources are used to 
interpret the external stimuli as the information pass through the sensory memory 
into the working memory (van Schoren, 2005). At this stage, information extracted 
from the visuo-semiotic model is selected and organized into mental representations 
(Chalmers et al., 1991).  

Researchers (e.g., Koedinger & Anderson, 1990) suggest that during the 
conceptualization of information, the mind actively organizes pieces of information 
extracted from the visuo-semiotic model during internalization, to form coherent 
patterns called chunks. Chunking, therefore, refers to the cognitive process where 
smaller units of information, called chunks, extracted from a visuo-semiotic model, 
are broken down and then grouped and stored in the memory (Gobet, Lane, Croker, 
Cheng, Jones, Oliver, & Pine, 2001). These chunks are stored together within other 
similar chunks, such that chunks with similar features have strong associations with 
one another, but weak associations with chunks with different features.  

The organization of information during chunking involves selection, organizing, 
and rearranging. The Gestalt principles can be used to explain how these processes 
occur (Behrens, 1984). The Gestalt principles suggest that there are four laws of 
grouping that determine how information is chunked. The law of proximity suggests 
that when students encounter an assortment of objects, cognitive resources are sued 
to perceive objects that are near form groups. In Figure 2, 72 grey circles. However, 
the mind groups them into two groups, the first group has 36 circles organized into 
a square. The second group has three subgroups of 12 circles. The grouping is based 
on how close the circles are to one another. 
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Figure 2 an illustration of the laws of Gestalt principles. 

The law of similarity suggests that an assortment of objects are grouped if they have 
similar external characteristics such as shape, and color. In the law of closure, the 
mind tends to perceive objects as complete even if there are gaps that render them 
incomplete. The mind does not focus on the gaps, but rather tends to focus on how 
these gaps could be completed. The law of closure suggests that learners perceive 
objects as being complete when they are not complete by filling the visual gaps that 
may exist in them. The law of symmetry suggests that similarities between 
symmetrical objects increase the likelihood that objects are grouped to form a 
combined symmetrical object. This is because when two symmetrical elements are 
unconnected the mind perceptually connects them to form a coherent shape. The 
law of continuity suggests that elements of objects tend to be grouped, and therefore 
integrated into perceptual wholes if these objects are aligned within an object. In 
cases where there is an intersection between objects, individuals tend to perceive 
the two objects as two single uninterrupted entities.  

In STEM education, instructional designers use Gestalt principles to help students 
learn complex phenomena. For example, learners learning basic geometry may need 
to develop cognitive skills through which they can manipulate shapes cognitively 
to make sense of them. This may include the ability to code and decode visuo-
semiotic models using content knowledge. Mayer's cognitive theory of multimedia 
learning (Mayer, 2002) may be used to explain how this coding and decoding of 

Law of proximity 

Law of similarity 

Law of closure 

Law of symmetry Law of continuity  
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visuo-semiotic models occurs concerning Gestalt principles. According to this 
theory, when information is being chunked, organized, and rearranged, it is 
simultaneously stored in working memory for integration with prior knowledge 
stored in the long-term memory. This information is stored temporarily in working 
memory as word-based and image-based mental models, also known as logogens 
and imagens in the dual coding theory, respectively. It at this stage that connections 
are created between related mental models are formed. As suggested by Clark and 
Paivio (1991) referential connections between corresponding verbal and imaginal 
codes as well as associative connections within verbal and nonverbal systems are 
formed. Mayer (2005) suggests that integrated mental representations are formed 
when connections are formed between various forms of mental models. He adds 
that the integrated mental model includes a connection between the newly created 
word-based and image-based mental models to those that had been stored as prior 
knowledge in the long-term memory. This view is supported by Todorovic (2008) 
who suggests that the Gestalt law of past experience suggests that word-based and 
image-based mental models may be categorized according to past experience. 
Mayer (2005, p. 40) states that this integration of knowledge "reflect the epitome of 
sense making because the learner must focus on the underlying structure of the 
visual and verbal representations. The learner can use prior knowledge to help 
coordinate the integration process." Once knowledge has been integrated it is then 
stored in the long-term memory where it will be retrieved again when new 
knowledge is created or when prior knowledge is required to be used in new 
experiences. 

c) Externalization of Visual Models 

A third and critical step of processing visuo-semiotic models is externalization. In 
this stage, information stored as visuo-semiotic models in the long-term memory is 
retrieved and externally expressed as external visuo-semiotic models verbally or 
visually. In this instance, students may use spoken and written words, or produce 
graphical representations such as drawings, or computer models to express 
information stored in the memory. In cases where knowledge is externalized in 
verbal forms, students may use exact logogens stored in the memory, or use 
metaphors, analogies, and dialogue to represent the logogens that exist in the 
memory (e.g., Virtanen, 2011). Researchers argue that mental models may be 
externalized in the exact way that they exist in their mind or a different format to 
that in which it occurs in the mind (Stokes, 2002). 
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While internalization of visuo-semiotic models depends on factors such as preferred 
learning styles, externalization may depend on factors such as intelligences. For 
instance, when drawing a diagram, bodily-kinaesthetic intelligence would play a 
role as it determines the way one moves his/her hand and fingers. Also, logical-
mathematical intelligence would play a role in the expression of mental visual 
models numerically. In addition, spatial/visual intelligence as well as linguistic 
intelligence are critical for the expression of visual mental models in verbal form. 
As a result, it may be suggested that how students express visual models depends 
highly on their cognitive and physical abilities.  

Visuo-semiotic reasoning skills 

During the various stages of visualization, learners utilize specific interrelated 
cognitive skills through which information is processed. Schönborn and Anderson 
(2010) identified eight cognitive skills which may constitute visuo-semiotic 
reasoning. These skills are: 

a) Decoding the symbolic language composing a representation 

This refers to translating scientific meaning embedded in the symbolism of different 
visuo-semiotic models. This may include creating a referential connection between 
the visual symbolic imagery and verbal analog code as well as associative 
connections, shown as arrows, between the visual symbolic imagery.   

b) Evaluating the power, limitations, and quality of a representation 

Schönborn and Anderson (2010) suggest that students should have the ability to 
determine the extent to which a visuo-semiotic model can effectively represent the 
scientific concepts it is intended for. Consequently, students should be able to 
determine the objective of the model, and assess how "effectively the ER, and its 
constituent symbolism, conveys the intended scientific knowledge so that these 
goals are achieved” (Schönborn & Anderson, 2010, p. 350). For effective 
evaluation of the visuo-semiotic model, students may rely on predetermine 
guidelines such as Mayer’s Principles of Multimedia Learning. 

c) Interpreting and using a representation to solve a problem 

Interpreting and using a representation to solve a problem refers to the process 
where use the decoded information to make sense of the model through cognitive 
reasoning and using such information to solve novel problems. This essentially 
refers to the conceptualization and externalization of the visuo-semiotic model and 
the information embedded in it.  
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d) Spatially manipulating a representation to interpret and explain a 

concept 

This skill refers to “the ability to decode symbolic depth cues, understand the spatial 
relationships (width, depth, and height) represented in the 2-D ER, mentally 
manipulate an ER in the ‘‘mind’s eye,’’ and visualize its transformation” 
(Schönborn and Anderson, 2010, p. 350). Spatial manipulation of visuo-semiotic 
models may be done cognitively (as explained in the Gestalt principles), or 
physically (through bodily-kinaesthetic intelligence).  

a) Constructing a representation to explain a concept or solve a problem 

This skill refers to student’s ability to construct, modify, and use their own visuo-
semiotic models with which they can explain their reasoning and solve problems. 
This may include the construction of 2D models, diagrams, concept maps, graphs, 
computer models, 3D models, and physical models. This skill also includes the use 
of written texts which are used to describe students' reasoning, solve problems or 
explain phenomena.  

b) Translating across multiple representations of a concept 

In their description of the dual coding theory, Clark and Paivio (1991) propose the 
referential connections and associative connections which students must make 
when working with visuo-semiotic models. This is because, in most sciences, 
phenomena may be represented using different models. These may be abstract, 
graphical, stylized, and realistic visuo-semiotic models. Additionally, these models 
may exist at different levels of complexity such as molecular and microscopic 
levels. Therefore, students are expected to be able to translate visuo-semiotic 
models across different levels of representation.  

c) Visualizing orders of magnitude, relative size, and scale 

One of the complexities of biology education is using visuo-semiotic models to 
depict relative sizes and scales of phenomena and objects that exist at molecular, 
microscopic, and macroscopic levels. As such, students are expected to develop the 
ability to conceptualize the absolute and relative size of these phenomena and 
objects.  

Mnguni (2014) however notes that the skills identified by Schönborn and Anderson 
(2010) are compound in nature, constituting other individual skills. For example, 
decoding the symbolic language composing a representation may require the 
performance of various cognitive tasks such as perceiving colors and shapes, 
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identifying the spatial position of objects, etc. Consequently, Mnguni, Schönborn, 
and Anderson (2016), as well as Mnguni (2018), used Bloom's taxonomy to identify 
individual skills that constitute visual literacy. In their research, these researchers 
identified and assessed 24 visualization skills, which are performed in each of the 
three visualization stages (Table 1).  

Table 1: Visualization skills (adopted from Mnguni, 2018) 

Possible 

Visualization stage 

Visualization 

skills 

Visualization skills definition 

Internalization Classifying To put into a specific order or relation through a methodical or 
systematic arrangement or to arrange in a coherent form or pattern 
based on specific features 

Perceiving depth To perceive spatial relationships and distances between objects, in 
multi-dimensions 

Locating To come upon or discover by searching or making an effort; to 
discover or ascertain through observation, to determine or specify 
the position or limits of by searching, examining 

Focusing To concentrate attention energy on something 

Perceiving the 
background  

To detect or perceive the part of a scene (or picture) that lies behind 
objects in the foreground 

Interpreting color 
codes 

To detect or perceive a visual attribute of things that result from the 
light they emit or transmit or reflect   

Interpreting 
motion cues 

To recognize, discern, envision, or understand the change of position 
in space and assign meaning to 

Interpreting 
speed of objects 

To recognize, discern, envision, or understand a rate of movement 
and meaning thereof 

Interpreting 
texture 

To recognize, discern, envision, or understand the characteristic 
visual and tactile quality of the surface and meaning of such 

Conceptualization  Analyzing To break down into components or essential features by making 
sense of or assigning meaning to or give explanation and to examine 
and or assess carefully and observe or inquire into in detail by 
examining systematically to observe carefully or critically 

Comparing To examine and note the similarities or differences of and bring into 
or link in logical or natural association and establish or demonstrate 
a connection between 

Critiquing   To critically examine and judge something 

Imagining  To form a mental image of something that is not present or that is 
not given 

Describing To make plain or comprehensible by adding details or to justify or 
offer reasons for or a cause and give a description of, by conveying 
an idea or impression in speech or writing; characterize 



23 
 

Discriminating To recognize or perceive the difference 

Determining To determine or declare after consideration or deliberation; to form 
an opinion or evaluation 

Rotating mentally  To move, arrange, operate, or control cognitively in a skilful manner 
for examination purposes and then to perceive multiple items with 
different orientation and/or shape to be the same if orientation and/or 
shape is rearranged  

Recalling To remember by retrieving information from memory  

Externalization Completing To make whole, with all necessary or normal elements or parts 

Illustrating To clarify, as by use of examples or comparisons and to use 
drawings to describe roughly or briefly or give the main points or 
summary of 

Inferring To conclude by reasoning; in logic or reason or establish by 
deduction or state, tell about, or make known in advance, based on 
special knowledge 

Outlining To give the main features or various aspects of; summarize   

Constructing To cause to exist in a new or different form through artistic or 
imaginative effort  

Using To put into service or apply for a purpose 

 

Conclusion  

The above discourse highlights the fact that learning is not merely a process of 
knowledge construction. Instead, learning is a process of internalizing knowledge 
from the external world, in its purest form, into the cognitive structures where it is 
conceptualized to form the most sensible models, and then externalized back into 
the external world, in the most accurate form. It follows then that learning is the 
process of modifying knowledge according to the requirements of the stimuli, and 
the attempt to retain its scientifically correct form and meaning. Internalization may 
occur through the eyes, ears, and other haptic forms, while externalization may 
occur through the mouth and haptic organs.  

A critical question for teachers and instructional designers in STEM education, 
particularly in the 4IR era is, what is the most ideal manner through which 
information should be presented to learners? Similarly, what is the most ideal way 
that learners could externalize information? In most cases, teachers and 
instructional designers rely on verbal and visual forms of presentation to present 
information to learners. As shown by various researchers, when used accordingly, 
multimedia tends to enhance information processing and improves learners' content 
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understanding. What is critical is that teachers and instructional designers should 
be aware of the different methods that could be used to present information. They 
should also be aware of how information is conceptualized and create learning 
environments that will support the conceptualization of visuo-semiotic models. 
Also, critically important is ensuring that assessment supports the externalization 
of information. For example, some learners may have difficulties expressing 
information visually using drawings but be more comfortable presenting the same 
information verbally using metaphors, analogies, and dialogue. If learning is to be 
effective, however, teachers and instructional designers need to support learners and 
the learning process.  
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This plenary address discusses how to develop equitable mathematical teaching 
and learning practices that empower both teachers and learners across the different 
phases (in the context of the 4IR Era). The argument is skewed to formulation of 
thought-provoking mathematical tasks that serve as important vehicles for building 
learner capacity for mathematical thinking and reasoning. Three examples of such 
mathematical tasks are analysed in terms of (a) task features (number of solution 
strategies, number and kind of representations, and communication requirements) 
and (b) cognitive demands (e.g., memorisation, the use of procedures with [and 
without] connections to concepts, the "doing of mathematics"). A sample of 
responses is provided for the first and second activities to give a glimpse of 
cognitive demands embedded and learners’ thinking and reasoning. For the third 
activity, I share overall findings for a study conducted with a colleague on the task. 
The teacher’s role remains to design and ask questions appropriate for a 
phase/level that give rise to the need to construct and explore data. Learners across 
all the different phases should experience mathematics as a coherent subject. 

 

INTRODUCTION 

What are equitable mathematical teaching and learning practices? 

Discussions on equity centre around four dimensions: access, achievement, identity, 
and power (Moschkovich, 2013). Using these dimensions, arguments have been 
that learners need access to curricula, classroom practices, and effective teachers 
who adequately support the mathematical academic achievement, identities, and 
practices of these learners (ibid, 2013). Thus, equitable teaching and learning 
practices in mathematics classrooms could be argued to be those that support both 
a process of active individual construction (von Glasersfeld, 1984) and a process of 
acculturation into the mathematical practices of wider society (Bauersfeld, 1993). 
Such practices support mathematical thinking and reasoning, conceptual 
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understanding, and learner participation. Learners are offered situations that would 
encourage them to act, communicate the ideas of solving given problems and 
convince themselves or each other of the relevance of the ideas they had developed. 

Where have we been in 2019, a year before COVID-19 pandemic?  

The ‘Mathematics Teaching and Learning Framework for South Africa: Teaching 
Mathematics for Understanding’, developed for the Department of Basic Education 
(DBE) (2018) was expected to be implemented. As explained, it presents new 
thinking about mathematics teaching, learning and assessments to help teachers 
implement the SA Curriculum and Assessment Policy Statement (CAPS) in ways 
that support understanding (DBE, 2018). The Framework model and the supporting 
exemplars are provided to offer guidance to teachers that will enable them to 
transform their teaching. This transformation should lead to teaching for 
understanding, so that learning for understanding will take place in all mathematics 
classrooms in South Africa (ibid, p.10). 

The ‘Mathematics Teaching and Learning Framework for South Africa: Teaching 
Mathematics for Understanding’, draws on Kilpatrick, Swafford, and Findell’s 
(2001) five strands of mathematical proficiency. The Framework proposes that 
steps should be taken to bring about the transformation of mathematics teaching in 
South Africa (DBE, 2018). Teachers are expected to strive to: 

• teach mathematics for conceptual understanding to enable comprehension of 
mathematical concepts, operations, and relations; 

• teach so that learners develop procedural fluency which involves skill in carrying 
out procedures flexibly, accurately, efficiently, and appropriately; 

• develop learners’ strategic competence – the ability to formulate, represent, and 
decide on appropriate strategies to solve mathematical problems; 

• provide multiple and varied opportunities for learners to develop their 
mathematical reasoning skills – the capacity for logical thought, reflection, 
explanation, and justification; and 

• promote a learning-centred classroom which enables all of the above, supported 
by teachers engaging with learners in ways that foreground mathematical learning 
for all. 

Reflecting on these proposed expectations, equitable teaching and learning 
practices in mathematics classrooms should be such that mathematics teachers plan 
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and present lessons that engage learners in conceptual thinking about mathematical 
ideas, develop their mathematical language in order to express themselves 
mathematically, build their procedural competence in ways that enable them to use 
mathematical procedures effectively in both routine and problem solving activities. 

Mathematics in the context of the Fourth Industrial Revolution (4IR)? 

While teachers were still making sense of the ‘Mathematics Teaching and Learning 
Framework for South Africa: Teaching Mathematics for Understanding’, 
discussions on ‘decolonisation of the curricula’ and the Fourth Industrial 
Revolution (4IR) also emerged. Thus, along with other national priorities, specific 
interest to education included aims to advance network and digital platforms; e.g. 
4G to 5G, Fiber speed 1Gbps, Data centre, Cloud, online teaching and learning 
through platforms such as Blackboard. As it always happens, the basis for success 
along these interests lies in the hands of teachers and lecturers. What would 
mathematics teaching, learning and assessment mean within these new contexts? 
According to World Economic Forum (WEF) and the Asian Development Bank 
(ADB) (2017, p. 4) 4IR refers to a set of highly disruptive technologies, such as 
artificial intelligence (AI), robotics, blockchain and 3D printing that are 
transforming social, economic and political systems and putting huge pressure on 
leaders and policymakers to respond.  

What makes mathematics so difficult within these ever-transforming contexts?  

The problem is not in the abstract character of mathematics as such, it is the gap 
between the abstract knowledge of the teachers and the experiential knowledge of 
the learners. Teachers and textbook authors tend to (mis)take their own more 
abstract mathematical knowledge for an objective body of knowledge with which 
the learners can make connections. Learners cannot make connections with 
knowledge that is not there for them (Gravemeijer, 2018). The same applies to 
teachers. Without teachers experiencing the kind of teaching and learning 
envisaged, the good intentions will never be realised. Teacher quality matters. One 
of the contributing factors that would always affect mathematics’ performance of 
learners is that a variety of teaching styles are to be found in operation in 
mathematics lessons, each depending on the teacher’s knowledge (skills and 
attitudes) of mathematics and the teacher’s knowledge about mathematics. The 
teaching and learning of mathematics should remain anchored on the bigger picture 
and in that way, mathematics is meaningful, accessible, expandable and transferable 
(Maoto, Masha & Maphutha, 2016). Teachers learn the same way as learners, thus 
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for them to expose learners to experiencing mathematics, they should have 
experienced it. 

KINDS OF MATHEMATICS TASKS TO BE TARGETED 

1) Pom-pom decorations 

 

a) Into how many ways can you decorate the 

clown hat with three positions using three 

round pom-poms? The available pom-poms 

are only in three colours – orange, yellow and 

green  (Use the provided worksheet to show 

your decorations) 

 
 

b) Find a better way of representing your 

investigation responses. 

 

 

 

 

This activity was given to three teachers just to find out how they would respond. 
Hereunder are their responses: 

Teacher 1
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Teacher 2 

 

 

 

 

Teacher 3 

Reflecting on these responses, they 
all require explanations and 
justifications. Questions to ask: How 
will learners respond in the different 
Grades? How far will they manage to 
end in terms of their different 
cognitive levels? The problem is not 
in the abstract character of 

mathematics as such, it is the gap 
between the abstract knowledge of 
the teachers and the experiential 
knowledge of the learners.  
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1) A standard 8x8 Chess board 

investigation? 

 

 

 

How 

many 

squares 

(of all 

sizes) 

are 

there on 

a 

standard 

8x8 

Chess 

board? 

 

 

Hereunder are responses of three 
student teachers registered for a 
Foundation Phase mathematics 
module. 

Student teacher 1 
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Student teacher 2 

 

 

Student teacher 3 
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a) Into how many ways can you decorate the clown hat with three positions 
using three round pom-poms? The available pom-poms are only in three colours 
– orange, yellow and green (Use the provided worksheet to show your 
decorations) 

b) Find a better way of representing your investigation responses. 

This activity was given to three teachers just to find out how they would respond. 
Hereunder are their responses:  

Teacher 1  

 
 



35 
 

Teacher 2 

 

Teacher 3 

  

Reflecting on these responses, they all require explanations and justifications. 
Questions to ask: How will learners respond in the different Grades? How far will 
they manage to end in terms of their different cognitive levels? The problem is 
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not in the abstract character of mathematics as such, it is the gap between the 
abstract knowledge of the teachers and the experiential knowledge of the learners.  

2) A standard 8x8 Chess board investigation? 

 

 

How many squares (of all sizes) are there on a 
standard 8x8 Chess board? 

 

Hereunder are responses of three student teachers who are registered for a 
Foundation Phase mathematics module. 

Student teacher 1  

 

 Student teacher 2 
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Student teacher 3 
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Factorial function  

This investigation was used for a study that was situated within my own 
classroom, which consisted of 89 first-year university students who were 
registered for a mathematics methodology module. The purpose was to explore 
students’ thinking when learning the concept of factorial functions. The question 
given to them was: 

‘In how many ways can five people sit around a circular table? Investigate and 
thereafter explain how you will teach this to Grade 9 learners.  

 

 

 

‘In how many ways can five people sit 
around a circular table? Investigate 
and thereafter explain how you will 
teach this to Grade 9 learners’.  

 

 

 

Through the provision of scaffolding (Vygotsky, 1962), the students were 
expected to outline the key elements required to bring about an understanding of 
the activity and to clearly explain and justify their responses. On completion of 
their written responses, the students had to reflect on their use of mathematical 
strategies, mathematical processes and mathematical content, as well as reflect 
on the low and high moments they experienced. A day after their first submission 
they were given reference material which highlighted, in limited detail, linear and 
circular permutations, indicating symbolic generalisations of the two related 
functions. The intention was to scaffold the understanding and offer them an 
opportunity to attach meaning to, and to improve on, their initial explanations and 
justifications. It was also intended for the reference material to provoke their 
thinking towards generating functions for their different emerging sequence of 
numbers. 

We analysed student responses and written reflections according to the sequence 
of their experiential realities: practical and textual experiences. This was followed 
by an analysis of their reflections on both experiences in a pedagogical context. 
We found that the way basic mathematics operations are learned impacts on the 
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student’s ability to experience components of new problems as familiar. 
Consequently, they encounter these problems as new and unfamiliar. At the same 
time, we found that engagement with practical experience does allow for the 
emergence of representations that have the potential to be used as foundations for 
learning new and unfamiliar concepts. The blending of practical, textual and 
teaching experiences provoked students’ thinking and ultimately their 
understanding of a given new and unfamiliar mathematics concept (Maoto & 
Masha, 2015). 

CONCLUDING THOUGHTS 

Quick reflections on the three tasks  

They are accessible to learners of wide-ranging abilities and allow the learner to 
'get inside' the mathematics. They provide an easy starting point and become 
challenging as the learners proceed engaging at a deeper level through 
interpretation. Each learner could step into these tasks even when the 
procedures/processes to a solution is initially unclear. All that the teacher has to 
do is do ask ‘what if’ and ‘what if not’ questions to provoke the learners’ higher 
order thinking appropriate to a particular phase or level. Thus, each of these tasks 
could be easily differentiated to cater for a variety of learners, and modifiable to 
cater to a variety of concepts. They have the power to enable learners to broaden 
their problem-solving skills through making sense of underlying principles or 
making connections between different areas of mathematics.  It could be easy 
through these tasks to generate mathematical discussion.  

Complete understanding in the context of these kinds of mathematical tasks 
includes the capacity to engage in the processes of mathematical thinking, 
framing and solving problems, looking for patterns, making conjectures, 
examining constraints, making inferences from data, abstracting, inventing, 
explaining, justifying, challenging, and so on. All these processes require 
patience, resilience and not giving up. Although curriculum authors have the most 
power over task choice, as teachers we also have the professional freedom to 
adapt and formulate tasks to drive conceptual understanding. Thus, one could 
argue that tasks such as the cited allow for equitable mathematical teaching and 
learning practices to take place. Equitable teaching has to do with engaging 
learners in tasks that allow them to use the resources they could bring to the 
classroom, including their home, cultural, and language experiences. Equitable 
teaching engages learners in tasks that provide multiple pathways for success and 
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that require reasoning, problem solving, and modelling, thus enhancing each 
learner’s mathematical identity and sense of agency (NCTM, 2018).  

It is important to create learning environments that support all learners in 
engaging in rich mathematical activities and discussions (Moschkovich, 2013). 
Well put by Gravemeijer’s (2018), the mathematics of the mathematicians cannot 
be conveyed by explanations or definitions. Learners must go through a process 
of concept formation, within which operational conceptions precede the structural 
conceptions.  Learners must construct or reinvent mathematics. The question 
must never be whether the learners should construct, it should be what it is that 
we want the learners to construct or what we want mathematics to be. Thus, 
equitable teaching should embrace a bottom-up process of concept formation. 
The teacher’s main role has to deal with aligning constructively mathematical 
tasks as represented in curricular/instructional materials; as designed by the 
teacher in the mathematics classroom (task features and cognitive demands) and 
as implemented by learners in the classroom (enactment of task features and 
cognitive processing) (Stein, Barbara, Grover & Henningsen, 1996). 
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EMPOWERING LEARNERS WITH CRITICAL LIFE SKILLS 

IN OUR CURRENT WORLD BY EXPLORING THE HUMAN 

SIDE OF MATHEMATICS. 

Sophie Marques 
University of Stellenbosch 

In this paper, we explore the human side of mathematics. What are the universal 
values of mathematics that could equitably empower many of our students in their 
future? After evaluating the current image of mathematics, we will explore some 
of the essential 21st century skills that the students need to succeed in our current 
world and how mathematics can equip them with those skills while building their 
mental well-being. 

Introduction 

For many, mathematics’ usefulness is restricted to its small day-to-day 
practicalities such as counting change, computing monthly travel costs or changes 
in loan repayments according to changes in the interest rate. Mathematics must 
be applicable to something specific to justify its usefulness. It is a common belief 
that mathematics can only be at the service of the needs to our modern society 
and sciences. In our modern world, where computers, phones, and other devices 
have become more and more accessible, the usefulness of mathematics in its 
practicality seems to be obsolete for many when many kinds of sophisticated 
calculators are a phone away. It, therefore, seems quite natural that the 
motivation, curiosity to pursue mathematics or excel in mathematics escape most. 
Anyone will develop a curiosity for something they believe will empower them 
into the world they live in. Nevertheless, the proportion of learners that will 
genuinely be interested in dating a radioactive object, or using the exponential 
law in biology, or compute an area using integral is truthfully very low in the 
general population, especially more disadvantaged populations. In this paper, we 
argue that in order to empower our learners we need to determine the most 
universal values of mathematics that will be meaningful and valuable for many 
of them. Transforming our student relationship with mathematics, starts with 
transforming ourselves as teachers.  

Understanding the needs of our learners in their integrality 

In order to understand how our learners can be empowered with the knowledge 
offered by mathematics, we need to understand the variety of needs and skills that 
are required in our modern world not only needs and skills in the workplace but 
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also psychological and life needs and skills that could permit them to have a 
balanced life (mind/life/work) but also generate motivation and personal 
development. In the following we will exhibit some examples of the needs and 
essential skills identified by some brilliant experts around the world across 
disciplines.  

Let us turn first to psychology, more precisely to Maslow's hierarchy of needs, an 
idea in psychology proposed by Abraham Maslow in his 1943 paper [1] where he 
created a classification system which reflected the universal needs of society as 
its base and then proceeding to more acquired emotions (see figure below). The 
hierarchy (see figure below) remains a very popular framework in sociology 

research, management training [2] and secondary and higher psychology 
instruction.  

Figures from: https://en.wikipedia.org/wiki/Maslow%27s_hierarchy_of_needs  

Let’s us put this hierarchy in parallel with the seven Essential Life Skills Every 
Child Needs identified by Ellen Galinsky, in her book [6]: (1) focus and self-
control; (2) perspective taking; (3) communicating; (4) making connections; (5) 
critical thinking; (6) taking on challenges; and (7) self-directed, engaged learning. 
Finally, let us consider the skills and competencies that are generally considered 
"21st Century skills". These generally involve effective learning, or deeper 
learning, that equips the student with a robust core academic content, higher-order 
thinking skills, and learning dispositions. These skills involve “creating, working 
with others, analyzing, presenting, sharing both the learning experience and the 

https://en.wikipedia.org/wiki/Maslow%27s_hierarchy_of_needs
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learned knowledge or wisdom, including to peers and mentors as well as 
teachers”. These skills differ from traditional academic skills in that they are not 
primarily content knowledge-based and do not involve learning by rote and 
regurgitating info/knowledge back to the teacher for a grade (see [3], [4], [5]). 
These skills aim to foster “engagement; seeking, forging, and facilitating 
connections to knowledge, ideas, peers, instructors, and wider audiences; 
creating/producing; and presenting/publishing”. As an example, the 7C Skills that 
have been identified by P21  (Partnership for 21st Century Learning) in [7] are 
(1) Critical thinking and problem solving, (2) Creativity and innovation, (3) 
Cross-cultural understanding, (4) Communications, information, and media 
literacy, (5)Computing and ICT literacy, (6) Career and learning self-reliance. 
The P21 organization also conducted research that identified deeper learning 
competencies and skills they called the Four Cs of 21st-century learning: (1) 
Collaboration (2) Communication (3) Critical thinking (4) Creativity. These 
needs and skills put forward here in the different aspects of life greatly intersect 
and complete each other. Our next task is to understand how mathematics can 
fulfil those needs and empower the learner with those skills. Before that, we need 
to realize what is the current image of mathematics and why it matters before we 
can understand how to change it.  

How is perceived mathematics and why does it matter? 

The definition of mathematics in many people’s minds is extremely limited as 
argued in the introduction. Meanwhile, when one thinks about how to define 
mathematics properly and completely the question becomes much more complex 
even for mathematicians. In their paper [8], the authors argue that the question 
“what is mathematics” is essential: “The public image of the subject (of the 
science, and of the profession) is not only relevant for the support and funding it 
can get, but it is also crucial for the talent it manages to attract—and thus 
ultimately determines what mathematics can achieve, as a science, as a part of 
human culture, but also as a substantial component of economy and technology.”  

As an example, one could think more abstractly and obtain an image of 
mathematics from our best philosophers such as Plato. Roger Penrose, in [9] 
presents “three worlds”: (1) the physical universe that needs no explanation, (2) 
the mental subjective world of our own conscious perceptions, and (3) the 
Platonic world of mathematical objects. Penrose says: “What right do we have to 
say that the Platonic world is actually a ‘world,’ that can ‘exist’ in the same kind 
of sense in which the other two worlds exist? It may well seem to the reader to be 
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just a ragbag of abstract concepts that mathematicians have come up with from 
time to time. Yet its existence rests on the profound, timeless, and universal nature 
of these concepts, and on the fact that their laws are independent of those who 
discover them. The rag-bag – if indeed that is what it is – was not of our creation. 
The natural numbers were there before there were human beings, or indeed any 
other creature here on earth, and they will remain after all life has perished.” In 
my interpretation, with this vision, one could find the complex border of 
mathematics with the rest to be when the concept we consider cannot “be 
touched” anymore by our senses and seems to live somewhere else. For instance, 
this border could lie in understanding that one apple includes the abstract 
mathematical concept of the “one” which is not concrete and palpable in the real 
world. In doing so, mathematics becomes much wider and difficult to separate 
from the rest.  This idea already opens our creativity when thinking about “what 
is mathematics?”. 

Regardless of the difficulty encountered when one tries to define mathematics, 
the limited perception of mathematics could also be the result of our teaching 
methods. Teachers often feel the urge to make the content immediately practical 
and applicable to the students and focus on creating procedures for the students 
to follow and quickly go to practice to make the students comfortable. While as 
argued in the introduction, the applicability of mathematics might never be of use 
to many.  We like to create procedures that our students can follow as a good 
robot or algorithm would. Changing the students' perception of mathematics is 
essential. 

Mathematics important role in brain development 

I often compare sports with mathematics as the analogy works wonders. 
Following this analogy, looking for mathematics' immediate applicability and 
practicality would be comparable to convincing someone to run, telling them that 
practicing running will make them go faster anywhere they like while many of us 
use cars, transport. Instead, it is commonly accepted that running has general 
benefits to our health even when it does not mean competing to be the fastest. 
This argument convinces more people to run regularly as they see the benefit for 
their day-to-day life. The same could be true for mathematics. One could 
encourage students to study mathematics to be able to count changes for instance. 
While many students would be sceptical as they have calculators on their phones. 
What if, like neurology studies show, different types of mathematics exercise 
different parts of our mind to make them healthier and more efficient in our day-
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to-day life. In the same way, different physical exercises help different parts of 
our body.  In that vision, mathematical content is not the focus, but a tool to 
improve the general abilities of our mind. No doubt that is essential in our daily 
life. A popular meme says: “Why did I learn quadratic equations, it never helped 
me in life?”. The fact is that mathematics does not need to be practical in that 
sense to help in life, but it is not an accepted notion. Members of our communities 
do physical exercises to keep good physical health. Similarly, mathematics 
creates mental exercises that could allow us to keep good mental health 
independently of the practical applications of its contents or even its contents 
themselves. If one goes to this analogy more in depth, one would need to be 
careful and bring awareness to possible injuries and risks, if the mental exercises 
as for physical exercise are not done properly. We need to train our students to 
avoid the risk of any types of injuries. In doing so, we need to take special care 
for their mental health, emotions involved, and problems such as mathematics 
anxiety in our teaching. So that injuries do not debilitate the students instead of 
empowering them. Mathematics meets the ideal conditions for beneficial mental 
exercising when not associated with an overwhelming level of emotion, anxiety, 
failure and stress. Mathematics plays an important role in brain development and 
analytical skills. Neurosciences research [10] shows that children who know 
mathematics can recruit certain brain regions more reliably and have greater grey 
matter volume in those regions than those who perform more poorly in 
mathematics. The brain regions involved in higher mathematical skills in high-
performing children were associated with various cognitive tasks involving visual 
attention and decision-making. A mathematics student will improve his/her 
brainpower.  

In the same way that one can take any sport competitively to a higher level, one 
can do it with mathematics. But in both cases, this will imply only a small 
proportion of the population: does it make sense to push many of our students to 
those extremities or is there a balanced way to make the mathematical experience 
beneficial for many? 

Mathematics serving mental wellbeing 

Let us now illustrate how mathematics could develop our mental wellbeing if we 
become consciously aware of it.  

When doing a computation or following a procedure, we could often make what 
is referred to as silly mistakes. While it does not reveal that we are not 
understanding the material, it reveals something about ourselves: we lost our 
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focus along the way, we were not present in the moment, and most probably let 
our mechanical, autopilot side do the work for us without paying attention. So, 
even though silly mistakes are often not a sign of a lack of understanding, they 
do tell us something important about ourselves. They give us some important self-
knowledge. Improving in this matter will make us work on our focus, self-control, 
awareness and allow us to be more present in the moment consciously. It is 
undeniable that working on this skill is important in any day-to-day life 
independently from any mathematical content involved. Learning how to avoid 
silly mistakes will help us to have better control of ourselves. Silly mistakes in 
real life while driving for instance could be a matter of life and death. We also 
note that focus and self-control is one of the seven Essential Life Skills Every 
Child Needs identified by Ellen Galinsky mentioned earlier.       

Another example we will develop is the art of writing an answer. It seems that we 
could be teaching our students to be selfish beings. When they write an answer to 
a problem, they mostly write it for themselves. If they understand, it should be 
good enough. The focus is often more on what they understand rather than how 
they communicate it to others, making it accessible to different people with 
possibly different perceptions. Let us put the act of facing a problem or being 
asked a question in a day-to-day life context, the answer we give is not for us but 
for the interlocutor(s). Learning how to write an answer to be well understood by 
others, in the way we conceive the answer in our mind, whilst taking into 
consideration that the reader could have a different perspective on things, will 
develop empathy, compassion, and essential communication skills. Mathematics 
creates the ideal framework to learn how to be precise, concise, and well-
understood thanks to its more rigid and structured language. Developing this 
ability in mathematics consciously could make us better at communicating with 
each other and more sensitive and empathetic to differences of perceptions. 
Unfortunately, since it is often overseen and made a bit selfish and proud, we lose 
out and develop those trays instead. In addition to that, the lack of group work in 
mathematics adds to this problem. Learning how to work in a group is difficult 
and could allow us to become better team players and collaborators in the 
workplace for instance.  Developing these aspects would improve the student’s 
skills in perspective-taking, communication, making connections, teamwork, 
collaboration, cross-cultural understanding, critical thinking, skills we have 
identified are essential life skills to have in our daily lives and workplace but also 
could feel some psychological needs improving our sense of belonging.  
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It is also important to construct an environment that gives place to creativity and 
innovation in answer. Mathematics for instance may order the mind in such a way 
as to create order from chaos as well as create an understanding of the world 
around us, which may then be communicated to others through the medium of 
art. For this we need to avoid only asking students to regurgitate a procedure we 
forced on them but rather reward original work well presented. All need to be in 
balance: there is no doubt that understanding any procedure given to us by others 
is also an important skill to have because we cannot only understand our own 
point of perception. If so, we would be taking the risk to not understand others. 
Both are important.  We need to know how to get understood by others and how 
to understand others. Here we can therefore insist on the necessity of diversified 
assessment and exercises and the good understanding from the teacher of the skill 
he/she wants to assess/develop.  

Mathematics also teaches us how to take a big problem, break it into pieces that 
have become manageable by experience, and put those pieces together like a 
puzzle to solve the big problem. In doing so, it teaches us tenacity and to have a 
good attitude faced with an important challenge. This will improve their skills in 
taking up challenges, critical thinking, and problem-solving.  

 One could expand more on the benefit of mathematics to mental well-being. 
Whilst teaching, I always ask myself: “which life skill am I developing with that 
concept exercise?”. I try to formalize the skills that the students will acquire with 
a certain exercise and communicate it with them. I also attempt to construct 
exercises that work in diverse critical life skills.  

 Struggle and time as part of the learning experience.  

Even though time will always be a constraint in life and it is important to know 
how to work and assimilate with a deadline, speed could be more balanced in our 
curriculum to give us more space for deep understanding, rather than the 
overemphasis on the amount of content. Time would allow more engagement 
from students creating a two-way class instead of a teacher monologue. More 
engaging classes will spark more curiosity and motivation into the students. 
Allowing time for flexible reflection about mathematics as a whole and within 
the other sciences and disciplines, without too many rules decided in advance 
could be very beneficial to the student's critical thinking skills growth. This could 
be done via project and group work. 
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Mathematics has been created through centuries of debate, changes, questions, 
controversy, and facing repeatedly inflexible minds. Can we learn from this that 
the human mind is not always ready to accept those ideas at first, and need time 
to understand them? Can we learn from this that questioning, and changes made 
mathematics stronger and wiser? I always wonder why the process of questioning 
the basic content and the unstable history of mathematical content is often omitted 
from our classrooms. I gave myself an answer: the fear of struggle and the fear of 
being wrong or not possessing all the answers. We want our students and 
ourselves not to struggle: to avoid more discomfort and uncertainty which would 
be time-consuming. In the same way, as parents could often take the effortless 
way out to create immediate comfort that could create long-term continuous 
settled discomfort, it seems easier to avoid an overwhelming but short-term 
amount of struggle. Mathematics as a concept is founded on discussions as well 
as failure, and much like in life, it is through discomfort that we grow and 
develop. Failure should not be an abyss from which there is no return but a 
necessary formative experience. Taking back my analogy with sports, let us 
imagine that we have just started doing exercise in a reasonable manner. The day 
after, could be a day of pain. We could stop and give up or learn what we could 
have done better (e.g. stretches) and notice that with time the exercise brings us 
more well-being than pain if done properly and regularly. In a mathematics class, 
the same amount of overwhelming struggle will occur, and it is part of the 
process. Teachers and students need to learn to perceive it just as a needed 
challenge to overcome to grow and not let it settle down as a debilitating struggle. 
Often evaluation and student complaints do not allow this growth and we end up 
being like parents who give in for a superficial immediate comfort with an 
underlined long-term discomfort installing itself. This includes hiding the full 
story from the students. It is true that telling a student that there is a 
correspondence between a procedure and a type of question can make them feel 
comfortable. But in a complex life, it is more complicated than that, and when 
they discover that the latter is not true, they become more frustrated and confused 
with mathematics. My belief is that hiding part of the truth is bringing long-term 
mathematics anxiety to the students but also killing their critical thinking. I have 
the conviction that we can find a truthful way to teach by being comfortable with 
the possibility of being wrong, incomplete, or not having all the answers at a 
given time whilst inspiring our student’s trust and critical thinking. I do not 
believe that being a “good teacher” is about making everything easy for the 
student, making them think they understand everything. We are not able to even 
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understand clearly and completely the idea of unity or an atom. Given that fact, 
it is improbable that one could understand everything.  

Understanding what we do not understand and being able to express it clearly is 
also an essential step in learning mathematics and even more being a 
mathematician. Engaging students to ask good questions is an important skill to 
acquire that also contributes to good communication. Often in life, we do not get 
where we want because we were not able to formulate our problem clearly and 
communicate it to others to get help. Knowing when and how to ask for help 
clearly is an essential life skill to have. It also shows maturity, honesty and makes 
us comfortable with not understanding everything and makes us human.  One 
should explore more teaching practices that engage cleverly our students into our 
classroom and outside. As Benjamin Franklin once said "Tell me and I forget. 
Teach me and I remember. Involve me and I learn." On a related note, 
mathematics should help us to learn from any mistake and transform the 
frustration of making a mistake into a growing opportunity. Mistakes and 
struggles are part of life and build experience. Mathematics itself is evolving 
constantly, unfixed, growing also thanks to many mistakes and struggles of the 
mind of those who contributed to its creation. It is time to accept them in a 
healthier way. We need to find in our classroom how to develop healthy struggle 
and not let it transform into anxiety.  

Conclusion 

Getting more insight on how mathematics could contribute to developing the 
mental wellbeing and the mental agility of our students, shows the human side of 
mathematics which I hope could make students realize how improving their 
relationship with the subject could make their life better. In doing so, they could 
also grow into more empathetic and compassionate critical thinkers, able to see 
the bigger picture, and they could find a way to build a world better than the one 
we are proposing right now, kinder to the differences and nature. Exploring the 
universal values of mathematics that can empower our students in the current 
world could build a healthier connection between mathematics with the students 
and healthier human beings with more concern for others and the future of the 
world. In saying that, I mean also connecting the life experience of the student 
with mathematics. Too often mathematics objects become cold and rigid while 
they are full of experience, memories, and change as our understanding of them 
become deeper. Developing deeper understanding could help to make 
mathematics notions more flexible in our minds while developing our critical 
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thinking. The way and the speed mathematics are presented contribute to the 
disconnection of the student with the subject at a human level: a long succession 
of absolute truth that cannot be bent and rarely questioned, that we better accept 
as soon as possible to enter the practice ring. 

Finally, it is worth pointing out that every idea or practice can be taken to an 
unhealthy extreme. The side explored above of mathematics is only one of the 
multi-facets of mathematics. The practicality of mathematics and its applications 
into the world and day-to-day life is amazing and important. Being able to extract 
a procedure to solve some problems is a good skill to have. The abstractness of 
pure mathematics, its rigorousness, and its precision is certainly the reason why 
mathematics was built so tall and strong along the way. All these aspects coexist 
together in a balanced way and build all together essential life skills for any 
human being. My belief is that maybe we could bring more balance into our 
classrooms including the human side and emotional side of mathematics, this 
could help fight the stigma around mathematics. Finally, while teaching, it is 
important to realize how mathematics is transmitted to our students, deeply 
shaping our reality, our students, and us as human beings and therefore our impact 
on the world.  
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INDIGENIZATION OF THE CONCRETENESS FADING 

PRINCIPLE IN TEACHING MULTPLICATION OF 1-DIGIT 

NUMBERS BY 2-DIGIT NUMBERS 

Clement Ali & Peter Akayuure 
Department of Basic Education, University of Education, Winneba 

This study sought to use indigenous “Adinkra” artefacts to present 
“Concreteness Fading” in multiplication of 1-digit by 2-digit numbers. The 
researchers used simple random sampling technique to select 51 participants 
from 300 student-teachers. A Likert scale instrument was used to collect the data. 
The results of one sample t-test and paired samples t-test showed that student-
teachers solved more problems correctly using “Concreteness Fading” than the 
traditional concrete manipulatives. Following the findings, we concluded that 
heavy use of only concrete objects and examples without abstracting can be 
detrimental to teaching mathematics. Therefore, teachers and student-teachers 
must always avoid rushing to symbols and symbolic manipulations of 
mathematics but rather align their methods, techniques and strategies to the three 
stages of “Concreteness Fading”.  
 

STATEMENT OF THE PROBLEM AND RESEARCH QUESTIONS 

Concrete, Representational, Abstract (CRA) or “Concreteness Fading” refers 
specifically to a three-step progression by which the concrete, physical 
instantiation of a concept becomes increasingly abstract over time. 
This fading technique offers a set of unique advantages that surpass the benefits 
of concrete or abstract materials considered in isolation (Fyfe et al., 2014; Pearce 
& Orr, 2018; Kokkonen & Schalk, 2020). Through fading, student-teachers can 
“empty” the learned concepts of its specific sensory and perceptual properties, so 
they can grasp its formal, abstract properties (Bruner, 1966).  

Research (McNeil & Fyfe, 2012; Pearce & Orr, 2018: Kokkonen & Schalk, 2020) 
suggests that concrete representations can be “faded” into more generalizable 
forms both during and after instruction. The basic idea of concrete examples is to 
provide student-teachers with many different indigenous concrete artefacts to 
abstract mathematical ideas and principles. Then, a form of scaffolding can be 
offered to student-teachers as concrete artefacts are being sketched or represented 
with diagrams or pictures in more complex forms.  Later, student-teachers can 
reason on the abstract nature of the indigenous artefacts and their applications to 
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the teaching and learning of mathematics concepts like multiplication of 1-digit 
by 2-digit numbers 

Despite the long existence of “Concreteness Fading” theory, research and 
practice, it remains totally swallowed without any link with indigenous artefacts 
for the teaching of mathematics! Moreover, since the first conceptualization of 
the technique by Bruner (1966), it has evolved with many variants in the number 
of stages and types of representations in each stage, making it difficult to know 
where to fit indigenous artefacts into (Suh et al., 2020). The link of the theory to 
indigenous artefacts, and its immersed contributions to the teaching and learning 
of mathematics, in this context, multiplication of 1-digit by 2-digit numbers, was 
my major motivation. Thus, in order to support future research on “Concreteness 
Fading” with indigenous artefacts, the researcher conducted this study by using 
the following research questions: 

1. Concrete Stage: What indigenous artefacts can we use to represent concrete 
materials to aid mathematics thinking?  

2. Visual Stage: How can we represent concrete manipulatives in 
mathematics thinking to transition to indigenous representational 
mathematics thinking?  

3. Abstract Stage: How can we use indigenous representations and symbols 
to propel and apply abstract multiplication of 1-digit and 2-digit numbers? 

THE THEORETICAL FRAMEWORK OF THE STUDY  

 
Figure 1: Concreteness Fading Model (Fyfe & Nathan, 2019) 

To promote learning and transfer of indigenous abstract artefacts, contemporary 
theories (Fyfe & Nathan, 2019; Kokkonen & Schalk, 2020; Suh et al., 2020) 
advocate that teachers and learners make explicit connections between concrete 
representations and the abstract ideas they are intended to 
represent. Concreteness Fading is a theory of instruction that offers a solution for 
making these connections. As originally conceived, it is a three-step progression 
that begins with enacting a physical instantiation of a concept, moves to an iconic 
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depiction and then fades into more abstract representation of the same concept 
(Suh et al., 2020). It takes its source from Bruner’s iconic, enactive and symbolic 
stages (Bruner, 1966) and which shows that learning from concrete materials that 
“faded” to abstract symbols benefit transfer, the progression from concrete to 
abstract is better than the reverse, learning from concrete materials is similar to 
learning from abstract symbols, and the benefits of “fading” extend to children 
with low and high prior knowledge (Fyfe et al., 2015). 

A DISCUSSION OF THE RELATED LITERATURE 

Ching and Wu (2019) examined the effectiveness of various instructional 
strategies that aimed to enhance children’s understanding of the inversion concept 
using 140 kindergarten pupils randomly assigned to each group of concrete-only, 
abstract-only, concreteness fading, abstract-to-concrete and control. All the 
intervention (experimental) groups showed significantly greater progress than the 
control group in solving the inversion problems in the post-tests. In their findings, 
it was revealed that concrete representations were more effective than abstract 
representations. The superior benefits of concreteness fading appeared more 
prominent in the post-test scores for children with lower prior knowledge. The 
findings of Ching and Wu (2019) brought to light two key implications: 

1. Concrete representations should not be avoided in teaching mathematics 

2. The order of the various representations is key for effective learning. 

Pearce and Orr (2018) made significant and inspirational findings on 
“Concreteness Fading” of multiplication of numbers. Pearce and Orr (2018) 
discovered that using circular manipulatives like doughnuts was more concrete 
than drawing doughnuts or using symbols (numbers and operations). It was 
revealed that using concrete manipulatives were still more abstract than using the 
actual items in the quantity being measured.  

The following steps from Figures 1 to 5 show how Pearce and Orr (2018) 
presented multiplication of 1-digit by 2-digit numbers, in accordance with the 
researchers’ questions and interventions: 

1. Concrete Stage: What indigenous artefacts can we use to represent 
concrete materials to aid mathematics thinking?  
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Figure 2: A box of doughnuts of 3 rows of 4 columns (Pearce & Orr, 2018) 
In Figure 2, Pearce and Orr (2018) started with this concrete manipulative, 
progressed to drawing those representations and finally, represented the 
mathematical thinking abstractly through symbolic notations. “Adinkra” (i.e. 
Akan word for “Farewell”) are varied symbols and represent various 
mathematical contexts (Ali, 2018). The “Adinkra” symbols represent concepts or 
aphorisms and are used extensively in fabrics, pottery, logos and advertising 

(Efiabevi, 2013). Even though one cannot directly link them to numbers and 
operations, they are abound in rich affective attitudes (strength, forgiveness, 
faithfulness, friendship and peace) and values (e.g. royalty, truth, courage, and 
understanding) enshrined in the new Ghanaian curricula of pre-tertiary education 
levels (Ministry of Education, 2019). For instance, in the Ghanaian indigenous 
context, doughnuts represented the “Adinkra” symbol called “royalty” (see 
Figure 6). Even though the objects remain abstract, tact and diligence were 
advanced to help participants conceive them in mathematically concrete form.  

These symbols are concrete at the time weavers make the artefacts, become semi-
concrete at the time artisans draw the symbols on yarns and totally become 
symbolic at the time people wear the clothes. Having effectively interpreted and 
linked to the indigenous artefacts, many more student-teachers are more than 
willing to participate in mathematics discourse. Not just only the contribution, the 
teaching of multiplications was brought to their doorstep. 

 
Figure 3: Bundles of sticks 3 rows of 12 columns (Pearce & Orr, 2018) 

Figure 3 shows how the conceptual understanding of Figure 2 continues to deepen 
using drawn visual representations. At this stage, teachers can continue sharing 
using visuals and begin introducing symbolic notation. Different representations 
of concrete materials are required to consolidate learning. And since students 
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have significant amount of time to inquire, investigate and solve problems using 
both concrete and visual representations, they will develop the ability to visualize 
different representations in their mind. After this stage, it would seem more 
efficient to use symbolic notations and operations to represent mathematical 
thinking rather than building concretely or drawing visually (Pearce & Orr, 2018). 

2. Visual Stage: How can we represent concrete manipulatives in 
mathematics thinking to transition to indigenous representational 
mathematics thinking?  

 
Figure 4: Comparison of Bruner and Concreteness Fading (Pearce & Orr, 2018) 

Figure 4 shows how learners have been adequately prepared to enter into the 
abstract stage. As learners are shown how easy multiplication can be performed 
by having a conceptual understanding, they will eventually jump on the 
opportunity to multiply numbers without using manipulatives and 
representations. The more students link their concrete and visual models to more 
abstract representations, the stronger their conceptual understanding support any 
procedural approaches to progressive and effective algorithms in multiplication 
(Pearce, & Orr, 2018). 

3. Abstract Stage: How can we use indigenous representations and symbols 
to propel and apply abstract multiplication of 1-digit and 2-digit numbers? 

 

Figure 5: Scaffolding Activities (Pearce & Orr, 2018) 

In Figure 5, students have fully been transitioned and transferred into the abstract 
stage. In this stage, they are given the opportunity to scaffold the concreteness 
fading models on their own. Learners can easily conceptualize the movement 
without seeing and drawing the flow as represented in Figures 1 and/or 2. If they 
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able to perform the activities in Figure 5, one can conclude that they have 
extended learning of multiplication of 1-digit by 2-digit numbers (Pearce & Orr, 
2018). Horn-Olivito and Martinovic (2018) opines that “Concreteness Fading” 
does not align to a rule-based approach to mathematics learning but inherent in 
inquiry with the following assumptions: 

1. Students can construct their own understanding of mathematics, which 
cannot be transmitted; 

2. Concrete, visual, and abstract representations are all valid and valuable; 

3. There is a desire of student to understand abstract representations through 
connected experience with concrete and visual representations; 

4. The mathematics is grounded in concrete mathematics, and therefore the 
concepts, processes, and procedures can be represented; 

5. Concrete or visual representations are no less ‘mathematical’ than abstract 
representations. 

However, what was conspicuously missing in Pearce and Orr (2018) work is the 
value of the doughnuts! Learners must be able value manipulatives and link them 
to their’ immediate environment. This will give them the right attitudes to put 
them into practice (Ali & Davis, 2016). This work seeks to bridge this gap using 
“Adinkra”. 

JUSTIFICATION FOR THE METHODOLOGY OF THE STUDY 

 
Figure 6: Indigenous Ghanaian “Adinkra” Symbols (Efiabevi, 2013) 
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Figure 6 shows some indigenous symbols of Ghanaian origin that the student-
teachers used to preview the concrete representations. A descriptive study was 
conducted on 51 second-year university student-teachers offering Diploma in 
Basic Education programme in the University of Education, Winneba in Ghana 
(distance module). The 51 student-teachers cut across gender, regions of Ghana 
and knowledge of Ghanaian languages and culture. The student-teachers were 
first given the “Adinkra” to learn and connect them to concrete materials. The 
idea was how to link to the concept of multiplication of 1-digit by 2-digit numbers 
and given an interview based on semi-structured task-based interviews. After they 
completed the task, they were given another interview based on semi-structured 
interviews. Then the work sheet and interview results were analysed based on the 
stages of “Concreteness Fading” principle (Febriana et al., 2019). 

In the Concrete stage, objects were used to teach the multiplications. The 
researcher did not move away from these concrete examples when explaining the 
concepts. In the representation stage, objects were drawn or taken snapshots. In 
the Abstract stage, no concrete examples were used, and student-teachers were 
taught using multiplication of 1-digit by 2-digit numbers problems only 
(Kuepper-Tetzel, 2021). In the experimental stages, the researcher started with 
concrete objects, then moved to a paper-based version that increased in the 
abstractness of the representation (Suh et al., 2020), but still used the objects from 
before, and lastly concluded with numeric representations alone. The 
multiplication problems used during the first phase were relatively easy (e.g. 
3×12) as compared to the one’s student-teachers had to solve during the abstract 
stage (e.g. 32×25) (Kuepper-Tetzel, 2021). 

In order to determine whether the sample mean was significantly greater or less 
than the hypothesized value of 0, the researcher used one sample t-test for the 
analysis of research question one. The data satisfied the one-sample t-test 
assumptions of continuous, normal and simple random sampling of the 51 
student-teachers.  For research questions 2 and 3, the paired samples t-tests were 
used in order to determine whether there was statistical evidence that the mean 
difference between paired observations (i.e. stage 2 and stage 3) was significantly 
different from zero. Here too, the measurements of the stages were taken at two 
different times with an intervention administered between the two time points, 
the measurements were taken under two different conditions and the 
measurements were taken from two halves or sides of the subject or experimental 
unit (Creswell, 2016). This descriptive methodology can help educators, learners 
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and stakeholders to fashion out theories, policies and practices that incorporate 
indigenous artefacts into “Concreteness Fading” (Ali & Davis, 2016). 

SOME SAMPLE DATA AND FINDINGS AND A STATEMENT OF HOW 

THESE HELP TO ANSWER THE RESEARCH QUESTIONS  

Table 1: Concrete Stage: one sample t-test statistics of the three stages 

 

Measurements 

Test Value = 0 

t df Sig. (2-
tailed) 

Mean 
Difference 

95% Confidence Interval 
of the Difference 

Lower Upper 

Abstracting artefacts 12.071 50 .000 2.000 1.67 2.33 

Representing artefacts 13.106 50 .000 2.412 2.04 2.78 

Concretizing artefacts 15.308 50 .000 2.765 2.40 3.13 

  

On Table 1, it was abundantly clear that there were statistically significant 
differences between means (p < .05). Therefore, the null hypothesis was rejected. 
The results were clearly in favour of using “Concreteness Fading”. On average, 
student-teachers solved more problems correctly using “Concreteness Fading” 
compared to the other two stages. In fact, the poorest performance was depicted 
in the concrete stage. This shows that heavy use of concrete objects and examples 
without abstracting from them can be detrimental to solving problems 
mathematics (Kuepper-Tetzel, 2021). 

Table 2: Visual Stage: paired samples test between stage 1 and stage 2 

 
 

Pairs 

Paired Differences t df Sig. (2-
tailed) Mean Std. 

Deviation 
Std. Error 

Mean 
95% Confidence 

Interval of the 
Difference 

Lower Upper 

 

Concretizing 
artefacts- 

Representing 
artefacts 

-.451 1.433 .201 -.854 -.048 -2.248 50 .029 

 

The results on Table 2 indicates that the means for concretizing artefacts and 
representing artefacts did differ statistically significantly (t(51) = -2.248, p = 
0.029). Taken together, student-teachers needed both types of representations 
(concrete and abstract) to achieve mastery and demonstrate transfer of learning. 
Concreteness fading as a process combined these representations systematically 
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by avoiding cognitive overload. In fact, some student-teachers were left with 
quite difficult task as to how to find good concrete examples and transition 
examples in order to make concreteness fading work effectively.  

Table 3: Abstract Stage: Paired samples test between stages 2 and 3 

 
 

Pairs 

Paired Differences t df Sig. (2-tailed) 
Mean Std. 

Deviation 
Std. 

Error 
Mean 

95% Confidence 
Interval of the 

Difference 
Lower Upper 

 
Representing 

artefacts - Being 
competence 

-.588 1.675 .235 -1.059 -.117 -2.507 50 .015 

 

On Table 3, the results indicates that the means for representing artefacts and 
being competence in the abstract manipulation of multiplication did differ 
statistically significantly (t(51) = -2.507, p = 0.015). The findings show that 
“Concreteness Fading” worked for multiplication of numbers.  

On the aforementioned research questions, it was clear that “Concreteness 
Fading” can always be done in different ways, namely providing concrete 
examples first, then substituting concrete with more abstract, and, finally, move 
completely to an understanding of the abstract principles (Kuepper-Tetzel, 2021). 
This has completely answered and satisfied the domain of the study. 

WHAT YOUR FINDINGS MEAN FOR MATHEMATICS TEACHING 

AND LEARNING OR FURTHER RESEARCH  

The implications of the findings show that teachers and students must always 
avoid rushing to symbols and symbolic manipulations of mathematics. It is 
always common to observe many teachers rush towards symbols in mathematics 
and multiplication of 1-digit by 2-digit numbers. This has the tendency veer 
classroom into instrumental learning without making any deeper understanding 
and appreciation of the concepts therein.  

Teachers must endeavour to help children develop a firm grasp of multiplication 
associated with each number concretely before they formally introduce the 
symbolic form of multiplication. 

Further research is required to transform the abstract indigenous artefacts into 
concrete real ones in “Concreteness Fading”. In the indigenous “Adinkra” 
artefacts, it was difficult to transform the symbols to real objects, numbers and 
operations. 
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PROBLEM SOLVING BEFORE INSTRUCTION: 

INVERTING THE TRADITIONAL MATHEMATICS LESSON 

PLAN 

Piera Biccard 
University of South Africa, Department of Curriculum and Instructional Studies 

This theoretical paper sets out an idea that has been conceptualized since the 
time of Dewey; an approach where problem solving is conducted before the 
instructional methods required to solve the problem are presented by the teacher. 
This be an inversion of the traditional mathematics lesson plan. Three inter-
related processes are facilitated by learners exploring problems before 
instruction. Firstly, prior knowledge is activated and made visible. Secondly, 
learners generate their own informal solutions for problems and thirdly, the 
teacher can facilitate the construction of deep concept connections in the 
instruction phase by using learner ideas. Learner agency, ownership and identity 
in mathematics is enhanced which will see learners as producers (and not 
consumers) of knowledge which is a necessary competence in an era of 4IR. 

INTRODUCTION 

The central argument of this paper is that mathematical learning can take place if 
learners engage with problem solving before they have been given instruction or 
methods to follow. Schmidt & Bjork (1992) present compelling findings 
indicating that drill type acquisition of skills at the onset of learning compromises 
retention and application of learning. What appears to help learners acquire skills 
easily, may, in fact compromise their long-term understanding and learning of 
concepts.  

Typical learning is often split into two phases – an acquisition phase and an 
application phase. In traditional learning, the acquisition phase involves the 
teacher explaining some concept, idea or method followed by an application or 
practice phase where learners practice using the method on several problems. 
However, mathematics learning may benefit from flipping this approach since the 
notion that procedural knowledge automatically leads to conceptual knowledge 
(Hiebert & Lafevre, 1986; Rittle-Johnson & Alibali, 1999) is not necessarily 
always true. Both approaches (teaching methods followed by problems or solving 
problems before teaching methods) have benefits and are important to learning 
(Loehr, Fyfe & Rittle-Johnson, 2014). It is however uncommon to find the flipped 
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approach in mathematics classrooms, hence, the rationale for this paper to set out 
“reversing the routine” (Weaver, Chastain, DeCaro & DeCaro, 2018, p, 36). 
Exploration and instruction should not be contrasted but rather combined (Loehr 
et al., 2014) to enhance mathematics learning. 

Mathematics teacher education is also beleaguered by teacher inertia, in that 
teachers are reluctant to try new methods and are set in ways of teaching due to 
teaching being a cultural activity (Stigler & Hiebert, 1998) where teachers teach 
in ways they remember from their time as learners in a classroom. However, 
reversing routines is not so much about learning new methods of teaching, but 
about changing the timeline of current methods. Using existing methods but re-
arranging the order in which they occur during a lesson or series of lessons may 
create opportunities for learning to occur. 

The research question could therefore be stated as: How does an explore-first-
then-instruct teaching method transform mathematics learning?  This question is 
answered theoretically or philosophically in this paper taking a hermeneutical 
stance of making sense of or shedding more light on (Abend, 2008) an explore-
first-then-instruct teaching method. To this end, the theory and the method 
become a dialogic whole. 

EXISTING RESEARCH 

Kapur and Bielaczyc (2012, p. 50-52) propose an explore-first-then-instruct 
process. They elaborate on a “generate and explore” phase and a “consolidation” 
phase. The first phase comprises of learners working on problems that they may 
not have encountered before or for which the teacher has not specified the method 
before. The consolidation phase is where the “teaching” takes place with the 
teacher presenting ideas, concepts and methods as well as comparing and 
contrasting learner work to elicit conceptual and procedural variation (Gu, Huang 
& Marton, 2004). The first phase becomes a “test[s] as learning event[s]” rather 
than “presentation[s] as learning event[s]” (Schmidt & Bjork, 1992, p. 212).  

These ideas may give rise to concerns regarding “difficulties” for learners to first 
work on “un-explained” problems before being instructed or before the teacher 
provides the procedures or methods. This difficulty or perplexity heightens 
learners’ awareness of the problem and allows them to learn more from the 
instruction that follows (Dewey, 1910). Kapur (2016) re-affirmed the idea of 
“desirable difficulties” (p. 289) during initial learning but maximize learning in 
the longer term. Kapur suggests that students should be engaged with problems 
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requiring concepts they have not learnt yet (unassisted by the teacher) followed 
by a specific consolidation and instruction on those concepts. It is likely that 
learners may not have been successful in the first phase, but their learning is 
enhanced in the long term (Kapur, 2016). Kapur further warns of the illusion that 
drill methods produce long-term learning, especially concepts with deep 
structure. Although learners may make a number of errors or try incorrect 
methods during the exploration phase, DeCaro and Rittle-Johnson’s (2012) 
results dispel a common idea that working through incorrect methods is harmful 
to learners.  

Kapur’s (2011) surprising results in a quasi-experimental study revealed that 
learners who were faced with problem solving (without explicit teacher 
intervention) followed by instruction, outperformed (in a post-test) learners who 
were either supported during the initial problem solving phase and learners who 
received instruction prior to problem solving. The study was replicated by Loibl 
and Rubbel (2013) with similar results, while Loehr, Fyfe and Rittel-Johnson’s 
(2014) experimental study with grade two learners also showed that delaying 
instruction lead to greater procedural knowledge. Likewise, other studies (e.g. 
Weaver et al., 2018; DeCaro & Rittle-John’s, 2012) show significantly higher 
conceptual knowledge growth when explore before instruct teaching takes place. 
Furthermore, Loehr et al., (2014) proposed that a concluding application activity 
after the instruction seems imperative for learning in an explore-first-then-instruct 
approach. 

What this paper is therefore advocating is not the removal of teacher instruction 
or teacher guidance, but a delaying of teacher intervention to after learners have 
had an opportunity to first explore problems by themselves. Exploration and 
direct instruction are necessary and benefit learners in many ways (DeCaro & 
Rittle-Johnson, 2012). This paper calls for using these methods with more variety 
and flexibility in mathematics classrooms. 

Scholars promoting an inversion of the typical mathematics lesson set out the 
following features of an “explore-first-then-instruct” pedagogy. These are 
activating prior knowledge; generating own informal solutions and building 
concept connections. 

ACTIVATING PRIOR KNOWLEDGE 

The importance of prior knowledge in learning is well documented (Hailikari, 
Nevgi & Lindblom-Ylänne, 2007). It is accepted that new knowledge should be 
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built on prior knowledge (Lee, Coombs & Yim, 2019). Problem solving during 
an initial exploration activates and galvanises prior knowledge, which may allow 
learners to learn more from the follow-up instruction phase (Loehr et al., 2014). 
For Weaver et al. (2018), one of the hallmarks of exploratory learning is 
triggering prior knowledge. In learners’ search for solutions, they “activate 
existing concepts and schemas as they attempt to organize and integrate the new 
information” (p. 37). However, these authors argue that this may result in stronger 
connections between prior knowledge and current learning. 

Allowing learners to engage with problems before being given the methods, 
procedures or structures relevant to the problem may enable them to employ their 
prior knowledge to a greater degree than if the procedure is provided to them 
beforehand. Kapur and Bielaczyc (2012, p. 48) provide strong evidence for their 
argument that delaying instructional structure will allow learners to produce their 
own understandings and representations (even though these may be ill structured 
and at an informal stage). A further benefit of exploration before instruction is 
that it may improve metacognition (Weaver et al., 2018). 

Exploring a problem before explicit instruction may also allow learners to be in 
a better position as sense-makers and to search for similarities and differences 
between the new problems and their prior knowledge (DeCaro & Rittle-Johnson, 
2012). Although learners may find working through problems (without the 
method explained to them before hand) difficult and contrary to their expectations 
of a mathematics class, DeCaro and Rittle-Johnson (2012), advise that this 
difficulty leads to significant mathematics learning. Weaver et al., (2018, p. 44) 
propose that conceptual integration is enhanced because without access to 
formulas, learners need to “explore the problem space more fully” and rely on 
prior knowledge and concepts.  In related scholarly work, the notion of productive 
struggle (e.g. Kapur, 2016; Kapur & Bielaczyc, 2012; Warshauer, 2015) is 
documented as having a significant effect on successful mathematics 
understanding and sense making. 

In setting out the features of powerful mathematics classrooms, Louie et al. 
(2016) propose that learners be given opportunities to make their own sense of 
ideas while have opportunities to see themselves as powerful mathematical 
thinkers. If learners can link their prior knowledge to problems they are solving, 
it may result in greater learner autonomy and efficacy. 



68 
 

GENERATING OWN INFORMAL SOLUTIONS 

Guided discovery (Fyfe, Rittle-Johnson & DeCaro, 2012) or guided re-invention 
(Freudenthal, 1991) combines exploration and instruction so that learners are 
steered towards learning through engaging in problems and using their own ideas 
as a starting point for solving these problems. When learners engage in problem 
solving before being given explicit instruction on how to solve the problems it 
allows them to notice inconstancies in their prior knowledge or challenge them 
to try new ways to solve the problem (DeCaro & Rittle-Johnson, 2012). Although 
learners use less sophisticated methods, they were able to better “encode the 
structure of the problems” during the follow up instruction (p.564). Furthermore, 
by generating their own solution ideas during the exploration phase, learners will 
be able to compare solutions during the instruction phase (Kapur, 2016).  More 
importantly, learners who work on problems before receiving instruction were 
able to produce five or six different solutions while learners receiving direct 
instruction first, could only produce one (Kapur, 2014). Working too strictly with 
a method-following pedagogy can be constraining to the procedural, conceptual 
and creative abilities of learners that can lead to “overly narrow knowledge 
structures and problem solving behaviours” (DeCaro & Rittle-John, 2012, p. 
553). In an empirical study by Schwartz, Lindgren & Lewis (1998), they 
confirmed that exploring before instruction was beneficial, but also found that 
learners who worked in pairs during the initial exploration of the problem, 
performed better. 

Collaborative learning can produce positive learning results (Johnson, Johnson & 
Smith, 2014). When learners share ideas, they are forced to verbalize or produce 
representations of their thinking for their peers. As learners exchange ideas, they 
may be able to streamline their own ideas or build on the ideas of their peers. 
However, the work of Weaver et al. (2018) suggests that collaboration may not 
be a necessary component of exploratory learning, however, more empirical work 
needs to be been done in this regard. 

Allowing learners to work on problems at the outset of a lesson gives teachers the 
opportunity to observe and notice (Mason, 2002) how learners are thinking about 
the problem as well as what mathematical tools the learners use to solve (or 
partially solve) the problem. Schoenfeld (2017) links this strategy with the 
Japanese teaching method as well as Smith, Engle, Smith & Hughes’s (2008) 
suggestions for lesson sequencing. When learners work on problems while the 
teacher actively observes them, it allows learners to “enter the conversation” 
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when the teacher links their ideas in the whole class discussion (Schoenfeld, 
2017, p.114).  The whole class discussion that follows is a critical feature in 
mathematics instruction, where the teacher can facilitate conceptual connections 
conceptual development.  

For Gravemeijer (1994, p. 451), “explicit negotiation, intervention, discussion, 
cooperation, and evaluation are essential elements in a constructive learning 
process in which the student's informal methods are used as a lever to attain the 
formal ones”. Ultimately, during the instruction from the teacher after the 
problem exploration, learners will better understand and even develop the formal 
algorithms and procedures for themselves. van Hiele (1959, p. 22) warned that 
when a student has “not learned to develop the algorithm himself, he will have to 
be taught a new one for every new situation”. In an era of knowledge construction 
and critique and not knowledge transfer and assimilation, mathematics 
classrooms need to assist learners to develop a deeper structural understanding of 
algorithms and methods than only adherence and application. 

Encouraging learners to think about problems and their possible solutions 
methods before instruction takes place has implications for formative assessment 
also. When learners can think about problems and to make their current 
understandings about the problems visible, teachers can “build on productive 
beginnings and emergent misunderstandings".  Powerful instruction "meets 
students where they are" and gives them opportunities to move forward” 
(Schoenfeld, 2014, p. 407).  

BUILDING CONCEPTS THROUGH CONNECTIONS 

Hiebert and Carpenter (1992, p. 67) defined mathematical understanding of a 
concept as being determined by the “number and strength of its connections”. By 
engaging learners in explore-first-then-instruct pedagogy, four “interdependent 
mechanisms” (Kapur & Bielaczyc, 2012, p. 49) are at play: a) prior knowledge is 
activated, b) attention is given to critical features of the concept c) explanation of 
the concept features and; d) organisation of these concept features. The first two 
mechanism are part of the independent exploration phase while c and d form part 
of the latter instruction phase where concepts are built through focusing on 
connections. 

These mechanisms are also related to horizontal and vertical mathematization 
(Treffers, 1987). It is during this latter instruction phase that learners move from 
informal concept features to more formal structural ideas. Since learners have had 
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some experience in working on the problems beforehand (horizontal 
mathematization), they are in a better position to build more formal (vertical 
mathematization) concepts. The teacher uses mechanisms such as contrasting, 
separating, fusing and generalizing (Guo & Pang, 2011) to facilitate concept 
connections during the instruction phase of the lesson. 

Stein, Engle, Smith and Hughes (2008) explain that making connections means 
making a “judgment about the consequences of different approaches” (p. 330). 
They maintain that it is important to show students how the same ideas can be 
“embedded” in different strategies that may look quite dissimilar at first. It 
therefore appears important that a teacher be prepared to accommodate levels, 
ideas and methods that were not necessarily planned. Eliciting the mathematical 
ideas and concepts that students have is vital if teachers seek to develop concepts 
instead of presenting concepts with connections that are taken for granted 
(Biccard, 2013). Forming connections allows concepts to be flexible, transformed 
and useful in different situations.  

For Birky (2007) teachers can make connections by comparing solution methods 
or making connections between representations.  Not only should teachers share 
alternative methods but they should also articulate the ideas in learners’ methods 
by highlighting the mathematical ideas contained in them (Hiebert et al. 1997, p. 
36). In doing so, learners can gain a better picture of the mathematical landscape 
and gain confidence in their own agency as mathematical thinkers. Articulating 
and representing various solution methods can create extended vocabularies 
around the concepts, which can enhance the connections within the concepts. 

CONCEPTUAL REPRESENTATION 

Figure 1 now shows a possible conceptual representation of the ideas contained 
in this paper. 

 

Figure 1: Exploration before instruction conceptual representation 
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CONCLUSION AND RECOMMENDATIONS 

It is possible to confuse temporary performance with permanent effects (Schmidt 
& Bjork, 1992) in mathematics education. Findings point to problem solving 
before instruction as being effective in the growth of conceptual knowledge 
(Kapur, 2016). However, it cannot be prescribed for every lesson. Instruction and 
exploration are both important in mathematics (Loehr, Fife & Rittle-Johnson, 
2014). Teachers should vary their lesson plans, since variety in mathematics 
lessons not only has the potential to enhance learning but also assists in raising 
motivation and engagement.  

Teachers may need to broaden their own beliefs about what constitutes 
mathematics learning to include explore-before-instruction lessons in their 
classrooms. Furthermore, the divide between direct instruction and discovery 
learning should not be an all or nothing divide, but rather one where the timing 
of each should be carefully considered and determined by the type of learning the 
teacher envisages. If the teacher uses the discovery before instruction option, it 
may enhance connections in mathematics and may allow for deeper engagement 
with the content. Furthermore, if learners are encouraged to discuss the problem 
exploration phase with each other, they may be more inclined to share their ideas, 
knowing that the brainstorming before the instruction allows for different ideas 
and even incorrect ideas. If learners know that they are not expected to provide 
correct methods or answers at this early stage of the problem exploration, more 
learners may be able to engage equitably with the content and see themselves as 
"powerful mathematical thinkers" (Baldinger, & Louie, 2014, p. 2). 

Developing teacher competencies in this approach may need professional 
development. Professional development should allow teachers to experience this 
approach for themselves as this will enable them to anticipate learners' 
experiences and allow learners to experience "productive struggle" before 
intervening. Teachers and learners may be less anxious knowing that the period 
of self-exploration of the problem will be followed by instruction. 

What this paper is advocating, is that by inverting the lesson plan, more learners 
may have access to participating in mathematics. Furthermore, that the two 
approaches (traditional or reform) need not be at odds with each other but rather 
that “instruction and discovery co-exist and [can] work together” (Trninic, 2018. 
p. 151). 
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TEACHERS' KNOWLEDGE OF LEARNERS' THINKING IN 

THE TEACHING OF QUADRATIC FUNCTIONS 

Banjo Balqis & Masilo France Machaba 
University of South Africa 

The purpose of the study was to explore teachers' knowledge of learner 
understanding for teaching quadratic function in Grade 10 mathematics 
classrooms in Mogalakwena district, Limpopo. We employed a qualitative case 
study research design to explore the teaching of three purposefully selected 
teachers. The exploration focused on how teachers' knowledge of learner 
understanding could impact the teaching of quadratic functions. Findings 
revealed that quadratic function concepts were inefficiently addressed in Grade 
10 due to the teachers' inadequacy of addressing learners' thinking.  

Key terms: Teachers' knowledge; Learners' thinking; Quadratic functions; 
Misconceptions; Learners' prior knowledge.  

INTRODUCTION 

Teaching is a complex activity (Rowland, Hodgen, & Solomon, 2015; Shulman, 
1987). It requires teachers' specialised knowledge and the ability to balance that 
knowledge for teaching. With continuing poor learner performance in 
mathematics in South African schools, we focused attention on how teachers 
taught mathematical concepts in Grade 10. One of the core factors that influenced 
mathematics teaching is the teacher's "understanding of learner thinking". The 
teacher's knowledge of teaching is synonymous with PCK in this study. We 
posited the need to break PCK down into its basic-essential-components that can 
be assessed in the teaching, hence the exploration of teachers' knowledge of 
learner understanding.  

This study was limited to the Mathematics National Curriculum Statement (NCS) 
of South Africa: The Curriculum and Assessment Policy Statements (CAPS) 
Grades R-12. Further, we only explored the teaching of quadratic functions. The 
study focused on the Grade 10 mathematics teachers to fill a gap in the body of 
related knowledge since most existing studies on PCK have been done on 
teachers in the Early Grades (Hauk, Toney, Jackson, Nair & Tsay, 2014). A 
quadratic function is one of the topics in Grade 10 Mathematics NCS. Grade 10 
also forms the basis of proper 'naming' of the quadratic function (otherwise 
known as a parabolic function) and the foundation through which it advances. 
This article draws from the larger study of Banjo (2019). 
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The research aimed to explore how teachers draw from their knowledge of learner 
understanding when teaching quadratic function in Grade 10. The study's central 
research question is: "How do the teachers use their knowledge of learners' 
thinking during the teaching of a quadratic function in Grade 10?" To answer this 
question, we pursued the following sub-questions: 

 How do the teachers identify and use learners' prior knowledge in teaching 
quadratic functions? 

 How do teachers address learners' misconceptions when teaching quadratic 
functions? 

We believed that the information might improve the teachers' PCK and improve 
learners’ performance in mathematics. 

LITERATURE REVIEW 

Researchers (such as Akerson, Pongsanon, Rogers, Carter & Galindo, 2017) are 
of the view that mathematics teachers of all Grades acquires pedagogical skills 
through years of experience, and that the more time a teacher spends teaching 
mathematics and reflecting on his/her teaching practices, the stronger the impact 
on his/her pedagogical knowledge on teaching and learning.  

The teacher needs deep content knowledge to help learners develop a conceptual 
understanding of the concepts by connecting with what they are familiar with or 
addressing their misconceptions (Baidoo, 2019). Relating ideas and addressing 
learners' misconceptions during teaching may also serve as domains for 
describing the knowledge of instructional strategies. The above reveals the 
symbiotic relationship between the components of PCK: the content knowledge, 
knowledge of instructional strategies and the knowledge of learner 
understanding.  

Learners often hold and express incomplete mathematical knowledge, which calls 
upon the teacher's pedagogic skills to scrutinize, interpret, correct, and extends it 
(Ball, Hill, & Bass, 2005). A skillful teacher knows the learners' mathematical 
ideas and thinking (Hill, Ball & Schilling, 2008). The teacher's knowledge of 
learners' understanding of quadratic functions is an essential aspect of the 
mathematics teacher's PCK. It involves the teacher's ability to pay attention to 
learners as they learn quadratic function and interpret its mathematical ideas. We 
categorized teachers' knowledge of learners' thinking into two: knowledge of 
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learners' prior knowledge and knowledge of learners' common errors and 
misconceptions.  

Learners' Prior Knowledge 

Learners understand the concept when they can draw inferences or recognize 
relationships between their prior knowledge and their new experience (Banjo, 
2019; Li, 2019). Hence, teachers should endeavor to identify and use the learners' 
prior knowledge in the teaching of quadratic functions. For example, learners are 
expected to know the elements of the real number system and understand the 
concepts underpinning algebra, amongst other mathematical concepts. Effective 
teaching of a quadratic function in Grade 10 will consider the learner's 
background and experiences. Van Laren (2012) shows that, in most cases, 
learners lack the necessary knowledge to embark on new learning, which is 
related to the teacher's inability to complete the curriculum.  Before embarking 
on quadratic functions in Grade 10, teachers should examine the learners' pre-
requisite knowledge and creatively expand it to link to the lesson.  

Learners' Common Errors and Misconceptions 

Understanding Grade 10 learners in a mathematics classroom involves the 
teacher's ability to use learners' errors as building blocks for teaching the concepts 
of quadratic functions. Piaget (1995), cited in Hauk et al. (2014), suggests that 
mathematics teachers should seek to understand and build on learners' thinking 
or patterns underpinning learners' errors.  

In South Africa, there is evidence that mathematics teachers have difficulty in 
addressing learners’ errors and misconceptions (Sapire, Shalem, Wilson-
Thompson, & Paulsen, 2016). Hence, they often shy away from engaging with 
learners' errors or partially deal with them or accept incorrect work. Citing the 
Annual National Assessment (ANA) case, Sapire et al. (2016) state that 
mathematics teachers should interpret learners' errors and use the interpretations 
to develop better lessons. Machaba (2016) also finds that inadequate prior 
knowledge could lead to learners' misconceptions, thereby revealing the direct 
relationship between the two sub-domains of learner understanding: learners' 
prior knowledge and misconceptions. Machaba (2016) proposes that a teacher 
should reduce the learners' extraneous load by avoiding incorrect mathematical 
explanations or examples when engaging with learners' errors not to confuse them 
further. A teacher can observe learners as they solve quadratic problems or/ and 
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ask them how they solve them. Hence, the teacher will be able to understand the 
thinking behind the learners' errors. 

THE THEORETICAL FRAMEWORK: SHULMAN'S PCK 

Shulman (1987) describes PCK as the intersection of content and pedagogy that 
belongs only to the teachers. He further outlines the seven categories of the 
knowledge base for teaching: content knowledge, general pedagogical 
knowledge, curriculum knowledge, PCK, knowledge of learner understanding 
and their characteristics, knowledge of educational contexts, and the knowledge 
of history and philosophy of education. PCK is a specialized knowledge 
possessed by experienced teachers who understand a topic and make it accessible 
to the learners. According to Shulman (1986), PCK is the ways of representing 
and formulating the subject that makes it understandable to others, including an 
understanding of what makes a specific mathematics topic easy or challenging to 
learn.  

The PCK framework has been widely proven as a model for investigating 
teachers’ knowledge for teaching mathematics. The blending of content and 
pedagogy into an understanding of how the concepts of quadratic functions are 
organized, represented, and adapted to the diverse interests and abilities of Grade 
10 learner and presented for instruction.  

RESEARCH METHODOLOGY  

The qualitative research tradition was considered suitable for the current study as 
we observed the teachers in natural classroom settings. The purpose was to gain 
an interpretive understanding of how mathematics teachers use learners' thinking 
during the teaching of quadratic functions in Grade 10. Struwig and Stead (2001) 
propose that a qualitative research paradigm affords the researchers the 
opportunity of understanding the issues being researched from the perspective of 
the research participants. The characteristics justify why we adopted the case 
study qualitative research design.  

We engaged directly with the participants. The PCK framework guided the 
exploration. The data were gathered through direct observation of the lessons and 
face-to-face interviews at three secondary schools purposively selected in the 
Mogalakwena district. The first author acted as an observer, gathered field notes, 
used audiotape, and took photos of the chalkboard activities. She observed two 
lessons for each participant. After that, she followed up with a semi-structured 
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interview in each case. The interviews were semi-structured, face-to-face 
interviews. The interviews ranged from 50 minutes to 65 minutes.  

The participants (T1, T2, and T3) were employed by the Limpopo DBE to teach 
in secondary schools. They taught Grade 10 mathematics in three separate 
secondary schools in Bakenberg South Circuit Mogalakwena District. One of the 
factors that differentiated the participants, which we assumed might impact their 
teachings of a quadratic function in Grade 10, was the years of experience. We 
believe that a teacher's PCK is a function of his/ her years of experience teaching 
that subject. However, their years of experience did not pose a significant 
difference in their teachings. In all the cases, each participant was the only Grade 
10 mathematics teacher for the school.  

DISCUSSION OF FINDINGS 

We believed that the teachers' knowledge of Grade 10 learners' characteristics 
influences their instructional style, which then determines the success of teaching 
quadratic functions or the lack of success. We thereby categorized teachers' 
knowledge regarding Grade 10 learners' thinking as identifying and using 
learners' prior knowledge, addressing learners' misconceptions.  

Identifying and Using Learners' Prior Knowledge 

We examined how the teachers identified learners' prior knowledge and how it 
was used to tackle Grade 10 quadratic function problems. We believed that 
learners do better when they can draw conjectures from experiences into the new 
learning.  

During the lesson observation, one teacher, T1, asked learners to state the 
formulae for finding the intercepts with axes; learners chorused it: "for x-
intercept, let y be equal to 0. For y-intercept, let x be equal to 0". The teacher did 
not bother to follow up on learners' responses, why "for x-intercept, let y be equal 
to 0 and for y-intercept, let x be equal to 0". We expected the teacher not to allow 
learners to chorus their responses but rather work with an individual answer so 
that he could access their thinking.   

T1: Then you say, let y be 0; that is when you are going to involve algebra. Can 
you change y to 0 and work it out? That is where I need you most. 

T1: Are you all right? 

Learners: Yes. 
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In the above example, T1 asked learners to work out the x-intercepts using the 
factorization method. The teacher later led the learners to do the exercise on the 
chalkboard. It was challenging for the observer to identify if any of the learners 
could not perform the operation as all learners chorused in response to the 
teacher's question by saying, "Yes". They all signified that they knew the steps 
for solving an algebraic equation.  

T1 talked about factorization while investigating the effect of parameter q. T2 
only brought it up while teaching how to write equation and interpretation of 
parabola. The concept of chorusing was also evidenced by T2, as indicated below.   

T2: How are we going to calculate the coordinates of A and B? We can be able 
to factorize the equation using the intercept method. We can say that for x-int (she 
paused). 

Learners: Let y be equal to zero. 

T2: Factorize the equation 〖4-x〗^2=0. That is a difference of  (she paused)? 

Learners: Two squares. 

Learners verbally stated the equation's factorization solution while the teacher 
wrote on the chalkboard. When T2 asked learners to calculate A and B's 
coordinates, learners chorused it: "for x-intercept, let y be equal to 0".  Again, 
like T1, T2 let learners respond in a chorus without paying attention to an 
individual learner and working with his thinking. When she said, "we can say that 
for x-int…" She expected learners to complete the sentence by saying, "let y be 
equal to zero". This statement suggests a traditional method of teaching which 
encourages rote learning.  

T3 also used the same practice of teaching. He introduced parameter 'q', he wrote: 
〖f(x)=x〗^2-9.  

T3: x-intercept is the point where our graph is going to cut x-axis. At that point, 
the value of y is?  

Learners: Zero! 

T3: That is why we are saying let y be 0. 

Similarly, to T1 and T2, T3 also allowed learners to finish his sentences, 
"intercept is the point where our graph is going to cut x-axis. At that point, the 
value of y is?" All learners responded by saying, "zero".  He continued to write 
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what learners were saying on the chalkboard. We expected T3 to probe learners 
on why they must let y =0 to get the x-intercepts.  

Drawing from the learners' everyday context, T1 showed how parameter 'a' 
determined the parabola's shape using the analogy that learners were familiar with 
– smile and sad. 

T1: For the positive, our lecturer used to say, "Smile"; for the negative, he used 
to say that it is "sad."  

T2 explained the parabola's meaning and differentiated between two parabola 
types, using similar analogies as T1.  By doing this, we got a sense of aiding the 
identification of the phenomenon. 

T2: The graph of any quadratic function is called a parabola. A parabolic graph 
can smile (face up) or frown (face down).  

Conversely, T3 explained the effect of parameter 'a' in different terms.  

T3: Sometimes 'a' can be positive, sometimes it can be negative. Let us start 
with the value of 'a' if it is 1, 〖y=x〗^2. And again, the value of 'a' can increase, 
and it can? 

Learners: Decrease! 

While teaching 〖y=-ax〗^2, the first author observed that T3 did not do point-
by-point plotting. Instead, he made its rough sketch on the same axes as that of 
〖y=ax〗^2. He used this to explain the concept of reflection. 

T3: The only place we see the reflection is when we are visiting a mirror. The 
thing that we see inside the mirror is the reflection, the image. Meaning if we 
have 〖y=-ax〗^2 the value of 'a' is -1, which means our graph will face…? 

Learners: Down. 

The three teachers used learners' prior knowledge, such as the concept of "smile 
and sad", the idea of a "mirror", to teach a quadratic function in Grade 10. Still, 
we expected the teachers to allow their learners to discover and state the analogies 
by themselves. We also expected the teachers to ask probing questions, such as 
"why", "How did you arrive at this response", "what if/ what if not". These did 
not happen. 

During the interviews, the first author asked: Teaching should build on the 
knowledge learners already have. What is your opinion about this? How do you 



83 
 

relate this to the teaching and learning of quadratic functions? The participants 
responded as follows: 

Prior knowledge will enable me as a teacher to know where to start. Because if 
ever what I try to find out, like if most of the learners cannot remember the thing 
that they have done previously, then I will have to go back to remind them. In 
quadratic function, they should already know flow diagram which can be 
translated to a straight-line graph; that straight line should be drawn in a Cartesian 
plane which shows positive and negative numbers; also, factorizations. (T1, 
interview #5[I]) 

We asserted that T1 understood the importance of prior knowledge in teaching 
new knowledge. However, he did not sufficiently tap into learners' prior 
knowledge to understand the concept of quadratic functions.  Indeed, the learners 
"should already know flow diagram which can be translated to a straight-line 
graph; that straight line should be drawn in a Cartesian plane which shows 
positive and negative numbers; also, factorizations". We believed that T1 did not 
use the learners' prior knowledge to understand learners' thinking and ascertain 
their readiness for quadratic functions.  

T2 expressed that she provided support through revision to fill gaps.  

It is important. Before learners can do a topic, we have to give them something 
related to that topic they have done in previous years. This can happen through 
short classwork. Equations, factorization of trinomial or taking out the common 
factors. (T2, interview #5[I]) 

The above excerpt suggests that T2 believed it is better to check learners' prior 
knowledge before embarking on quadratic function teaching the above excerpt. 
However, the first author did not observe this belief in T2 during the teaching of 
quadratic functions. This may suggest that sometimes teachers do know what is 
required of them, but they do not put those things into practice. Like T3 who said:  

I think learners should have prior knowledge because they can start something 
with the foundation or a base. Before you can start a new topic, make sure that 
there is another previous topic that links with the new topic you want to present. 
(T3, interview #5[I]) 

T3 believed that a learners' prior knowledge serves as the foundation for new 
learning.  However, T3 did not precisely signify the learners' prior knowledge 
that could be directly linked to the new information. T3 believed in connecting 
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mathematics. The teacher gave examples of "point-by-point plotting of linear 
graphs" that learners are already familiar with without drawing that knowledge 
from them.   

Teachers need to understand the chronological structure of quadratic functions 
and other mathematics topics directly related to them. Having a sound 
understanding of what learners ought to know before embarking on quadratic 
functions in Grade 10 and making proper connections therein may enhance the 
learners' conceptual knowledge of quadratic functions.  

Teachers Working with Learners' Misconceptions 

We examined what the participants were doing with learners' errors and 
misconceptions during their teachings. We presented here some of the errors 
which, of course, may not be common to all three classes.  

The first author observed that T1 identified some errors, but he did not address 
them. For example: 

T1: So, if you take all the positive and all the negative number together with 
zero and put them together, what type of number…? 

T1 paused for the answer. When there was no response, T1 simplified the 
question, "We have talked about the numbers at the beginning of the year." 

Some learners: Integers! 

Some other learners: Real number! 

T1: 'x' is an element of real numbers (he wrote x € Ʀ).  

In the above excerpt, the teacher was teaching learners how to write a parabola 
domain. We expected T1 to immediately address learners' errors concerning the 
real number system, but instead, the teacher accepted the correct answer and 
moved on.  

T3: [ 〖f(x)=-x〗^2+1] If the value of 'b' is zero, it means the axis of symmetry 
is…? 

T3-Student 1: 0 and 1. 

We maintained T3 agreed to a wrong answer in the above excerpt as he 
responded, "0 and we do not know". The axis of symmetry is supposed to be in 
the form of an equation. 
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 Also, in some cases, teachers used incorrect and incomplete explanations. We 
remarked that this might create misconceptions for the learners. This was what 
happened in the examples below: 

T2: Range refers to all the values of y. 

Meanwhile, the range of a parabola is a set of selected values of y, which is 
determined by the y-value of the turning point. Thus, we claimed T2 might be 
creating misconceptions for the learners. Similarly, T3's explanation of the axis 
of symmetry might lead to misconceptions too.  

T3: When we are talking about the axis of symmetry, it is written in the form 
of x=a. 'a' stands for any number, isn't it? 

Learners:  Yes. 

We posited that T3's statement might create confusion as the use of 'a' in this 
equation may suggest to the learners that it means the same as 'a' in the 〖y=ax
〗^2. The explanation might be more meaningful if the teacher had introduced a 
new letter of the alphabet and followed it up with various exercises where learners 
could discover that the alphabet's given letter can be any number.  The first author 
observed that the expressions on some learners' faces showed they were confused. 
The teacher assured the learners that they would grasp the concept better in Grade 
11.  

In his attempt to identify and address misconceptions, T1 said, "I have seen some 
learners struggling, 〖 (-1)〗^2=-1" In another example, T1 warned the learners, 
"Be careful of negative sign. For example, in 〖y=-2x〗^2, what is y when x = -
3?". T1 explained the solution on the chalkboard.  

In her attempt to identify and address misconceptions, T2 said:  

T2: I am very disappointed yesterday because when you say that… I have given 
negative two to the exponent two, 〖(-2)〗^2, then you said the answer is -4. 
Looking at two (Referring to the exponent), two is an even number. If you raise 
a negative number to an exponent even number, it means the answer should 
always be...?  

Some learners:  Positive! 
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T2 was trying to access learners' prior knowledge. She further guided learners on 
how to use the calculator to do this concept correctly. "On your calculator, you 
have to use brackets, 〖 (-2)〗^2"  

In another example, T2 advised learners always to write fractions in a simplified 
form and avoid decimals when writing the parabola equation. T2 said, "Leave an 
answer in simplified form2/4=1/2; let us also avoid decimal." 

The same way T3 warned his learners. "I am appealing to those who are addicted 
to calculators; you have to put the value inside the bracket (he used examples 〖
-2〗^2= -4 and 〖 (-2) 〗^2=4, to explain)"  

One error common to all the classes was the 'squaring of negative'. In an 
interview, T1 explained why learners could not perform this task; the teacher 
indicated that the concept was not adequately learned in the previous Grades or 
topics. We interpreted this as not adequately taught by the teacher to allow 
learners to develop conceptual understanding. We maintained this corresponded 
with the way T1 was observed teaching. This shows learners possess incomplete 
mathematics knowledge (leading to misconceptions transmitted from one class to 
another class), and the pattern may continue unless there is an intervention.  

The first author followed up during the interview to explore T1's opinion on the 
learners' use of the calculators: During your teaching, you moved around to check 
learners' works, and you saw (mentioned) that some of them wrote (〖-1)〗^2=-
1. Then you said the error was due to the use of calculators. Do you think your 
learners would have done differently, perhaps correctly, if they did not use a 
calculator? T1 said:  

The case would be minimal because these learners are used to calculators; that is 
my problem. Even if you say a negative multiplied by a negative, they go to the 
calculator of which if they do it manually, they will get it correctly. (T1, #Unique 
question 1) 

The three teachers used their content knowledge to interpret learners' 
misconceptions that brought about the errors. 

Importantly, it was uniquely observed in some cases that T1 did not, in most 
cases, wait for learners to commit errors; instead, he addressed the 
misconceptions in his explanation. For example, he said, "Table method must not 
have big numbers. It may give you (learners) problems, e.g., if x = 8 in 〖 y=x〗



87 
 

^2, y = 64" At another stage, he said, "Be careful about the shape of the graph 
(He wrote two symbols on the chalkboard, not V but U.)" 

According to Swan's (2006) teaching principles, mathematics teachers should 
expose and address common misconceptions during teaching. Teachers' capacity 
to address common errors and misconceptions is a skill that differentiates a 
mathematics teacher from a mathematician. It requires the teachers to identify 
and explain the errors and make sense of what errors are associated with a 
particular content (Hill et al., 2008). In this case, we observed that the teacher 
only analyzed a few simple common errors that learners often make in quadratic 
function, such as the 'squaring of negative integers'. This was done appropriately 
in all classes. 

The study could not gather much of the learners' misconceptions as they were not 
given opportunities to communicate their answers or thoughts. T2 agreed to this 
during the interviews; she said, "They do not ask questions, which is very wrong. 
If they ask questions, they can tell me something they do not understand" It is 
also important to note that in most cases, learner responded in chorus. This 
happened in all three classes.  

CONCLUSION 

In this study, the teachers insufficiently (and in some cases inappropriately) used 
learners' prior knowledge to teach quadratic functions in Grade 10. It is essential 
to know that the participants performed better than one another at different 
aspects of 'knowledge of learners understanding'. The study also revealed the 
interrelationships among the elements of PCK (knowledge of learner 
understanding, content knowledge, knowledge of curriculum and knowledge of 
instructional strategies). We believe that unless the elements of PCK are 
appropriately integrated, a teacher may be characterized as having meagre 
knowledge of learner understanding or PCK. Thus, we argue that the PCK strands 
are inseparable, giving one PCK aspect an identity that cannot be divorced from 
the other elements.  

Conclusively, the findings indicated that the quadratic function concepts are 
inefficiently addressed in the selected Grade 10 classrooms due to the teachers' 
inadequacy in some aspects of knowledge of learner understanding.  
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READY FOR ALGEBRA? INSIGHTS FROM LEARNER 

PERFORMANCE ON WHOLE NUMBER ITEMS IN A 
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In this paper we report the performance of Grade 7 and 8 learners on items 
relating to whole number on a diagnostic-baseline test. The test was administered 
to 483 Grade 7 learners and 118 Grade 8 learners from 15 township schools in 
Gauteng in late 2020. In designing the test items, we considered four categories 
of whole number work that are important prerequisites for algebra: fluency with 
basic whole number work; understanding of the equal sign and mathematical 
equality; the behaviour of operations; and functional thinking. Performance on 
the items suggests most learners need further work on their whole number 
understanding in order to access algebra at high school. We provide specific 
examples to support this claim.  

INTRODUCTION 

One of the biggest challenges facing Grade 8 mathematics teachers is to figure 
out the mathematical knowledge and skills that learners bring to high school. This 
is particularly difficult because learners typically come from several different 
primary schools. Moreover, it is estimated that in early high school, South African 
learners in low performing schools are three to four grade levels behind learners 
in high performing schools (Spaull & Kotze, 2015). The school closures of 2020 
and vastly unequal access to remote learning during the COVID-19 pandemic 
have exacerbated the problem and possibly widened the performance gap.  

As part of our commitment address these challenges, we designed and piloted a 
test instrument to assess the mathematical knowledge of learners about to enter 
high school. The purpose of this test was two-fold. In the first instance, we wanted 
to provide teachers with a picture of their learners’ mathematical knowledge with 
specific focus on content that is foundational for high school mathematics. This 
includes a diagnostic component to reveal learners’ errors and misconceptions. 
Secondly, we intend to use this test in the future to track learner progress in this 
foundational knowledge over their initial years in high school. The instrument 
was thus intended as both a diagnostic test and a baseline test, and for this reason 
we refer to it as the DiBa test.   
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The test piloting had two purposes. Firstly, to pilot the test items to develop a 
robust instrument for assessing learner preparedness for junior secondary school 
mathematics. Secondly, to provide a preliminary picture of learner readiness for 
high school mathematics at the end of a very disrupted year of schooling in 2020.  

In this paper we report on learner performance on a subsection of test items – 
those related to whole number. The research questions which frame this paper 
are: 1) How did the Grade 7 and 8 learners perform on the whole number items 
in the DiBa test? and 2) What implications does this performance have in terms 
of their readiness for algebra? In our literature review we focus on whole number 
as a preparation for algebra. Thereafter, we describe the design and selection of 
the test items on whole number. We then analyse learner performance on these 
items and discuss the implications for learners’ readiness to learn algebra. 

WHOLE NUMBER AS A PREPARATION FOR ALGEBRA 

A review of the literature suggests there are two broad areas of competence with 
whole number that are required to access algebra: fluency with basic whole 
number facts and operations (Ketterlin-Geller & Chard, 2011; Parcutilo & Luna, 
2016) and preparation for early algebraic thinking through exploration with 
whole numbers (Cai & Knuth, 2011; Cai, Lew, Morris, Moyer, Ng & Schmittau, 
2005). We elaborate each of these below.  

Fluency with basic whole number facts as productive for learning algebra 

Working with algebra also involves basic operations on whole numbers. Parcutilo 
and Luna (2016) found “computational fluency … to be a strong predictor of the 
students’ algebra achievement and retention making the computational fluency a 
very important skill for students to be successful in high school algebra” (p.1249). 

Furthermore, drawing on ideas from cognitive load theory, we argue that if 
learners can work fluently with whole number, this will free up cognitive load to 
focus on the ideas of algebra which are new to them. Cognitive load theory is 
based on the premise that there are limits to how much new information a learner 
can process at a time, as well as limits to how much stored information can be 
processed at a time. A further distinction is made between three types of cognitive 
load: intrinsic load, extraneous load and germane load (Sweller, van Merrienboer, 
& Paas, 1998). Germane load and extraneous load are both produced by the way 
material is taught. However, of interest in this study is intrinsic load because it is 
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inherent in the complexity of the content to be learned and it is related to the 
number of interacting elements in the task and the prior knowledge of the learner.  

For the learner new to algebra, most algebra tasks will have high interactivity and 
thus high intrinsic load (Sweller, Ayres, & Kalyuga, 2011). Therefore, the 
intrinsic load in the initial learning of algebra can be reduced by ensuring that 
learners have the necessary background knowledge (of whole number) so that 
some of the sub-tasks can be automated (van Merrienboer, Kester, & Paas, 2006). 
For example, a learner who can fluently identify the highest common factor of 24 
and 32, will have fewer interacting elements to deal with when factorising 
24𝑥𝑦 + 32𝑦𝑧 than a learner who needs to expend time and energy to determine 
the numerical highest common factor. Therefore, competence and fluency in 
working with whole numbers is important in reducing the intrinsic cognitive load 
in learning algebra.  

Preparation for algebraic thinking 

A few researchers have argued for the importance of building learners’ 
understanding of algebra through the early introduction of algebraic thinking (Cai 
& Knuth, 2011; Kaput, Carraher, & Blanton, 2008; Kieran, Pang, Schifter, & Ng, 
2016). Classroom-based research on early algebra has focused either on creating 
function rules through generalizing pattern (Blanton & Kaput, 2011) or through 
generalization about number (Carpenter, Levi, Franke, & Zeringue, 2005) or a 
combination of these approaches (Russell, Schifter, & Bastable, 2011). We draw 
on various elements of this work to propose a relatively simple framework for 
analysing our data. We find the work of Blanton and her colleagues (Blanton, 
Stephens, Knuth, Gardiner, Isler & Kim, 2015) and Russell and colleagues 
(Russell, Schifter & Bastable, 2011) to be useful. 

Blanton et al (2015), building on the work of Kaput (2008), identified five big 
ideas in the development of algebraic reasoning: 

1)  Equivalence, expressions, equations and inequalities: e.g. 83 + 5 = __ + 4 
where learners would need to reason based on the structural relationship in 
the equation; 

2)  Generalized arithmetic – generalising relationships and properties beyond a 
numerical instance, e.g. seeing that 𝑏 – 𝑏 = 0 no matter the value of 𝑏;  
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3)  Functional thinking – generalising patterns and relationships presented in a 
variety of representations; 

4)  Variable – where variable is treated as symbolic notation to represent 
mathematical ideas succinctly; 

5)  Proportional reasoning – reasoning about two quantities that are related in 
such a way that the ratio of one quantity to the other is invariant. 

In a similar vein, Russell et al (2011) identified four mathematical activities that 
underlie both arithmetic and algebra: 

1) Understanding the behaviour of the operations, e.g. recognizing that addition 
is commutative, but subtraction is not; 

2) Generalizing and justifying, e.g. justifying derived facts; 

3) Extending the number system, e.g. the introduction of negative numbers and 
decimals; 

4) Using notation with meaning, e.g. the equal sign, exponential notation. 

In our framework we omitted the big ideas of proportional reasoning and the 
activity of extending the number system since these were not tested in items 
relating to whole number and are not discussed in this paper. We included the 
notion of equality as a category in our framework since it was identified by both 
Blanton et al (2015) and Russell et al (2011). We considered the big idea of 
generalized arithmetic to overlap significantly with the activity of understanding 
the behaviour of operations. The activity of generalizing and justifying involves 
the use of variable and functional thinking and so we combined those into a single 
category which we called functional thinking. This gave us three key categories 
of pre-algebra knowledge relating to whole number which we have called: 1) 
understanding of the equal sign and mathematical equality; 2) the behaviour of 
operations; and 3) functional thinking. (In the analysis reported below, we add a 
fourth category of whole number fluency.) 

THE TEST DESIGN 

A key goal of our project was to ascertain learners’ preparedness for high school 
mathematics and to identify areas of strength and weakness in their prerequisite 
knowledge. Since a substantive portion of high school mathematics is based on 
algebra and, given the importance of number-work as a bridge into algebra, we 
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focused approximately 80% of the items on number and aspects of introductory 
algebra. The remaining 20% of items dealt with measurement and geometry as 
shown in Table 1. 

TABLE 1: Composition of test instrument  

Topic No. of 

items 

Percentage 

of items 

Whole number operations 24 36 

Fractions, decimals and percent 20 30 

Patterns, functions and introductory algebra 9 14 

Measurement 9 14 

Geometry   4 6 

TOTAL 66 10 

In this paper we focus only on the whole-number items. These items can broadly 
be divided into two categories: 1) those dealing with basic facts required to free 
cognitive load in the learning of algebra, such as √81 = __ ; and 2) those dealing 
with aspects of whole number that are important preparation for algebra, for 
example, if § is any whole number then § × 0 = __ ? 

We chose to use multiple choice questions (MCQs) – in part to allow for 
automated marking but also to facilitate error analysis. To support error analysis 
towards our diagnostic purposes, we included distractors that would shed light on 
the prevalence of well-known errors such as those involving order of operations, 
as well as potential new ones.  

We created two versions of the test, each with 66 items in order to pilot as many 
items as possible. The item pairs (in the separate tests) varied in the numbers used 
and the order in which the distractors appeared. Both versions of the test were 
piloted under typical test conditions.  

DATA COLLECTION 

The test was administered in late October/early November 2020 in 15 schools 
across four districts in the Gauteng province. All schools are in township areas, 
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drawing learners from those areas and the neighbouring informal settlements. 
While English is the language of teaching and learning in these schools, the vast 
majority of learners do not have English as their main language. We tested 483 
Grade 7 learners and 118 Grade 8 learners. Grade 7 learners were closest to the 
primary target sample for the test (i.e. Grade 8 learners entering high school). 
However, given our future intention to use the test to investigate change in learner 
performance over time, the Grade 8 learners provided some indication of the 
potential of the test items for this purpose. In 2020, the Grade 8 sample provided 
some indication of what had been learned in a year substantially disrupted by the 
pandemic.  

Learners were given one hour to write the test. Feedback from invigilators and 
our analysis of the scripts suggested that this was sufficient time to complete the 
test for most Grade 7s and 8s. Learners provided their responses on a pre-prepared 
answer grid which was then scanned and processed by an online learner 
management system. The scanning was checked for accuracy and this showed 
that approximately 10% of captured sheets were not scanned with 100% accuracy 
and so learners’ responses for these scripts were manually captured. 

All the necessary ethics protocols were followed from both the University of the 
Witwatersrand (HR20/10/32) and the Gauteng Department of Education. Schools 
were assured of anonymity and that they would not be compared with other 
participating schools.  

ANALYSIS OF LEARNER PERFORMANCE ON WHOLE NUMBER 

ITEMS 

In this section we discuss performance on the 24 whole number items and five 
items involving patterns and/or functions which involved whole numbers but did 
not include any explicit algebraic notation or procedures. We grouped the items 
into the four categories described above for the purpose of analysis:  

• fluency with basic whole number calculations; 
• understanding of the equal sign and mathematical equality with whole 

numbers; 
• behaviour of operations and generalised arithmetic with whole numbers; 
• functional thinking with whole numbers. 
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In each of these categories we look at the overall performance on the items. In 
order to compare performance across the categories, we calculated the percentage 
of correct responses for each item in a category. As each of the items were equally 
weighted, we then determined the mean of these for each category. For each item 
we also analysed the percentage of learners choosing each of the different 
distractors. This provided us with some insights into the kind of errors learners 
were making. We focus on selected items to exemplify each category. In order to 
protect the integrity of items for future use we provide lookalike items in the 
discussion rather than the actual items.  

Table 2 shows that, on average, less than half the learners were able to correctly 
answer items relating to whole number.  

TABLE 2: Performance on items involving whole number  

Category 
No. of 

items 

Mean of the percentage of 

correct responses to each item 

(std deviation) 

Basic fluency with whole numbers 15 41% (15%)1 

Understanding of the equal sign and 
mathematical equality 3 38% (6%) 

Behaviour of operations and 
generalized arithmetic 

8 34% (9%) 

Functional thinking 3 46% (2%) 

We now look at the performance in each of the subcategories in greater depth. 

Basic fluency with whole numbers 

The overall performance of all learners on the items testing basic fluency with 
whole numbers suggests that learners have poor basic number sense. For 
example, 25% of learners calculated the square root of a perfect square by 
dividing it by 2 and almost 50% of learners chose an odd number when asked to 
indicate a number that had 2 as one of its factors. 
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Many learners tended to work digit-wise on calculations, without considering the 
entire number. For example, on the item “What is the sum of 39 998 and 5?” the 
most common error (19%) was to add the units digits (8 and 5) and append them 
to the rest of the first addend, giving 39 9913.  

Similarly, the following subtraction problem required learners to work out the 
digits represented by  and :   

    7  8  2   
–  3    
    3  9  7    

Only 34% of learners identified the correct answer  = 8;  = 5.  Most learners 
appeared to focus on isolated parts of the subtraction problem. Approximately 
25% appeared to treat the problem as one of missing addends, choosing the 
answer  = 1;  = 5 which they likely obtained by subtracting: 9 − 8 = 1 and 
7 − 2 = 5. Alternatively, they may have reasoned “what number added to 2 gives 
me 7? what number added to 8 gives me 9”. Another group (21%) appear to have 
used subtraction with missing subtrahends but were not consistent in assigning 
the minuend and the subtrahend in each column. For example, in the units-column 
they seemingly worked upwards and reasoned “7 subtract what gives me 2?” but 
reasoned downwards in the tens column and, recognising the need to borrow, may 
have reasoned: “18 subtract what gives me 9?” 

Irrespective of the reasoning employed, learners appear to be focused on “filling 
the blanks” and thus chose a method of achieving this but showed little evidence 
of understanding column subtraction of 3-digit numbers, as they focused only on 
isolated digit-wise calculations.  

Although there was only one item involving exponents, the combination of the 
distractors and learners’ responses provides important new insights into the 
learning of exponents. From a curriculum perspective, Grade 7 learners evaluate 
numeric items with squares and cubes. In Grade 8 this work is expanded to 
algebraic powers and hence the exponent laws such as 𝑎𝑚. 𝑎𝑛 = 𝑎𝑚+𝑛. The test 
item, linked to the Grade 7 curriculum, required learners to add two numeric 
powers: 33 + 32. Two distractors incorporated typical errors with the 
multiplication law of exponents: adding the exponents even though bases were 
not multiplied (35) and adding both the bases and the exponents (65). The correct 
answer (36) was not written in exponential form. Only 28% of learners chose the 
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correct answer, with 53% choosing one of the distractors in power form. This 
suggests that most learners do not immediately recognise 33 as 27 and 32 as 9. 
Furthermore, when we separate responses from Grade 7s and Grade 8s, 
interesting new insights emerge. The Grade 7s outperformed the Grade 8s with 
29% and 23% of correct responses respectively. Many Grade 8s incorrectly 
applied the exponential laws with 59% choosing an option involving law errors. 
Although Grade 7s would not have been taught exponential laws, 52% chose 
options with law errors, suggesting that they were responding to the operation of 
addition – either adding exponents or adding the bases and exponents despite not 
having been taught the laws. Notably, 35% of Grade 7s added bases and 
exponents. This gives us a sense of how learners might deal with exponential 
forms before being taught rules, i.e. they default to adding bases and exponents. 
This may help to account for the difficulty’s learners experience with exponents. 
Also, with this new insight, teaching can be designed to address the intuitive error 
directly.  

Understanding of the equal sign and mathematical equality 

Research shows that many learners do not hold an equivalence view of the equal 
sign. Instead, many read the symbols from left to right, treating the equal sign as 
an indication to “do something”. (Alibali, 1999; Baroody & Ginsburg, 1983; 
Kieran, 198; Knuth, Stephens, McNeil, & Alibali, 2006). There was substantial 
evidence of a “do something” view of the equal sign amongst Grade 7 and Grade 
8 learners. Two similar test items revealed this: 

What number must be put in the box to make the statement true:   7 + 2 =

  + 5 

What number must be put in the box to make the statement true:   7 + 2 =

  − 5  

Learners with an equivalence view will recognise that the correct answers are 4 
and 14 respectively. By contrast, learners with a “do something” view give the 
answer as 9 in both cases. Table 3 shows that in both items, approximately 40% 
of learners chose the distractor which reflects left-to-right reasoning and hence a 
“do something” view of the equal sign. Almost forty percent (40%) of learners 
chose an option reflecting left-to-right reasoning in both items. 
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TABLE 3: Response to two equivalence items  

 Correct answer Incorrect answer = 9 

7 + 2 =  + 5 46% 40% 

7 + 2 =  − 5  32% 39% 

While 46% chose the correct answer to the addition version, only 32% chose the 
correct answer for the subtraction version. This echoes previous findings that 
learners experience more difficulty with items involving negatives and 
subtraction (Pournara, Hodgen, Sanders, & Adler, 2016; Pournara, 2020). A 
closer look at the distractors for the subtraction version shows that 17% of 
learners incorrectly chose the answer of 4 which would likely have been obtained 
by operating on the visible numbers, i.e.    7 + 2 − 5, without consideration of 
the structure of the numerical equation and hence of the relationships between the 
numbers in that context. 

Behaviour of operations and generalised arithmetic 

Learners’ performance on items in this category was weaker than other whole 
number categories. For example, only 19% of learners identified the equivalent 
multiplications using the distributive, associative and commutative law in the 
following question: 

Without doing any long calculations, decide which calculation will not give 
the same answer as 19 × 62. 

a) 20 × 62 – 62     b) 19 × 2 × 31      c) (19 × 31) + (19 × 31)      d) (19 × 2) + 
(19 × 31) 

Learners also performed poorly on questions that tested their understanding of 
generalised arithmetic. For example, 73% of learners could not identify that if  
is a whole number then □

1
 =  .  

This kind of work with number foreshadows work with algebraic expressions 
directly and so these results suggest that learners are not yet ready for algebra.  
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Functional thinking with whole numbers 

Learner performance on the items in this category was better than that of other 
whole number categories but still below where we would want it to be. 
Approximately 50% of learners could identify the general rule that produced a 
linear pattern given in an input-output table. Almost 50% of learners could 
identify the doubling pattern in a missing number sequence such as: 3; 6; __; 24; 
48, and thus identify the missing term as 12. However, 29% chose the distractor 
9 which suggests they were working additively with the first two terms but not 
paying attention to all five terms in the sequence. Once again this is evidence of 
not attending to all aspects of the item.   

DISCUSSION 

Learners’ performance on the whole number items on the DiBa test points to 
several key areas of concern and hence focal points for intervention. In working 
with whole number, learners displayed a tendency to work digit-wise, ignoring 
place-value. Many learners displayed a preference for additive rather than 
multiplicative thinking, as exemplified in the geometric pattern item above. 
Fewer than 50% of learners have moved beyond seeing the equal sign as a prompt 
to “do something” and thus have not developed a notion of mathematical equality 
that will enable them to work with algebraic equations. Most learners struggled 
with items that required them to use generalised arithmetic or work with the 
properties of whole numbers.   

The work of Blanton et al (2015) and Russell et al (2011) suggests that these 
learners do not have the kind of understanding of whole number that enables 
access to algebra. This has implications for the way we need to work with whole 
number with learners in primary school, but also has implications for Grade 8 and 
9 maths teachers who will be working on algebra with these learners. We 
recognise the 2020 school year was significantly disrupted and thus learners’ 
performance on the test was probably worse than it would be in a normal year. 
However, there are strong indications from the test that we should be paying more 
attention to the development of algebraic thinking through the primary years. In 
equal measure, high school mathematics teachers need to recognise that many of 
their incoming learners still need to build their fluency with operations on whole 
number and this would need to be incorporated into the learning programme with 
particular emphasis at the beginning of Grade 8, and then throughout the year and 
into Grade 9, as the results of the Grade 8 learners indicate.   
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While our choice of using MCQs meant that we did not have opportunity to 
analyse learners’ written workings, the advantage of using MCQs, with carefully 
chosen distractors, was that we were able to identify possible patterns of errors 
and misconceptions across a large number of learners. The identification of these 
patterns suggests potential areas for intervention and possibilities for further 
research. This opens potential opportunities to probe learner thinking based on 
the patterns of errors that emerge from the current research, and to explore 
whether targeted interventions have a positive impact on learner understanding 
of this important foundational content for high school mathematics.  
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TEACHER EDUCATORS' UTILIZATION OF QUESTIONING 

AS A PEDAGOGICAL STRATEGY IN MATHEMATICS 

CLASSROOMS 

Justice Enu & Zanele Ngcobo 
University of KwaZulu-Natal, South Africa 

In this study, we aimed to explore mathematics teacher educators' use and 
conceptions of questioning. Guided by qualitative case study design, we used 
semi-structured interviews and non-participatory observation to generate data 
from six purposely sampled mathematics teacher educators. We employed the 
thematic method to analyze, interpret and discuss the data we generated. The 
study established that mathematics teacher educators' used questioning in finding 
out students' understanding of concepts. It was also found that questioning helps 
in eliciting students' prior knowledge. The study further established that teacher 
educators' questioning practice is influenced by the level of the students or the 
subject matter to be taught and that some questions are prepared consciously in 
addressing different aspects of the lesson. In contrast, other questions come 
unconsciously during instruction.  

Key: Questioning, Teacher educators, pedagogy, mathematics, and conception. 

INTRODUCTION 

We contend that questioning is the crucial strategy in the quest to enhance 
teaching and learning because it not only assists in ascertaining knowledge but 
also enhances classroom interaction. Avdic, Wissa & Hatakka (2016) posit that 
questioning plays an essential role in classroom interaction because of its dialogic 
nature, allowing interaction between students and students and students and 
lecturers. The authors added that employing questioning techniques in assessing 
students' performance, promoting learning, and engaging students in classroom 
activities is a fundamental tool in investigating how much students have 
understood. 

From a pedagogical point of view, as purported by Bekkink et al. (2016), 
questions serve two crucial roles: 
1.  To identify misconceptions and provide corrective feedback  
2.  To invite dialogue 
From a pedagogical point of view, we have noted that while questioning can be 
an effective strategy to improve teaching-learning due to its nature of providing 
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immediate feedback its utilization in teaching and learning is key towards 
achieving the intended purpose. 

Our study considered Mathematics Teacher Educators' utilization of questioning 
as a strategy to enhance mathematics teaching and learning in Ghana teacher 
colleges. While Many reviews have been done about the teaching of mathematics 
at school level in  Ghana and other countries (e.g Ministry of Education [MOE], 
2012; Dahal, 2017; Davis, Carr, Ampadu, 2019; Dahal, Luitel, and Pant, 2019) 
including the use questioning strategy to enhance teaching not much has been 
done in Ghana teacher colleges beyond reviewing education reforms (e.g 
Buabeng, Ntow and Otami; 2020; Asare and Nti; 2014). Based on the findings of 
his study on the use of questioning by Secondary Mathematics teachers, Dahal 
(2017) argued that Mathematics teachers who facilitate classroom discussion 
require knowledge on the uses of questioning because questioning is one of the 
predominant strategies in the mathematics classroom, but this area has remained 
under-researched, particularly regarding teachers understanding and use of 
questioning in the mathematics classroom. It is within this limited attention to 
this field we deemed it necessary to explore Mathematics Teacher Educators 
utilization of question strategy because teacher educators are not only teachers, 
but they are role models to pre-service teachers; thus their practices are critical 
towards the development of pre-service mathematics teachers not only towards  
their knowledge of the subjects but their ability to be effective practitioners at 
school. It is within these parameters we set to answer the following research 
questions: How do Mathematics Teacher Educators use questioning in 
classroom? Which factors if any, do Mathematics Teacher Educators perceive to 
enhance or inhibit the use of questioning in the classroom? 

Extant literature has observed that the use of questioning play an important role 
in facilitating language acquisition and development since asking questions is an 
effective strategy for initiating students' participation and interaction in the 
classroom (e.g Farrel & Farrel, 2009; Stolk, 2013;  Dahal, 2017; Dahal et al, 
2019). Mathematics is a subject embedded in language and as such mathematics 
talks and dialogue is considered key towards the development of teaching and 
learning of mathematics thus as it has been observed from literature that 
questioning enhance language development it is therefore within these parameters 
we explored Mathematics Teacher Educators utilization of the questioning 
strategy as the pedagogy to enhance teaching and learning. Mathematics teachers' 
questions are critical in starting a mathematical conversation and help in fostering 
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students' abilities to engage in mathematical reasoning (Moyer & Milewicz, 
2002).   

Effective questioning in building mathematical discourse 

Questioning in mathematics is an important diagnostic tool for teaching and 
measuring students' academic progression and comprehension. According to the 
National Council of Teachers of Mathematics (NCTM) (2018), effective 
mathematics teaching requires understanding what students need to learn, know, 
and challenge and support them. In this regard, NCTM posit that in the quest to 
use questioning strategy it is critical that instructors know what questions to ask 
in order to engage and differentiate learning for diverse student knowledge. Of 
the same view Moyer & Milewicz, (2002) posit that students' knowledge 
construction and communication during mathematics lessons depends on the 
effective use of questioning. Drawing from the above literature, it could be argued 
that use of questioning not only benefits students but also assists instructors in 
acquiring feedback to help them reflect on their teaching. As it has been alluded 
to by Chin (2007), questioning is intended to guide instruction towards an 
appropriate learning goal and solidify students' understanding of a topic. Ashlock 
(2002) extends the argument on the use of questioning and mooted that 
questioning not only guides instruction but also assists in unpacking 
misconceptions and error patterns in mathematics. Ngcobo (2021) emphasize the 
importance of unpacking errors in mathematics classrooms and posit that such 
development of pre-service mathematics teachers should not be relegated outside 
teacher training. Therefore, since literature has alluded to the importance of using 
question to improve learning, it is important to explore teacher educators' 
utilization of this strategy in the classroom.  

RESEARCH METHODOLOGY 

The study of mathematics teacher educators’ utilization and conception of 
questioning comprises six teacher educators teaching mathematics in Colleges of 
Education. The study was positioned within a qualitative designed because it aims 
to understand the use of questioning from different perspectives. The qualitative 
approach allows for rich reports necessary for interpretivism to understand the 
context (Willis, 2007). To answer our research questions, we used semi-
structured interviews and non-participant observation as the research methods to 
generate the required data. Semi-structured interviews allow the researcher to 
prepare a limited set of questions in advance and plan a follow–up question about 
the phenomenon under study (Rubin & Rubin, 2013). We used semi-structured 
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interviews to elicit MTEs' understanding of questioning within the context of 
mathematics. Non- participant observations offered us the opportunity to observe 
how teacher educators use questioning in mathematics activities. Also, it offered 
us the opportunity to gather information based on the lived experiences of the 
participants.  

PARTICIPANTS AND SAMPLING  

A cohort of six mathematics teacher educators from three teacher Colleges of 
Education in Ghana were purposely selected to participate in this study. Using 
purposive sampling allowed us to select teacher educators who have in-depth 
knowledge of teaching mathematics at different levels since they have taught at 
Colleges of teacher Education teaching mathematics for a period of more than 
two years. The Colleges were selected based on being proximity with one another 
and all offer Bachelor of Education degree. To identify the participants each 
participant was asked to pick a favorite number e.g. no 4 thus the participant was 
labelled as MTE#4. 

DATA ANALYSIS 

In qualitative research, data analysis involves making sense from the information 
provided by the participants about the phenomenon under scrutiny, themes, 
categories, and regular similarities (Creswell,2013). Following Creswell (2013), 
we employed thematic analysis and presented themes that relate to the data 
generated. The goal of thematic analysis is to identify themes and to use these to 
answer the research questions, and it is, thus, more than a summary of the data 
(Maguire & Delahunt, 2017). The process of data analysis involved transcribing 
data. This was done to familiarize ourselves with data and the background 
literature.  The second stage involved generating initial codes by using labels that 
were conceptually meaningful to the data (Duff 2008). The third and final stage 
involves collapsing the codes with the same meaning to generate themes.  

Analysis of interview transcripts 

Data from the interview was first transcribed. The transcribed data was then 
coded electronically by using the "review function- New comment" embedded in 
the Microsoft office word as illustrated below. We found the New comment 
function useful as it allowed us to type a word or phrase highlighting the essence 
of the units meaning (Mykut & Morehouse,1994).  The codes with the same 
meaning were then collapsed to generate themes.  
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Figure 1: Example of the coded of interview transcript 

Analysis of the observation transcripts 

The data from the observation schedule was transcribed and coded. The 
observation schedule had three sections that we focused on in the classroom: type 
of questions asked in the classroom during interaction, observing how MTEs use 
questioning to facilitate learning and the extent to which questioning encourages 
mathematics talk and interactions.  

The themes generated from the interview and from the observation were then 
compared and collapse into two themes that is:  teacher educators' use of 
questioning and factors that influence MTEs questioning practices. 

FINDINGS AND DISCUSSION 

The findings of this study are presented in line with the research questions and in 
line with the themes that emanated from the data analysis. 

Teacher educators' use of questioning 

During the interview all the participants share their views on the functional role 
of questions in their instruction. Drawing from the semi-structured interview data, 
MTEs use questioning in different ways and for various purposes. When asked to 
reflect on why they use questioning in the classroom and how they use it, the 
majority recounted that questioning aid in the teaching and learning of 
mathematics and that they use questioning to ascertain students' understanding of 
concept learned. Below are some of the extracts of teacher educators' transcripts 

Through questioning, you will be able to know whether the concept has been 
understood or not (MTE#20). 

In a follow-up question, MTE#20 further said that through questioning, I can also 
involve the students who tend not to say anything in class because I want to make 
sure that all students are with me. 

Of the same view MTE# 3 said that it is important to question when teaching. If 
you ask questions, you [will] know where they are (meaning student) or what 
they are thinking, especially about the concept of whether they have an idea, or 
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they don't have an idea or to see if they have any misconceptions and address 
during questioning. I generally prefer to use questioning when I am introducing 
the topic to also find out what they know about the topic 

Questioning is important because you need to question to see whether you are on 
course or whether you have to vary your [teaching] method (MTE#11). 

Another participant, MTE#2 observed that when questions are asked, you 
[teacher educator] make the students to think.  

Questioning is one of the tools we normally use in soliciting information from 
students (MTE#6) 

Drawing from the three participants' responses as illustrated in the above extracts, 
these teacher educators use questioning to ascertain students' understanding, do 
baseline assessment, and attend to students’ misconceptions. As purported by 
Moyer & Milewicz (2002) these teacher educators use questioning as a means to 
unearth the depth of student thinking and understanding. What seems common 
from these teacher educators is that they foresee questioning as the strategy to 
elicit students’ understanding and enhance learning. The teacher educators 
understanding of the use of questioning is seemingly one side as their responses 
are directed towards improving learning ignoring the aspect of teaching. 
Contradictory to the argument by Chin (2007) that questioning should be aimed 
at improved instructions, the findings shows that these teacher educators are not 
of the same view. In addition, the critical part emphasis in literature to use 
questioning to activate participation seem to be conceived only by MTE#20, who 
alluded that questioning is used to activate participation mainly from students 
who tend not to participate.  

To establish teacher educators' use of questioning, data from the classroom 
observation revealed although all teacher educators used questioning during their 
instruction, implementation of this strategy differed across the individual 
participants. For example, at the start of his lectures, MTE#11 reviewed the 
previous lesson by summarizing the concept discussed in his previous encounter 
with the students. This is exemplified in the excerpt quoted from his lesson below:  

The last time we met, we discussed the various ways in which we can factorize 
or find the solution or the zeros of a quadratic equation. First, we discussed the 
factorization method and as we went further one of us drew our attention to the 
fact that there is a limitation, especially with the factorization approach. We 
observed that with the factorization approach, we find the factors by multiplying 
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the coefficient of [a] by the constant [c] in the equation to obtain [ac]. Then find 
two numbers, which are factors of ac and when multiply gives the product [ac], 
and when added, gives the coefficient of [b]. But we saw that in some of the 
equations, it is not possible to factorize. Another approach that we consider very 
useful was the completing of squares, but unfortunately, we could not finish. I 
want us to go through with this approach. For instance: find the zeros for the 
equation, using the method of completing squares. 

While MTE#11 in the interview alluded to the fact he use questioning to ascertain 
students’ understanding and whether he is on course with lesson however, the 
extract above drawn from classroom observation shows that he does not use 
questioning instead he reiterate the previous lesson to students and give them 
written tasks to solve. Although he tried in checking students' understanding of 
the quadratic equation by giving them questions, however, such questioning was 
not directed towards eliciting students understanding rather to explore students’ 
ability to carry out procedures.  

On a different case, MTE#20 used questions and answers as a baseline assessment 
to understand students' existing knowledge or what students know about the yet-
to-be-discussed concepts. The following were questions he posed with the 
intention of finding out what the students know before introducing his lesson: 

“What do we mean by statistics?  What are statistics?” [Repeating and 
Rephrasing] 

“What is data when we are doing statistics?” 

“What is discrete and continuous data?”                                                    

Similarly, MTE#3 asked the following set of questions orally before introducing 
her students to the topic of integers: 

“Who is owing someone money?” 

“How much do you owe her?” 

In a follow up question, she asked:  

“How much were you having before she borrowed the 5. 00 cedis?” 

“How are we going to write this 5.00 cedis she owes mathematically?”   

MTE#2 elicited his students' knowledge and understanding of investigating 
number patterns, specifically generating a 4 x 4 magic square using the numbers 
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5, 6, 7, 8, …20, and made instructional moves to assist them in advancing their 
learning.   

In another lesson, MTE#2 asked the students to solve the triangle with sides 6, 
14, and 16 units. To elicit their knowledge, he used questioning to probe students 
to think as illustrated below: "What is the question looking for specifically?” One 
student answered that they thought they were to calculate the angles.  

MTE#2 “How do we go about calculating it?” The student replied, “Because we 
are to calculate the angles, we have to first draw a right-angle triangle, then 
calculate the angles using the trigonometric ratio.”  

To establish if the whole class is following MTE#2 asked the class whether the 
student was correct. The class responded “No, Sir”, and MTE#2 repeated the 
question by asking the students, “How can this be solved?” Another student then 
replied, “I think one needs to use the concept of Pythagoras triple to establish if 
the numbers 6, 14, and 16 form the sides of the right-angle triangle before the 
triangle can be considered as a right-angle triangle.” MTE#2 then asked the 
students to use the Pythagoras triple to check if 6, 14, and 16 form the sides of a 
right-angle triangle. 

In her lesson on ratios, MTE#6 used question to probe students’ thinking as 
illustrated below: 

The students were to determine the amount that a government worker shared 
between his two children, Isaac, and Rose, in the ratio 4: 5, if Isaac’s share is Ghc 
15 000. She then asked, “What is the total quantity shared?” and some students 
replied “9”. 

After confirming the response without probing, she gave students similar 
activities to do. While students are working on the activities, she walks around 
checking students' work and kept on asking questions. What was evident was 
when she asked questions, all students stop writing and pay attention to the 
question and attempt to answer. At the end of the lesson she quizzed the students 
and when the student gave the answer, she did a follow up question: “How did 
you get that?” The student replied “If Isaac's share is Ghc 15 000, then Rose’s 
share is. So, this in ratio gives 5, then you solve for.”  

MTE#6 “What then is the total amount shared?”. The students replied, “Total 
amount shared is Ghc 33 750”. The students were actively involved in the 
process. 
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Except for MTE#11, the other teacher educators used questioning as either 
baseline assessment or as formative assessment. What became apparent is that 
use of questioning to probe students understanding as it was evident in the MTE# 
2 lessons and MTE#6.  While MTE#3 and MTE#20 usage of questioning was 
more directed towards getting the answer and moving on to the next question. 
While they use questioning formatively in line with the claim advanced by Jiang 
(2014). The questions asked were low-order questions that do not challenge 
students' thinking, but rather gather information needed to establish what students 
know. These kinds of questions, according to Feng (2014), require students to 
recall facts or definitions and can be situated under the knowledge, 
comprehension, and application levels of Bloom's taxonomy in accordance with 
Bloom’s continuum for categorizing questions.  According to Jiang (2014) 
questioning aimed at diagnosing learning is said to be formative assessment 
strategy if follow-up actions are taken to facilitate learning and MTE#2 and 
MTE#6 seems to adopt that strategy. In MTE#2 and MTE#6  lessons the students 
were empowered to argue and justify their ideas; based on that, teacher educators 
recognize and take into account a range of students' ideas to gain a clear picture 
of students’ understanding (Ruiz-Primo, 2011). Also, as purported by Chin 
(2007) it was aimed at engaging students. 

Factors influence mathematics teacher educators' questioning practices  

The teacher educators who participated in this study indicated that the choice of 
questions they use is influenced by the topic and the level of the students as 
illustrated in excerpts below. When asked what influence their choice of 
questions teacher educators had this to say: 

Personally, the level of students I will be teaching influence the questions I will 
ask because I need to consider the level they are at (MTE#1) 

When asked to elaborate how the level of study influence the choice of 
questioning 

MTE#1 continue to say first year students’ level of thinking is not the same as 
final year students therefore I need to consider their level when questioning. 

On the other hand MTE#2:  stated that First, I consider the topic I intend to teach  
and  also consider the level of the students. The topic I will teach guides me in 
designing especially the questions I will use to introduce the questions and level 
of students guide me to decides on the depth of questioning to use. 
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MTE#3 and MTE# 20 have the same view as purported by MTE# 2. However, 
MTE #20 went one to say the objectives of the lesson do influence his choice of 
questioning. While MTE#20 seem to understand the importance of using 
questioning the classroom practice as evident in the observation showed that what 
he knows is not what he practiced.  

From the above excerpts, teacher educators prepared questions they considered 
important to stimulate different aspects of the lesson. What also transpired in 
planning the topic to be taught influence the kind of questions they will ask 
student to elicit students understanding and achieving the set outcomes. 
Furthermore, teacher educators remarked that other questions come out 
unconsciously during instruction.  

Sometimes, you will be teaching, even though you've prepared some questions, 
that you will present but when you see that they are not getting it then you can 
give an alternative question and that one can be in the class whiles teaching, and 
that will actually help the students to understand it more (MTE#2). 

I prepare questions before going to class but sometimes, there are some questions 
that come off-hand (MTE#3) 

Is a mix. There are some questions that I take to class already prepared. I have a 
small notebook where some of the questions are there, others come up as a result 
of your delivery, and quickly you try to modal a question in your teaching. So, 
they are of two types (MTE#11) 

Some of the questions are prepared, some of them come during the teaching 
depending on the situation a question is posed (MTE#6) 

As evident in the above excerpts, teacher educators emphasize planning in the 
choice of questions to ask in the lesson. In addition, in the classroom, the teaching 
and learning process does influence the questions to be asked. For example, 
MTE#2 revealed that questioning forms part of her lesson preparation; however, 
he posed new questions or rephrased them when his students fail to understand 
the main question prepared for the lesson. Also, MTE# 4 concurred that some 
questions result from the lesson's delivery, and MTE#6 some questions depend 
on the lecture room situation. This implies MTEs questioning at times is 
influenced by the lecture hall discourse. While most teacher educators emphasize 
that through planning, they decide on the questions to ask to enhance the lesson, 
MTE#5 is of a different view, as shown in the excerpts below 
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Questions come unconsciously. I don't prepare questions, it is only when you are 
assessing them that you set questions, standard question, but in the course of 
teaching, you can ask a question, you pose and ask a question, and they will 
answer, and if they also have a question, sometimes they can pose you and then 
ask, and then you've to answer(MTE#5) 

From MTE#5 response it could be argued that the classroom context and the 
teaching and learning process are the source that influences questioning practices. 
MTE#5 also mentions one aspect that other teacher educators have not 
mentioned: questioning is also influenced by questions coming from students. In 
other words, questioning is said to be a two-way stream influenced by the 
mathematics lesson and the level of the students. 

CONCLUSION AND RECOMMENDATIONS 

Black and Wiliam (2009) argued that obtaining evidence of students' 
understanding is through classroom questioning and other learning activities. 
That is, questioning can support students learning when used skillfully. The study 
established that teacher educators use questioning to ascertain and enhance 
students learning. While the use of questioning to improve instructions was not 
foregrounded by these teacher educators, however the data showed that they 
consider questioning important to diagnose students understanding and attend to 
misconceptions.  In addition, Mathematics Teacher Educators used questioning 
as a diagnostic tool which allows them to glimpse into the minds of the students. 
This finding gives credence to the finding of Yan (2006) that teachers employ 
questioning in finding out what students know or what they do not know. 
Findings further showed that while Mathematics Teacher Educators used 
questioning to probe students thinking, the level of questioning used is dominated 
by low order questions.  

Furthermore, it transpired that questioning practices in the mathematics 
classroom is influenced by the level of the students and the mathematics topic to 
be taught. Based on the findings, we conclude that Mathematics Teacher 
Educators do foreground students in their planning since most of them 
emphasized the level of study as one factor that influence the choice of questions. 
While they also foreground the topic to be taught, only one seems to consider the 
lessons' objective as important in deciding on the choice of questioning. Not 
aligning the questioning to objective of the lesson makes one question whether 
alignment between the lesson, objectives and assessment is considered when 
planning the lesson. While findings show that mathematics teacher educators 
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consider questioning as the important aspects of formative assessment the 
findings revealed the lack of alignment between what they consider important to 
what they enact in the classroom.  While the study provided insights into 
Mathematics Teacher educators use of questioning the study was conducted with 
only six teacher educators, it is therefore recommended that a large-scale study is 
conducted to understand different views from different context because formative 
assessment is the critical aspect of the teaching and learning process and teacher 
educators are responsible for grooming students teachers thus their practices 
plays a huge role in the practices of future teachers. 
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This paper explores the difference in learner performance in multiplicative word 
problems and bare calculations after the implementation of a teaching 
intervention conducted in Grade 2 classrooms across the North West province (n 
=1454). The intervention ran for a period of 6 weeks and consisted of four 
carefully designed lessons which were taught over four weeks: one lesson per 
week which focused on improving learners multiplicative reasoning skills by 
providing them with word or context-based problems, and encouraging them to 
undergo comprehension and solution phase type processes. As a form of 
assessment to understand the effect of the intervention, a multiplicative reasoning 
pre-test and post-test which was composed of bare number (context free) 
calculations and word (context-based) problems were administered to the 
learners. Through a t-test analysis, it was found that familiar context-based 
multiplicative reasoning problems support better learner performance in Grade 
2. Context-based problems allow for sense making and may lead to different, 
more efficient and accessible strategies, which in turn support better 
understanding. 

INTRODUCTION  

There are widespread concerns on the state of South African learners’ 
mathematical skills, with many learners performing below curriculum 
expectations at the end of primary schooling. The frequent occurrence of low 
achievement about mathematics in South Africa has been well documented 
(Askew et al., 2019; Venkat & Mathews, 2019; Schollar, 2008). One of the most 
common areas which learners struggle within mathematics has to do with solving 
word/context-based problems. The 2014 ANA diagnostic report provides 
evidence that learners, in foundation phase specifically, struggle with solving 
word problems. In addition, Askew and Venkat (2018) state that learners across 
grades find word problems to be challenging. One argument regarding the 
difficulty of word problems is that the challenge stems from language 
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components such as semantic and syntactic structures; where learners find word 
problems difficult to understand if the word problem is not given in their first 
language (Setati & Barwell, 2006). The difficulty faced by learners regarding 
word problems has also been pointed to at an international level (Daroczy et al., 
2015; Koedinger & Nathan, 2004; Cummins, 1988). In their study, Cummins et 
al. (1988) found that a class of learners in Grade 1 managed to solve all problems 
when represented as bare calculations but only 29% were able to solve them in 
the format of word problems. In addition, when learner performance in word 
problems and matching numeric problems were measured, it was found that 27% 
of learners were correct when answering the word problems and 100% of learners 
answered the 35 matching bare calculations correctly (Cummins et al., 1988). 

This paper stands in contradiction to the popular notion that learners find word or 
context-based problems more challenging than context-free problems (bare 
calculations). Contrary to the common view that word problems are more 
challenging than numeric calculations, some literature also suggests that word 
problems can be easier to solve than numeric calculations. Koedinger, Alibali and 
Nathan (2008) argue that learners are less likely to make errors and find word 
problems easier to solve if problem contexts are familiar to them. When learners 
are provided with context-based problems, it allows for more sense making and 
may lead to different, more efficient and accessible strategies (Koedinger & 
Nathan, 2004). The paper contributes to this field of research by exploring the 
learner performance in bare calculations and familiar context-based 
multiplicative reasoning problems in the foundation phase. The following 
research question was explored: 

What is evident in Grade 2 learners’ performance in the multiplicative 
reasoning word problems compared to bare number problems? 

We begin the paper by focusing on four important areas that situate the present 
study within the existing literature. These areas include looking at mathematics 
as a meaningful sense-making activity, early number learning in South Africa, 
models and representations for number learning, and multiplicative reasoning 
(MR) being the mathematical content focus of this paper. This is followed by the 
theoretical framework that guided the study and the design of the teaching 
intervention. How data was collected and analysed, findings of the study and 
conclusion are then presented. 
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Mathematics as a meaningful sense-making activity 

There have been several studies which point to the importance of sense-making 
and situation-based reasoning when solving word problems in mathematics. In 
their study, Silver and his colleagues (1989) found that primary school learners 
performed better when they were able to make sense of the word problem which 
they were attempting to solve.  

In general, the results were consistent with the explanation that enhanced 
performance was due to students' increased sensitivity and attention to the 
relevant semantic processing involved in the target problem solution. (Silver 
& Shapiro, 1992). 

This shows how solving mathematical word/context-based problems may be 
easier for learners to achieve compared to bare calculations. In another study, 
Carraher et al., (1987) found that Grade 3 learners in Brazil were more successful 
in solving word/context-based problems compared to solving computation 
exercises, and also that the learners were more likely to use mental strategies 
instead of written strategies when solving those problems. They suggested that 
because the problems were embedded in meaningful transactions, learners were 
more successful in solving them (Carraher et al., 1987). This again sheds light on 
the importance of promoting meaningful sense-making activities to allow for 
better understanding and success in solving problems. It is worth noting here that 
success in word problems relies heavily on the sense that learners make of the 
problem, and this is achieved through engaging learners in familiar context-based 
problems.  

Early number learning in South Africa 

Most learners in South Africa continue to perform well below Grade level 
expectations in mathematics. When learners move from foundation phase to 
Grade 4, Spaul and Kotze (2015) note that learners are already two grades behind 
the anticipated level. Two key factors which lead to this poor performance in 
early grades stems from an over reliance on concrete methods for calculation and 
lack of number sense (Graven & Venkat, 2019). After working with learners and 
teachers, Graven, et al. (2013) found that the emphasis placed on ‘counting’ based 
strategies limits number sense development. They noticed that, in the 
intermediate phase, learners seemed to move from more efficient strategies to 
column algorithm methods. In addition, a predominance of unit counting as the 
preferred method of calculation across the context of South African primary 
schools have been noted which points to an apparent absence (or lack of 
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emphasis) of teaching approaches that focus on calculation strategies that build 
on an understanding of the structure of number (Graven & Venkat, 2019). 
Research conducted in schools across the Eastern Cape and Gauteng provinces 
have also provided evidence of an over reliance on concrete counting strategies 
which lead to poor learner performance in Grade 3 and beyond (Weitz & Venkat, 
2013). 

Schollar (2008) points to the absence of moves from more concrete to more 
abstract methods of dealing with number concepts as a possible reason for the 
poor performance in primary grades. He found that 60% of Grade 7 and 80% of 
Grade 5 learners resort to counting-by-one’s solution strategies. As a result, 
Schollar (2008) stated that:  

learners at all primary grade levels in all provinces in South Africa routinely 
reduced all addition, subtraction, multiplication and division tasks to counting 
forwards and backwards, usually in single units (p. 5).  

It is believed that this poor learner performance in South Africa stems from an 
over-reliance on counting-by-ones and a scarce understanding about the base-ten 
numeration system and the related understanding of place value at early grades 
(Schollar, 2008). 

Models and representations for number learning 

An important aspect of mathematics stems from the fact that concrete or real-life 
situations can be represented using pictures, language and mathematical symbols 
(Haylock & Cockburn, 2013). These mathematical pictures can also be called 
models or representations. Debrenti (2015) points to the important role played by 
visual representations when it comes to solving word problems in mathematics. 
Several researchers, scientific papers and experiments involving mathematics 
education prove the essentiality of using visual representations when solving 
word problems (e.g., Haylock & Cockburn, 2013; Haylock, 2010; Gravemeijer, 
1999; Hiebert & Carpenter, 1992). The use of representations promotes 
understanding through mediating between concrete and abstract notions of 
number and helps to improve special mathematical reasoning (Debrenti, 2015). 
Examples of models and representations used for multiplicative reason in the 
teaching intervention reported in this paper include an array, double number line, 
and T-table.  
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Multiplicative reasoning 

Multiplicative reasoning (MR) is at the center of the development of 
mathematical learning (Venkat & Mathews, 2019). It is defined as different ways 
of representing and thinking about situations which include ratio and proportion, 
scale factor and rates, and multiplication and division (Brown, Hodgen, & 
Küchemann, 2014). The skill of multiplicative reasoning consists of the 
capability of working adaptively with an extensive range of numbers and also to 
solve and recognize an assortment of division and multiplication problems 
(including indirect and direct proportion) and to effectively communicate this in 
diverse ways i.e., by means of diagrams, words, written algorithms and symbolic 
expressions (Siemon, Breed & Virgona, 2005). An important aspect of MR is the 
ability to see the connections between multiplication and division instead of 
seeing them as being separate operations. There have been a number of studies 
conducted, in South Africa specifically, concerning MR in primary school.  

Whilst multiplicative reasoning (MR) is largely accepted as a crucial element of 
the mathematics curriculum, the teaching of it has also been a huge challenge for 
many South African primary mathematics teachers (Venkat & Mathews, 2019). 
Askew (2018) notes that difficulty with developing MR might not stem from 
learners’ lack of development, but rather from teaching approaches which limit 
opportunities for functional thinking. Malola (2002) also points to the difficulty 
Grade 4 learners face when solving multiplicative word problems. In his study, it 
was found that the use of arrays when solving multiplicative word problems 
improved the performance of two learners. In addition, further studies found that 
conducting interventions which focus on developing learners’ ability to model 
multiplicative problems prove useful in helping learners’ model multiplicative 
situations and improve their multiplicative problem solving (Hansa, 2017; 
Ramaoka, 2019).  

THEORETICAL FRAMEWORK 

The theoretical framework employed in this paper deals with the process of 
problem-solving which learners go through when faced with and attempt to solve 
a word or context-based problem. Figure 1 provides a representation of this 
process (Koedinger & Nathan, 2004). 
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FIGURE 1: The word problem solving process (Koedinger & Nathan, 2004, p. 
132) 

Figure 1 suggests that there are two phases involved with regard to problem 
solving, namely, comprehension phase and solution phase. External 
representations where a problem is presented (e.g. an equation, or a word or story 
problem) influences both phases in the process. The comprehension phase 
involves looking at a problem, linguistically processing that problem, and 
creating “correct corresponding internal representations of the...situation-based 
relationships expressed in that text” (Nathan et al., 1992 in Koedinger & Nathan, 
2004). In the solution phase, problems solvers transform or use the relationships 
that are represented both externally and internally to produce a solution. The 
double headed arrows in Figure 1 are used to express the fact that the two phases 
are not necessarily performed sequentially but rather are “interleaved” 
(Koedinger & Nathan, 2004, p. 131). Learners may first read one sentence of the 
word problem and produce an external representation that corresponds to that one 
sentence alone. The external and internal representations then may also influence 
learners to return to the comprehension phase. An example of this can be 
explained by considering the problem presentation in Figure 1: after determining 
that the number of donuts is the unknown variable, the learner may return to the 
word problem and reread it to comprehend the relationships involved and think 
about how to produce a solution (Koedinger & Nathan, 2004). 
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In this study and in the design of the teaching intervention, the Koedinger and 
Nathan (2004) framework was found useful as a means to promote and 
understand context-based problems as a meaningful sense making activity. When 
a problem is correctly comprehended, this intuitively leads to productive 
disposition. In the teaching intervention a range of activities were carried out to 
support the comprehension phase. This involve demonstrating an action to 
interpret the situation in the problem and selecting appropriate models to 
represent the problem in connected ways. 

RESEARCH DESIGN AND METHODOLOGY  

This study was located within the Wits Maths Connect - Primary (WMC-P) MR 
project that collected data in the North West province. The data was gathered 
from 35 classrooms across 15 schools which serves previously disadvantaged 
populations with a focus on Grade 2 learners (approximately 7 to 9 years of age). 
The participants in this study included 1 454 Grade 2 learners from 35 classes 
across 15 schools in the North West Province as well as 35 foundation phase 
teachers and 15 Subject Advisors.  

A six-week teaching intervention which aimed at improving learners’ MR skills 
was run, starting off with administering a pre-test in week one, followed by four 
lessons (one per week) and ending with administering a post-test in week six. The 
pre-test included 10 questions consisting of both word problem and bare 
calculation multiplication and division questions. The four lessons included a 
focus on four areas: multiplicative arrays, linking arrays to division, making equal 
groups, and linking making equal groups to division. In each of the lessons, 
learners were given word problems related to each topic, and were required to 
find ways to represent and solve the problem.  

The research design adopted in this study is mainly quantitative. Aliaga and 
Gunderson (2000) define quantitative research as: “Explaining phenomena by 
collecting numerical data that are analyzed using mathematically based methods 
(in particular statistics)” (p. 1). The type of quantitative design adopted in this 
study is known as an experimental approach which involves intervening in a 
natural setting and controlling several variables in order to determine a causal 
relationship between two or more properties of an individual unit (Scott & 
Morrison, 2005). Using the mean and standard deviation results from each test, a 
t-test was used in order to establish if there were significant differences between 
learners’ performance in the word problems and matched bare calculations.  
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Miller (2005) describes the t-test as being the most powerful of the related 
samples tests. A t-test is used in order to establish whether there is a significant 
difference between two means. Macdonald and Headlam (2008) proposed that a 
t-test measures whether there is a statistical difference between the mean of two 
groups (Macdonald and Headlam, 2008). Using a t-test the mean of two sets of 
data can be found and whether or not the difference between the means is 
significant. A t-test analysis is a common mechanism to investigate the 
differences between two means since it allows the researcher to distinguish 
between chance and an actual difference. Whether or not there is a significant 
difference can be seen by looking at a t value after running the t-test analysis. If 
the t-value of a set of data is greater than 1.64 it means that there is a significant 
difference. Furthermore, the effect size – which measures the standardized 
difference between two means (Cohen, 1988) – was calculated using the Cohen’s 
d value. 

DATA ANALYSIS 

The analysis focuses specifically on learners’ performance in four of the 
questions in the pre- and post-test: two-word problems and the two matching bare 
calculations. The questions are shown in Table 1.  

TABLE 1: Two multiplicative word problems and the matching bare calculations 

Multiplicative word problem Matched bare calculation 

There are 3 legs on one pot. 
How many legs are on 5 pots? 

5 × 3 = ? 

Sonny plants rows of potatoes. 
Each row has 4 potatoes. Sonny 
plants 24 potatoes altogether. 
How many rows does Sonny 
plant? 

24 ÷ 4 = ? 

 

In the pre-test, the item facility for the two-word problems are 48% and 16% 
respectively, and that of the two bare calculations are respectively 27% and 14%. 
In the post-test, the item facility for the two-word problems are 68% and 28% 
respectively, and the two bare calculations are respectively 52% and 27%. The 
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item facility therefore showed higher performance in word problems compared 
to the matching bare calculations.  

To answer the research question, I computed the percentage mean performance 
of the two matching word problems and bare calculation problems in both pre- 
and post-test. Table 2 provides the summary of these percentages. 

TABLE 2: Mean percentage and standard deviation of multiplicative word 
problems and bare calculations in pre- and post-test 

Categories n Pre-test Post-test Difference 

Word problems 

SD  

1 454 32,0%  

(0,687) 

48,5%  

(0,727) 

16,5pp 

Bare calculations 

SD  

1 454 21,0% 

 (0,677) 

40,0% 

 (0,791) 

19,0pp 

Difference  11pp 8,5pp  

 

Table 2 shows that, in the pre-test, the percentage for average learner performance 
across the multiplicative word problems was 32.0% with standard deviation of 
0.687. Whereas the percentage of average learner performance on the matched 
bare calculations was 21.0% with standard deviation of 0.677. This implies that 
there was a difference of 11 percentage points (pp) between the word problems 
and matched bare calculations in the pre-test. With regard to learner performance 
in the post-test, a percentage of 48.5% and standard deviation of 0.727 was 
obtained in multiplicative word problems and mean percentage of 40.0% with 
standard deviation of 0.791 in the matched bare calculations, obtaining a 
difference of 8.5pp.  

It can also be deduced that the average learner performance in multiplicative word 
problems increased from 32.0% in the pre-test to 48.5% in the post-test, and in 
the matched bare calculations increased from 21.0% in the pre-test to 40.0% in 
the post-test. This indicates an increase in learner performance of 16.5pp and 
19.0pp in the pre- and post-test respectively. Figure 2 represents the data in Table 
2 in the form of a line graph. 
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FIGURE 2: Percentages of mean performance of word problems and bare 
calculations in pre-test and post-test 

Figure 2 shows that the learners’ performance in both the multiplicative word 
problems and bare calculations improved from the pre-test to the post-test. It is 
also clear that the learners performed better in word problems compared to bare 
calculations in both the post-test and the pre-test. In order to test whether the 
differences in learner performance was significant, a repeated measures t-test was 
used at 95% confidence level. Table 3 presents the summary of results concerning 
the differences in learner performance of word problems and bare calculations in 
the pre-test and post-test. 

TABLE 3: T-test summary of results between pre- and post-test multiplicative 
word problems performance and bare calculation problems 

 

 

 

 

 

 

Categories Pre-

test 

Post-

test 

t-value p-value Conclusion 

Word 
problems 32,0% 48,5% 16,35 0,000 Significant 

Bare 
calculations 21,0% 40,0% 17,22 0,000 Significant 
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The t value when comparing the difference in learner performance of the word 
problems in the pre- and post-test is 16.35. Hence, there is a significant difference 
between learners’ performance in the multiplicative word problems in the pre- 
and post-test; learners performed significantly better in multiplicative word 
problems in the post-test than in the pre-test. The Cohen’s d value equalled to 
0.47 which indicates a medium effect size. Furthermore, the t value when 
comparing the difference in learner performance of the bare calculations in the 
pre- and post-test is 17.22 which means that the difference in performance on the 
bare calculations in the pre-test and post-test is significantly different; learners 
performed significantly better in the bare calculations in the post-test than in the 
pre-test. The Cohen’s d value was found to be 0.51 which indicates a medium 
effect size. In order to confirm whether the differences in performance of word 
problems and bare calculations are significant, the summary of results of the t-
test in Table 4 are considered.  

TABLE 4: T-test summary of learner results for multiplicative word problems 
and bare calculation problems in pre- and post-test 

 

Table 4 shows that the t value, when comparing the difference in learner 
performance of the word problems and matched bare calculations in the pre-test, 
is 10.93 which indicates that the difference in learner performance on the two 
multiplicative word problems and the matching bare calculations in the pre-test 
is significant; learners performed significantly better on the two multiplicative 
word problems than the matching bare calculations in the pre-test. The Cohen’s 
d value in this case was 0.32 which indicates a medium effect size. The same can 
be said about the difference in learner performance of the word problems and 
matched bare calculations in the post-test. Since the t-value is 8.35, the difference 
in learner performance on the two multiplicative word problems was significantly 
better than learner performance on the two matching bare calculations in the post-
test. The Cohen’s d value equalled to 0.22 which signifies a medium effect size.  

Categories Word 

problem 

Bare 

calculation 

t-value p-value Conclusion 

Pre-test 32.0% 21.0% 10.93 0,000 Significant 

Post-test 48.5% 40.0% 8.35 0,000 Significant 
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DISCUSSION OF FINDINGS 

It is clear from the analysis of data presented above that learner performance on 
multiplicative reasoning problems, where context is involved, was significantly 
better than learner performance on the matching context-free calculation 
problems in both the pre-test and post-test. In the pre-test, learners’ average score 
for the two multiplicative word problems was 11pp higher than their average 
score for the two matching bare calculations. Similarly, in the post-test, learners’ 
average performance for the multiplicative word problems was 8.5pp higher than 
their average for the matching bare calculations. This finding contradicts the 
majority of research findings which state that word problems are more 
challenging than bare calculations (Daroczy et al., 2015; Koedinger & Nathan, 
2004; Cummins, 1988; Askew & Venkat, 2018; Setati & Barwell, 2006; Sepeng, 
2014). On the other hand, there have been some research findings which 
correspond to the key finding in this study. Contrary to the common view that 
word problems are more challenging than numeric calculations, some literature 
suggest that word problems can be easier to solve than numeric calculations, 
particularly when a familiar context is involved (Koedinger et al., 2008; Carraher 
et al., 1987). This study also correlates with Silver et al.’s (1989) study which 
suggested that learners performed better when they were able to make sense of 
the word problem which they were attempting to solve. Hence, this paper 
contributes to this area of research by providing further evidence that when 
familiar contexts are involved in a way that learners make sense of the word 
problems, a better performance in the foundation phase is expected. How this is 
done can be seen by considering the intervention lessons and Koedinger and 
Nathan’s (2004) problem solving process. 

The four lessons included in the intervention aimed at improving learners’ MR 
skills by providing them with word/context-based problems and encouraging 
them to undergo comprehension and solution phase type processes (Koedinger & 
Nathan, 2004). The lessons involved presenting learners with a context-based 
problem, motivating them to comprehend the problem by internalizing the 
relationships involved, and also (alternatingly) use and transform the internalized 
representations into external representations. This corresponds to the problem-
solving process put forth by Koedinger and Nathan (2004) which involves a 
comprehension phase and solution phase. Since learners performed better in 
context-based problems compared to context-free problems in the post-test (after 
administrations of lessons), teaching learners and encouraging them to exercise 
this problem-solving type process when faced with context-based problems is 
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therefore helpful in improving performance in multiplicative word problems. One 
limitation of this study stemmed from the fact that there were only 2 pairs of 
matched word problems and bare calculation problems. More matched word 
problem and bare calculation questions would have provided a more in-depth 
insight into learners’ performance across the two strands. However, this is not a 
major problem, and is partially overcome by having the pre-test finding 
confirmed in the post-test. 

CONCLUSION  

This paper points to the importance of sense-making when dealing with 
multiplicative word problems. By encouraging learners to practice relevant 
semantic processes when attempting to solve multiplicative word problems, it 
allows for meaningful sense-making which leads to better understanding and 
success in solving the word problems. In this study, when learners were taught to 
internalize the relationships involved in a multiplicative word problem and use 
and transform that internalization into an external representation, it resulted in 
learners performing significantly better in context-based problems compared to 
context-free problems. Based on this finding, it is therefore recommended that 
multiplicative reasoning problems should initially be introduced as context-based 
problems in the foundation phase, as this promotes meaningful sense making, and 
subsequently supports better performance.  
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UNDERSTANDING OF LEARNERS’ ERRORS IN 
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ANALOGUE CLOCK 
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Literature agrees that the concept of time is often difficult for some learners to 
understand. Because of the difficulties, misconceptions and errors occur in 
reading the clock. The purpose of this study is to understand the Grade 4 
learners’ errors when developing reading time skills on the analogue clock. The 
study consists 34 learners from a primary school in Bloemfontein. In order to 
collect data, a test, which consists of 9 questions on reading the analogue clock, 
has been used. Upon quantitatively and qualitatively analysing the data, the 
learners’ errors have been spotted, and classified in groups such as paying 
attention to only one clock hand; misinterpretation of the numbers on a clock; 
solving more complex five minute and one minute clock times; mixing up the 
function of the hour and the minute hand; and mixing up the terms to and past. 

Suggestion on how to confront these errors have been projected. Teachers need 
to develop learners in landmark time, relative time and the absolute time reading. 

Key Words: The analogue clock, error, Grade 4 learners, reading time. 
 

Introduction 

Children have difficulty with the subject of time (Earnest, 2017; Kamii & Russell, 
2012; Williams, 2012). In primary school, learners have extensive problems 
mastering this life skill due to the “cognitive complexities” (Williams, 2012, p. 
217). Cognitive complexity represents the extent to which individuals cognitively 
structure and process their environment in a multidimensional manner (Woznyi, 
Banks, 
Dunn, Berka, & Woehr, 2019). Williams (2012) revealed that telling time is an 
essential life skill and a fine example of the cognitive complexities involved in 
learning to perform a seemingly mundane activity.  

Even though this topic is a staple of early grades mathematics instruction (NGA 
Center & CCSSO, 2010), little empirical research exists in the context of reading 
time. Although the learners enjoy reading the time by looking at the clock, still 
in many cases they tend to make errors. Guided by this discussion the following 

https://www.tandfonline.com/author/Dunn%2C+Alexandra+M
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research question was raised: How can the teachers’ understanding of learners’ 
errors help in developing reading time skills on the analogue clock? 

The motivation for this study was the realisation of errors made by a Grade 4 
learner in reading time on the analogue clock. This research provides a 
contribution to the current body of knowledge concerned with the Grade 4 
learners’ reading time skills on the analogue clock.  
 
Guided by the literature review the following research question was raised: How 
can the teachers’ understanding of learners’ errors help in developing reading 
time skills on the analogue clock? 
Theoretical Framework  

This study used a framework based on the work of  Lakoff and Núñez (2000) who 
proposed three image schemas involved in reading time on an analogue clock, 
namely: The Proximity image schema for the landmark time reading, the Source 
path-goal schema for the relative time reading, and the Container schema for the 
absolute time reading. 
Literature Review 

In South Africa, the Grade 4 learners’ concept of time measurement involves 
reading time in 12-hour and 24-hour formats on both analogue and digital 
instruments in hours, minutes, and seconds (DBE, 2013). The researcher focuses 
on reading time in 12 hours format on the analogue clock in hours and minutes. 
Origo Education (2007, p. 116) defined twelve-hour time as “a system of dividing 
a day into two 12-hour periods.  

Reading time on the analogue clock 

In this study, our consideration of clock reading time focuses on three image 
schemas. Johnson (1987) defines image schema as “a recurring dynamic pattern 
of our perceptual interactions and motor programs that gives coherence and 
structure to our experience”.  The Proximity Schema involves the landmark time 
reading. It is when children begin to read landmark hours, they may recognize 
right away that the long hand points up to the 12, but to read the time they need 
to focus their attention on the short-hand and the number it points to (The hour) 
(Williams, 2010). The “O’clock” times are the first times that children learn to 
read on the analogue clock and to associate with life activities like mealtimes and 
bedtimes, giving early meaning to clock time. It could be argued that for reading 
o’clock times an analogue clock is obviously easier because all the o’clock 
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numbers are displayed (Williams, 2010). For example, in Figure 1, clock 1, the 
long hand points up to 12, the short-hand points to 3. The Time reading on the 
analogue clock is “3 O’clock”.   Many times, the short-hand will not be pointing 
exactly at the number; in that case, you would look at which number it was 
pointing at previously.  

     Clock 1         Clock 2      Clock 3      Clock 4          Clock 5       Clock 6 

 

         Figure 1: Reading the analogue clock. 

Source-path-goal schema is when reading the relative time, both clock hands must 
be attended to and read in relation to one another (Williams, 2010). For the long 
hand, attention focuses on reading the relation between the hand’s current position 
and its reference position at the top of the hour when it points to the 12 (the 
landmark). According to Williams (2010) when the relation is read as “past,” the 
reference hour is the preceding landmark time (“o’clock”); when it is “till/to” the 
reference hour is the upcoming landmark time. For example, in Figure 1, clock 3, 
the minute hand points to 9, the relation is read as quarter to one. In clock 4, the 
minute hand points to 3, the relation is read as quarter past one. In clock 2, the 
minute hand points to 6, the relation is read half past eight. Children are taught to 
select and use procedural strategies and operations to tell half past and quarter to 
times on analogue and digital clocks. Furthermore, they connect number names, 
numerals, and words up to 60 to read and record half hour and quarter hour times 
on analogue clock (Andersson, 2008; Boulton-Lewis, Wilss, & Mutch, 1997; 
Friedman & Laycock, 1989; Williams, 2012).   

Container schema involves the absolute time reading, the hour is no longer a 
landmark or reference point. Instead it is the current hour, the first portion of a 
time stated in units of hours, minutes, and (optionally) seconds (Williams, 2010). 
For example, in Figure 1, clock 5, if the short - hand points to a location between 
1 and 2, the current hour is “one,” followed by some number of minutes read using 
the other clock hand(s).”  According to Williams (2010) when reading the hour 
for absolute time, proximity is irrelevant and often quite misleading. The only 
way you can use a specific number for the hour number is if it has already passed 
the number in its rotation around the clock. So, even if the hour hand is very close 
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to 2 in clock 5, you would still say 1 unless the hand has reached, or passed, the 
2. Initially, children develop knowledge of counting strategies such as skip count 
by 2’s and 5s using manipulatives and pictorial representations when solving 
simple addition (Andersson, 2008; Geary, 2004). For example, in figure 1, clock 
5, the minute hand is between the 6 and the 7. To count the minutes, you would 
count each clock number by fives, until you get to the 6-clock number. You should 
have counted 30 minutes. Then, you would estimate where the hand is pointing. 
Some clocks have little slashes for each minute, while others do not. So, in your 
mind, extend the minute hand all the way to the edge and read how many more 
minutes it has passed. In our example, the minute hand is pointing to the 33. Thus, 
to tell the time, you would say it is 1:33, which is read “one thirty-three.” 

Errors in reading time on the analogue clock 

The Trends in International Mathematics and Science Study (TIMSS) analysis in 
(2016, p. 13) showed that the South African learners struggle with basic 
mathematical concepts that should have been covered (and consolidated) in 
earlier grades such as number operation topics. There is a variety of mathematical 
knowledge and skills needed in order to be able to tell the time (Burny, Valcke, 
& Desoete, 2009). Firstly, clock reading builds on number sense and the ability 
to count. Secondly, a basic understanding of fractions is needed to appreciate the 
division of the clock face into halves and quarters. Finally, measuring time-
intervals, requires adding and subtracting skills. This shows that reading a clock 
takes practices. A rapid recognition of important landmarks on the clock face 
through a mental representation of the clock contributes to the automation of 
clock reading skills (Burny et al., 2010). According to Burny et al., (2010) the 
following are errors that can be find in reading analogue clock.  

• Selective attention, this error involves paying attention to only one clock 
hand (the minute hand or the hour hand). 

• Error involves misinterpretation of the numbers on a clock: children 
making this error have insufficient understanding of the meaning of the 
numbers and report for example the numbers three and ten instead of 
writing quarter past ten. 

• Error in solving more complex five minute and one-minute clock times is 
to apply a false point of reference (e.g., three before quarter to twelve 
instead of 18 to twelve). 

• Mixing up the function of the hour and the minute hand (e.g., ten to three 
instead of quarter past ten).  
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• Mixing up the terms ‘to’ and ‘past’ (e.g., quarter to ten instead of quarter past 
ten). 

In a study of children’s clock-reading strategies by Siegler and McGilly (1989, p. 209), 
the most observed error was misreading the hour, and this error occurred exclusively 
when the long hand was on the left side of the clock.  
METHODOLOGY  

This study employed a mixed research method via a test. In order to investigate 
learners’ errors in reading time skills on the analogue clock, the researcher tested 
learners. Furthermore, the researcher used the literature review to confront these 
errors in developing learners’ reading time skill on the analogue clock.  

Data collection 

The data collection method included a 30 minutes long test, consisting of nine 
questions on reading time using the analogue clock. The test was written after 
school hours.  

Population and Sample 

The population of this study consists of all the Grade 4 from a primary school in 
Bloemfontein, Free State Province, South Africa. The sample for this study 
comprises of the Grade 4 learners (n = 34), drawn from a primary school that was 
easily assessable by the researcher in Bloemfontein. 

Reliability and Dependability  

To address the credibility, learners’ participation was voluntary, peers and 
academics were given the opportunity to scrutinise the research. Previous research 
findings were examined in order to assess the degree to which the research’s 
results are congruent with those of past studies. In order to address the 
dependability, the processes within the study were reported in detail, thereby 
enabling future researchers to repeat the work, if not necessarily to gain the same 
results.  
Findings and Discussions 

Data analysis was accomplished through quantitative and qualitative analysis of 
learners’ responses to the test. The quantitative results speak to whether learners 
had succeeded in reading the time on the analogue clock. Subsequently to this, a 
qualitative analysis is presented to identify learners’ errors in reading time on the 
analogue clock.  
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Learners’ performance in reading the analogue clock  

The researcher compared performances for reading the time on the analogue clock 
in Figure 2 using descriptive statistics. The overall learners’ test results and the 
results for each clock in Figure 2 are represented descriptively as frequencies and 
percentages in Table 1. 

 Table 1. Learners’ test results (N =34) 

Results F % 

Fail 6 17.6 

Pass 28 82.4 

Answer Clock 1 Clock 2 Clock 3 Clock 4 Clock 5 Clock 6 Clock 7 Clock 8 Clock 9 

f % f % f % f % f % f % f % f % f % 

Correct 

Words 

Digits 

18 52.9 1 2.9 2 5.9 10 29.4 1 2.9 1 2.9 5 14.7 9 26.5 25 73.5 

0 0 0 0 0 0 6 17.6 0 0 2 5.9 2 5.9 6 17.6 8 23.5 

Wrong 

Words 

Digits 

5 14.7 21 61.8 12 35.3 11 32.4 10 29.4 19 55.9 16 47.1 10 29.4 0 0 

11 32.4 10 29.4 17 50 5 14.7 20 58.8 9 26.5 10 29.4 8 23.5 1 2.9 

No 0 0 2 5.9 3 8.8 2 5.9 3 8.8 3 8.8 1 2.9 1 2.9 0 0 

 
The data in Table 1 indicates that 82.4% of learners failed the test, while 17.6 % 
of learners passed the test. This shows that in general the Grade 4 learners’ 
performance in reading the analogue clock was not successful.  
 
Furthermore, the researcher compared the learners’ performance in reading the 
time on each of the clocks. In Table 1, the responses to clock 1 indicate that 52.9% 
of learners read the clock correctly, while 47.2% of learners could not read 
properly.  It is alarming that 91.2% of learners read clock 2 wrongly, whereas 
2.9% of learners read the time correctly.  In reading clock 3, it is a matter of 
concern that 85,3% of learners read wrongly the time, though only 5.9% of 
learners read the time correctly. The responses to clock 5 explain that 2.9% of 
learners read correctly, while it is frightening that 88.2% of learners were wrong 
in reading the time. From the responses to clock 6, it is a matter of concern that 
82.4% of learners read wrongly the time, while 8.8% learners were correct in 
reading the time. In clock 7, It is a matter of disconcert that 76.5% of learners read 
the time wrongly, while 20.6% of were correct with their reading. The responses 
to clock 8 indicate that 44.1% of learners read correctly while 52.9% of learners 
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were wrong in read the time. Furthermore, it is evident from Table 2, in clock 4 
that 47.1% of learners read the time correctly, while 47.1% of learners were wrong 
with their reading. and 4, the current hour is “three,” followed by some number 
of minutes (and possibly seconds). Moreover, from Table 2, in clock 9, the 
responses specify that 97.0% of learners were correct in reading the clock, while 
only 2.9% of learners’ responses were incorrect. Thus, reading the time on the 
analogue clock the performance of the Grade 4 learners in the test was poor.  
 
Learners’ errors and explanations for these errors in reading the time. 

In this study, 34 grade 4 learners were used to analyse errors in developing their 
reading time skills. The learners are referred to as participants 01, participants 02, 
…, and participant 34. These Grade 4 learners were asked to read the time and the 
write the time below each clock (Figure 2). 

              Clock 1               Clock 2               Clock 3 

 

              Clock 4               Clock 5              Clock 6 

 

             Clock 7               Clock 8                Clock 9 

             

         Figure 2: Reading the time on the analogue clock. 

From the analysis of the participants’ responses to the test in Figure 2, the 
following categories and understanding on the topic of the paper immerged: 
“Error involves paying attention to only one clock hand; Error involves 
misinterpretation of the numbers on a clock; Error in solving more complex five 
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minute and one minute clock times; Error in mixing up the function of the hour 
and the minute hand; Error in Mixing up the terms to and past. 

Pertaining participants’ responses in the category ‘Error involves paying attention 
to only one clock hand’, the responses denoted errors as a selective attention to 
either the minute hand or the hour hand. In terms of this category, the following 
was discovered: Participant 02, clock 2: “Quarter to 12” instead of two minutes 
to twelve/ Participant 16, clock 2: “6:00” instead of 5:58/Participant 11, clock 
2: “Half past 12” instead of two minutes to twelve and Participant 03, clock 6, 
“Half past 7” instead of 7:32. 

Concerning participants’ responses in the category ‘Error involves 
misinterpretation of the numbers on a clock’, these responses revealed the 
following: Participant 17, clock 1: “4:45” instead of 3:45/ Participant 12, clock 
1: “20:45” instead of 3:45/Participant 24, clock 1: “09:20” instead of 3:45/ 
Participant 08, clock 2: “6:58” instead of 5:58/Participant 06, clock 6: “25 to 8” 
instead of 28 to 8and Participant 24, clock 9, “12:50” instead of 9:00. 

Regarding to the responses in the category ‘Error in solving more complex five 
minute and one-minute clock times’, these responses exposed error that apply a 
false point of reference. (e.g., three before quarter to twelve instead of 18 to 
twelve). The participants exposed the following: Participant 06, clock 2: “five to 
6” instead of two minutes to six/Participant 17, clock 2: “6:11” instead of 
5:58/Participant 19, clock 2: “11 to 6” instead of 2 to 6/Participant 26, clock 2: 
“11:30” instead of 5:58 and Participant 11, clock 4: “Ten past 2” instead of 10 
past 1. 

Relating to participants’ responses in the category ‘Error in mixing up the function 
of the hour and the minute hand’, their responses showed an hour hand and minute 
hand confusion: four/Participant 12, clock 2: “30:11” instead of 5:58/ 
/Participant 24, Clock 2: “Half past 12” instead of two to 12/ Participant 05, 
clock 4: “Five ten past” instead of 10 past 1/ Participant 24, clock 8: “04:50” 
instead of 10:21/Participant 31, clock 9: “12:45” instead of 9:00 and Participant 
09, clock 9: “12:9” instead of 9:00. 

Involving participants’ responses in category ‘Error in Mixing up the terms to and 
past’ (e.g., quarter to ten instead of quarter past ten), participants’ responses 
displayed the following: Participant 31. clock 1, “9:15” instead of 
3:45/Participant 23, clock 1: “quarter past 4” instead of quarter to four/ 
Participant 21, clock 5: “1 to 12” instead of four past 12/Participant 21, clock 8: 
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“10 to 4” instead of 21past 10 and Participant 25, clock 8: “Twenty to 10” instead 
of 21 past 10. 

The data analyse in reading time on the analogue clock shows that the most 
observed errors involve the misinterpretation of the numbers on a clock’ and 
mixing up the hour and the minute hand. Referring to the research question, one 
of the results was that most participants were unable to read the time successfully. 
Furthermore, in clock 1 and 4, less than half of the of the participants fail to read 
the time. Similar results were observed by Monroe, Orme, and Erickson (2002) 
who indicated that for years teachers have observed students' frustration as they 
grappled with learning to read an analogue clock and have felt frustrated not 
knowing how to help. In clock 9, most of participant read the time correctly. The 
“o’clock” times are the first times that children learn to read on the analogue clock 
(Williams, 2010). It a matter of concern that there are still learners who couldn’t 
read the “O’clock” time on the analogue clock.  

To analyse learners’ errors in reading the time on the analogue clock in the test 
(Figure 2), the participants’ responses revealed five categories errors (see the 
above section). To lessen these errors, teachers need to develop learners in 
landmark time, relative time and the absolute time reading (Lakoff & Núñez, 
2000). For a landmark time reading, the long hand points up to the 12, but to read 
the time learners need to focus their attention on the short-hand and the number it 
points to. To read relative time, both clock hands must be attended to and read in 
relation to one another.  

In reading the time on the analogue clock the performance of the Grade 4 learners 
in the test was poor and participants’ errors were exposed. These provide a useful 
starting point to teachers on how to develop learners in reading time on the 
analogue clock.  

Implications and recommendations from findings 

The findings in this study show that the Grade 4 learners tend to make errors in 
reading the analogue clock. The five categories errors: error involves paying 
attention to only one clock hand; Error involves misinterpretation of the numbers 
on a clock; error in solving more complex five minute and one minute clock 
times; error in mixing up the function of the hour and the minute hand; error in 
mixing up the terms to and past would allow teachers to understand learners’ 
errors and help in developing reading time skills on the analogue clock. This will 
help mathematics teachers in planning their instructions. Further research is 
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required to investigate how mathematics teachers develop learners’ reading time 
skills on the analogue clock knowing learners’ errors.  

 

LIST OF REFERENCES   

Andersson, U. (2008). Mathematical competencies in children with different 
types of learning difficulties. Journal of educational Psychology, 100: 48-66. 

Boulton-Lewis, G., Wilss, L., & Mutch, S. (1997). Analysis of primary school 
children's abilities and strategies for reading and recording time from analogue 
and digital clocks. Mathematics Education Research Journal, 9, 136-151. 

Burny, E., Valcke, M., & Desoete, A. (2009). Towards an agenda for studying 
learning and instruction focusing on time-related competences in children. 
Educational Studies, 35(5), 481-492.  

Burny, E., Valcke, M., & Desoete, A. (2010). Understanding children's   

    difficulties with conventional time systems. Ghent University.  

Burny, E., Valcke, M., & Desoete, A. (2011). Clock Reading: An     
Underestimated Topic in Children with Mathematics Difficulties. Ghent    
University. 

Burny, E., Valcke, M., & Desoete, A. (2012). Clock reading: An underestimated 
topic in children with mathematics difficulties. Journal of Learning 
Disabilities, 45, 351-360. 

Cohen, M. J., Ricci, C. A., Kibby, M. Y., & Edmonds, J. E. (2000). 
Developmental progression of clock face drawing in children. Child 
Neuropsychol. 6, 64–76. 

Department of basic education. (2013). Report on the Annual National 
Assessment of 2013 Grades 1 to 6 & 9. Department of Basic Education.  

Department of basic education. (2016). TIMSS Item Diagnostic Report: South 
Africa Grade 5 Numeracy. Department of Basic Education. 

Earnest, D. (2017). Clock work: How tools for time mediate problem solving and 
reveal understanding. Journal for Research in Mathematics Education, 48(2), 
191-223.  

Friedman, W. J., & Laycock, F. (1989). Children’s analogue and digital clock 
knowledge. Child Development. 60: 357-71. 



144 
 

Geary, D. C. (2004). Mathematics and learning disabilities. Journal of Learning 
Disabilities, 37(1), 4-15. 

Heins, T. (1997). Advising parents on time telling for children who have learning 
difficulties. Australian Journal of Learning Disabilities, 2(1), 6–9. 

Johnson, M. (1987). The body in the mind: The bodily basis of meaning, 
imagination, and reason. University of Chicago Press. 

Kamii, C., & Russell, K. A. (2012). Elapsed time: Why is it so difficult to teach? 
Journal for Research in Mathematics Education, 43(3), 296-315.  

Lakoff, G. & Núñez, R. (2000). Where mathematics comes from: How the 
embodied mind brings mathematics into being. Basic Books. 

Martin, B. (2005). Telling the time. Prime Number, 20(3), 13–14. 

Monroe, E. E., Orme, M. P., & Erickson, L. B. (2002). Working cotton: toward 
an understanding of time. Teaching children mathematics, 8, 475-479. 

National Governors Association (NGA) Center for Best Practices and Council of 
Chief State School Officers (CCSSO). (2010). Common Core State Standards 
for Mathematics. Author. 

Origo Education. (2007). The Origo handbook. Origo Education. 

Siegler, R. S., & McGilly, K. (1989). Strategy choices in children's time-
telling. In I. Levin & D. Zakay (Eds.), Advances in psychology, 59. Time and 
human cognition: A life-span perspective, 185–218. https://doi.or 

     g/10.1016/S0166-4115(08) 61042-0  

Williams, R. F. (2010). Image schemas in clock-reading: Latent errors and 
emerging expertise. Journal of the Learning Sciences, 21(2), 216-246.  

Williams, R. F. (2012). Image schemas in clock-reading: Latent errors and 
emerging expertise. Journal of the Learning Sciences, 21(2), 216-246.  

Woznyj, H. M., Banks, G. C.,  Dunn, A. M.,  Berka, G., & Woehr, D. (2019). Re-
introducing Cognitive Complexity: A Meta-analysis and Agenda for Future 
Research. Human Performance, 33(1).  

  

https://psycnet.apa.org/doi/10.1016/S0166-4115(08)61042-0
https://www.tandfonline.com/author/Woznyj%2C+Haley+M
https://www.tandfonline.com/author/Banks%2C+George+C
https://www.tandfonline.com/author/Dunn%2C+Alexandra+M
https://www.tandfonline.com/author/Berka%2C+Gregory
https://www.tandfonline.com/author/Woehr%2C+David
https://www.tandfonline.com/doi/full/10.1080/08959285.2019.1689396
https://www.tandfonline.com/doi/full/10.1080/08959285.2019.1689396
https://www.tandfonline.com/doi/full/10.1080/08959285.2019.1689396
https://www.tandfonline.com/toc/hhup20/current
https://www.tandfonline.com/toc/hhup20/33/1


145 
 

TEACHERS’ PROFESSIONAL NOTICING OF 

MATHEMATICS LEARNERS’ THINKING AND REASONING 

SKILLS IN THE LEARNING OF INVERSE FUNCTIONS IN 

GRADE 12. 

Annie Kgosi & Judah Makonye 
                                   University of Witwatersrand  

The article explores mathematics teachers’ professional noticing in the 
teaching of inverse functions in Grade 12 in the South African context. As 
studies reported that the notion of ‘professional teacher noticing’ becomes key 
in teaching due to the teacher’s interpretation of events becoming a challenge 
in a mathematics classroom. Thus, the paper looked deeper into how 
professional noticing helps teachers to notice learner(s) mathematical thinking 
and reasoning using attending, analyzing, and responding skills. The 
analytical and theoretical framework by Barnhart and van Es, 2015, levels of 
sophistication noticing skills was adopted for this article. A qualitative 
research approach using convenient sampling was explored in conducting this 
research. The data was collected using the intervention video-recorded lessons 
for the Grade 12 concept of an inverse function. This paper concludes that 
teachers’ can implement in their teaching practice and instructions the 
relevant noticing sophistication levels which will enhance their professional 
noticing skills.  Thus, professional teacher noticing can develop learners with 
mathematics sense-making and critical thinking skills in the learning of inverse 
functions in Grade 12. 

  

INTRODUCTION 

This article has its origin in developing learners’ critical mathematical skills in 
terms of thinking, reasoning, and understanding as a pivotal outcome in 
Mathematics education. The research argues that these skills are most 
fundamental in mathematics education as they are needed for identifying, 
investigating, and solving problems creatively and critically. Thus, the 
National Curriculum Statement (DoBE,2018) reports that there is a 
determination to develop and support mathematics sense-making and critical 
thinking skills among learners in the South African mathematics education 
fraternity. Many studies have defined “noticing” in various ways. For instance, 
Ball and Bass (2009) defined ‘noticing’ as a means to observe, to realize, or to 
attend to a phenomenon which implies that noticing is what people engage in 
as a daily activity. In a more specific perspective (Jacobs, Phillip & Schapelle, 
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2009) looked deeper into contextualizing the term ‘professional teacher 
noticing’ as the aptitude of distinguishing the performance based on key 
mathematical indicators.  
In other studies, intervention initiatives were advocating ‘professional teacher 
noticing’ towards learners’ written tasks (Fernández, Llinares, & Valls, 2013; 
Haltiwanger, & Simpson, 2014). For this article, it was thought crucial to 
peruse professional teacher noticing through the context of teacher attending, 
analysing, and responding skills in respect to learners’ thinking and reasoning. 
These skills were recognized as fundamental and pivotal features of 
professional noticing in determining how teachers notice learners’ 
mathematical thinking and reasoning during classroom interaction. These three 
skills incorporated in the article have provided an access point toward learners’ 
critical thinking and reasoning skills. Moreover, other mathematics education 
studies have made an impact on children’s thinking using professional noticing 
(Jacobs et al., 2010; Sherin, Jacobs & Philipp, 2011; Fischer et al.,2014; 
Philipp, 2014; Schack, Fisher, Thomas, Tassell, Eisenhardt & Yoder, 2013; 
Schack, Fisher, & Wilhelm, 2017).  
In the investigation of professional noticing through the lens of justifiable 
teaching practice (Jong, 2017) claims that professional noticing has been the 
focus of recent studies. It is explicit that professional noticing has been 
intertwined with reasonable concepts and frameworks to better understand how 
teachers’ activities influence learners’ contribution and positioning in the 
mathematics classroom. Professional noticing and related practices, for 
example, teacher noticing, and professional vision have captured the attention 
of mathematics education researchers for some time (Schack et al., 2017; 
Sherin et al., 2011). Thus, this article outlines the challenges that teachers 
experience concerning the levels of sophistication noticing in the South 
African teaching context. To this end, the article was informed by the following 
question:  

How does teachers’ professional noticing of Mathematics learners’ 
thinking, and reasoning skills enhance the learning of inverse 
functions in Grade 12? 

It must be noted that this research intended to show that the mathematics 
teachers are mandated with a national constitutional task to develop learners 
who have mathematics sense-making and critical thinking skills. The research 
was to discover elements of professional noticing enacted in mathematics 
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lessons to understand teachers’ levels of sophistication in the teaching and 
learning of inverse functions in Grade 12.        
The function and inverse function  

It has been argued that the concept of function is at the inception of 
mathematics in various forms referred to it as transformative, irreversible, 
integrative, bounded, and troublesome (Petterson,2012). Distinctive aspects of 
the research are the function’s various forms of representations as follows: 
transformative due to understanding of the concept as leading to a new 
perception. A function is regarded as irreversible when the change in the 
observation of its nature remains unforgotten and integrative when a solid 
understanding of the concept evolves and relates with other mathematical 
topics. Moreover, a function was described as bounded based on its concepts 
developing the margins of other mathematical disciplinary areas, and therefore 
it is regarded troublesome in that it is prevalent in the learning of mathematics 
and therefore learners find it challenging. Distinctions of the various forms of 
functions are displayed in Figure 1. 

 

                                  

a) Transformative functions  b) Inverse(irreversible) 
functions    c) Integrative functions                 d) Bounded functions 

Fig 1. Distinctions on various forms of functions (examples) 
 

A deep understanding of the concept function is also perceived as fundamental 
for any learner hoping to understand related concepts in algebra, calculus, 
trigonometry, inverse function, and many others which are critical in the 
mathematics course. More research on the concept of a function and inverse 
function has been conducted in previous studies (Breen et al., 2012; Attorps et 
al., 2013; Breen, et al., 2016) among others.  
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LITERATURE REVIEW  

Additional emphasis was made on the importance of observing learners’ 
thinking as a primary component of noticing in teaching. Jacobs et.al, (2010) 
reported that the teacher professional noticing incorporates three key 
components skills namely: attending, interpreting, and responding strategies. 
Jacobs et.al, (2010) defines the primary component of professional noticing as 
follows: attending is to observe and identify children’s words and actions when 
engaging in mathematical activity. Interpreting means to relate what is 
attended to, with what is known about development in mathematics 
knowledge, and to establish what the child understands. Finally, responding is 
determining what is interpreted to ensure a learner is learning in a manner that 
best fits their current understanding of mathematics. The above-mentioned key 
components have been considered eminence and distinct of interest within 
mathematics researchers (Schack, Fisher, & Wilhelm, 2017; Sherin, Jacobs, & 
Philipp, 2011). Professional noticing is acknowledged as a multifaceted and 
thought-provoking notion (van Es,2011), hence there are differences in 
perspectives unto its complexity. Thomas (2017) has suggested that 
professional noticing “be used as a filter to identify only the most impactful 
moments” (p.508). Whereas differing views regarding noticing may be 
“focused on capturing and interpreting as much of the landscape as possible” 
(Thomas, 2017, p.508). Accordingly, Schack, Fisher & Wilhelm, (2017) argue 
against teacher noticing as deeply rooted in fundamental mathematical 
contexts and comparing it to sciences in schools. Other studies have also 
explored the practice with a focus on the aspect of how to identify, interpret 
and respond to the most significant and impactful occurrences in their 
mathematical classrooms.  
Research on professional noticing 

Professional noticing was established as effective on intended instructional 
practices organized around progressions of “children’s mathematical 
development” (Jacobs et al., 2010). Jacobs et. al, (2010) similarly to Mason’s 
view of attending to “the mathematical details in children’s strategies,” 
(Mason, 2011). Jacobs et al., (2010) also argue that “professional noticing” is 
the skill teachers use to identify and act upon salient mathematical actions of 
children. It is noted that there is also growth in several inquiries into 
professional noticing in recent years (Jacobs et. al, 2010). Jong, (2017) also 
agrees that the notion of professional noticing has been the focus of recent 
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studies. The professional noticing notion used in this article incorporates three 
interrelated components: attending, interpreting, and responding skills (Jacobs 
et al., 2010).  
Research on the inverse of the function 

Studies conducted by Attorps, Björk, Radic, and Viirman (2013) were 
advocated towards GeoGebra teaching inverse functions. In the outcome of 
their research, it was indicated that some of their students demonstrated an 
instinctive comprehension of inverse functions in terms of reflection. 
However, these students did not fully comprehend the reasons for performing 
reflection in an inverse function. Wilson, Adamson, Cox, and O’Bryan (2011) 
also considered the algebraic and geometric perspectives. Their argument was 
concerning the mutual techniques on exchanging the 𝑥 and 𝑦 variables to find 
the inverse which creates uncertainty for the investigation, which means the 
outcome is concealed in the context of real-world problems.  
THEORETICAL AND ANALYTICAL FRAMEWORK 

This article was framed theoretically and analytically informed by the 
(Barnhart & van Es, 2015) sophistication for noticing levels framework. This 
framework was used to analyse, guide, and inform the teacher’s instruction to 
their attending, analysing, and responding to noticing skills. The framework 
used to review how teacher’s sophistication levels vary between low, medium 
to high when they attend to, analyse and respond to their learners’ 
mathematical tasks, also used during their interactions with their learners 
during intervention classrooms. In ensuring that teacher interactions with the 
learners carried validity, the data collected from the video recording lessons 
were analysed using the sophistication levels for noticing framework. The 
sophistication levels for the noticing framework adopted by Barnhart & van Es 
(2015) was considered due to its concern with the attending taking place during 
their classroom practice, how teachers analyze what is interpreted, and make 
sense of the classroom events. Subsequently, it is concerned about teachers 
responding to their learners’ mathematical ideas that form an integral part of 
instruction (Table 1). 
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 Overview of Levels of Sophistication for Noticing Skill 

 
 Table 1.  Adaptation Framework for Teacher Noticing (Barnhart& van Es, 2015) 
 
The sophistication levels for noticing as outlined and clarified in Table 1. were 
considered for this article to guide and inform the teachers’ instruction, and to 
notice levels of sophistication between low, medium to high sophistication for 
teachers. While, this analysis approach peruses in-depth, the components of 
attending, analysing, and responding skills that the learners’ entails during 
mathematical tasks and the classroom interactions with their teachers. This 
approach carries a huge significance to analysing the data collected from 
video-recorded lessons which pertain to the teaching practices and the 
intervention sessions.  
METHODOLOGY  

The research was conducted during three different teaching sessions of 
mathematics at a school in Gauteng Province. Participants of the research were 
chosen as a sample size from a single Grade 12 class of 33 learners. The 
convenient sample size chosen was manageable and chosen based on time 
constraints and availability of learners before the commencement of the 
research. The total of 18 learners were involved and two teacher participants 
namely (teacher A and teacher B). The research methods were aimed at 
providing the exploratory and narrative perspectives of the research regarding 
teacher noticing. The term “professional noticing” uses epistemological as 
these are drawn from the nature and board of knowledge. The research was 
exploratory designed to investigate “professional noticing” as a phenomenon 
that can be understood and enhanced towards the transformation of pedagogy 
using qualitative research approach.   
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DATA COLLECTION  

Data was gathered in the video recorded analysis of teacher professionals 
noticing learners’ mathematical understanding through interaction with 
learners during the teaching of inverse function concepts. The questions were 
mapped in line with the CAPS curriculum syllabus and in respect to the 
teaching of inverse function concept in Grade 12. Subsequently, the video-
recorded lesson entailed the semi-structured questionnaire of the lessons as a 
source of data collected with professional teacher noticing objectives. In terms 
of teacher participants, the questionnaires allowed these participants to voice 
their opinions and views without the confinement of the researcher’s 
prejudiced ideas (Creswell, 2012; Yin, 2016). Data was quantified through 
questionnaires arising from video evaluation using triangulation as a method 
of analysis. The method of analysis known as triangulation involves seeking 
advice from other parties to analyse the data while it eliminates biased 
behaviour. The triangulation process also provides validity and rigor for the 
research while it enables the researcher the required data for the research. In 
their discussion, Pegg and Tall (2005) emphasize the importance of theoretical 
triangulation as, “the process of compiling relevant theoretical perspectives 
and practitioner explanations, assessing their strengths, weaknesses, and 
appropriateness, and using some subset of these as the focus of the empirical 
investigation” (p. 43). 

 
Figure 2.  Enactment of Triangulation Process 
 

Video Recorded (Intervention Lessons)  
The video-recorded lessons were conducted by the researcher, mathematics 
educator during teaching practice as another integral part of data collection. 
The video-recorded lessons were used to analyse the researcher’s intentions on 
professional noticing during classroom practice and helped to inform her 
successes and/ or failure in noticing. Some of the recordings were conducted 
during her intervention session before the post-test session. The summary of 
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video details as outlined below and the semi-structured open- ended questions 
answered by the teacher participants analysing the video recordings are also 
included below.  

1. Video recording of 45 minutes to an hour lesson was conducted with a 
class of 18 male and female learners.  
2. The researcher conducted a normal lesson on inverse functions 
highlighting all the important concepts and definitions to the learners.  
3. The teacher, as a researcher was focused on providing insight to the 
learners without being biased to the fact that the lesson had anything to do 
with the research, however, the lesson was conducted fairly and was done 
in a normal classroom setting.  
4. Learners' faces were not included in the video recording as it was clung 
onto the researcher’s part only.  

ETHICAL CONSIDERATIONS 
Ethical clearance was requested from the Wits’ Faculty of Humanities 
Research Ethics Committee accordingly. The principles that guide this process 
entail the following: confidentiality and anonymity. The principle of 
beneficence encompassed freedom from harm and exploitation. All 
participants who were involved in the research were fully informed about the 
procedures, expectations, and intentions of the research. Participants under the 
age of 18 and more, were provided with consent forms for their parents to give 
consent for their participation as a requirement and precautionary measure. A 
teacher’s consent form was also provided to the two teacher participants that 
were taking part in the research. All participants who participated in the 
research were fully informed about the procedures, expectations, and 
intentions of the research. Each participant voluntarily signed a consent form. 
A letter to GDE requesting permission for the research to be conducted at a 
school was submitted to GDE and approval was received, and permission was 
granted accordingly. 
VALIDITY AND RELIABILITY  
Cohen et. al, (2000) argue that validity and researcher bias is closely 
connected. They also suggest that the “most practical way of achieving greater 
validity is to minimize the amount of bias as much as possible” (Cohen et al., 
2000, p.121). Cohen et al, (2000) classify the bias sources as the characteristics 
of the interviewer, of the respondent, and the substantive content of questions. 
Validity is explained as “the extent to which the results can be generalized 
beyond the sample used in the research” (Burns & Grove, 2010). For the 
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validity of the research, there was a need to choose a convenient sample. To 
also ascertain the validity of the research, in the context of this research the 
teaching sessions were recorded, and thereafter the unedited recordings were 
provided to the two teacher participants individually together with the 
questionnaires to observe, transcribe and give an analysis of the lessons 
without any preconceptions. Reliability is defined as “the extent to which a test 
or procedure produces similar results under constant conditions” (Bell, 1999, 
p.103) in (Opie, 2004, p.66). Cohen et al., (2011) caution researchers from 
allowing their prejudiced ideas to interfere with the data collection. Arguing 
towards misinterpreting the answers from the respondent so that they suit the 
predetermined notions of what the researcher expected to find in the field of 
research. Cohen et al., (2011) further argue that “a mere presence of the 
researcher as an observer can cause those being observed to act differently to 
how they would usually act” as the current situation that is being observed may 
include the preceding events. As a result, to address the misconceptions 
triangulation of data sources and methodologies was proposed as a reliable 
instrument for the research (Cohen et al., 2011).  
DATA ANALYSIS  

Intervention Session using video-based teaching  
The objective of the intervention was to determine evidence on learners’ 
thinking as it unfolds in the lesson. To also deduce the effectiveness of teacher 
professional noticing as a pedagogical strategy. Furthermore, it was to analyze 
while reflecting on the researcher’s instruction (Santagata & van Es, 2010). A 
pivotal factor of the intervention session was to use the analysis generated from 
the lessons to develop professional noticing in the teaching practice. The 
analysis collected from the intervention lessons was crucial for determining 
how a teacher can; a) attend to learners thinking strategies that unfold between 
the teacher and the learners b) to interpret learners understanding arising from 
the intervention interactions, and c) to respond to the next instructional 
strategies based on the collected analysis as a result, aiming at collecting the 
skills as an initiative for professional noticing (Jacobs, Lamb & Philipp, 2010). 
Questionnaire for teacher participants:  
These are the semi-structured open-ended questions posed on the questionnaire 
summarizing the video-recorded analysis and intervention classes held.  
Researcher: Was the teacher (researcher) addressing the relevant topic of the 
research? Elaborate on your answer.  
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Teacher A: “Yes after the presentation of the function graph which is the 
baseline to do inverse graph then the researcher did offer the lesson on the 
inverse function”. 
Teacher B: “The researcher was very passionate and assertive about teaching 
the grade 12 topic of inverse functions. She first introduced the topic by talking 
about the original quadratic function and its properties. Thereafter, she 
effectively demonstrated to the learners how to sketch the inverse graph of the 
parabolic function, which is not a function. The researcher emphasized how 
you could restrict the domain of the parabolic function so that the inverse is 
also a function. Hence the topic was adequately addressed”. 
Researcher: What was the topic taught and to what extend was the topic 
covered and for what grade? 
Teacher A: “The topic was inverse functions for Grade 12 learners which 
were done to cover all the functions”. 
Teacher B: “The researcher as indicated was teaching the topic ‘inverse 
function’ to a sample of grade 12 learners. The topic was adequately covered”. 
Researcher: What was your analysis of the video recording regarding the 
lesson? 
Teacher A: “What I have analysed is that the lesson was not just based on one 
type of function, but different kinds of the graph were done. E.g. linear 
function, inverse, exponential function inverse, and also quadratic function”. 
Teacher B: “The video recording was well recorded and presented. However, 
there should have been more intense interaction between the researcher and 
the sample of learners in the intervention class”. 
The above texts show that teacher A, analysis of the video recorded lessons 
and it also gives evidence to the fact that there was a video recording that 
entailed lesson on function and inverse functions. Whereas, teacher B 
explained that the researcher introduced the properties of some graphs before 
requesting learners to sketch the functions and their inverse. Subsequently, the 
researcher offered the ideas on how these graphs represent learners' 
understanding and reasoning on the topic of function and inverse. The 
responses resonate with the claim by (Jacobs, Lamb, & Philipp, 2010) that 
refers to teachers’ capacity to (a) attend to the student’s mathematical 
conceptions and practices as they occur, (b) their interpretation of learners’ 
conceptions and practices as they occurred during teaching practice.  
Researcher: Did the researcher apply any noticing skills during the teaching 
practice according to your analysis? 
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Teacher A: “Yes, the researcher did apply noticing skills by involving 
/engaging learners during the lesson”. 
Teacher B: “The researcher was fully aware of what the learners already 
know and what they did not know. She used inductive reasoning from the 
known to the unknown in her didactical method of teaching practice according 
to the video”.The text by teacher B implies that the researcher used the medium 
sophistication level to begin to make sense of the highlighted events and used 
some evidence to support the claim (Barnhart & van Es, 2015). In this instance, 
the researcher used some medium sophistication noticing levels whereby they 
were partially aware of some learner understanding of some concepts which 
results from the attending and analysing skills of the teacher. Also, the response 
is provided by teacher A to indicate that the researcher applied some noticing 
skills in her teaching practice by involving learners. This text may mean that 
the teacher engaged learners during the classroom interaction so to determine 
their mathematical thinking and reasoning skills. 
Researcher: What skills did the researcher use in the teaching to notice the 
learner’s thinking and reasoning skills during classroom intervention and 
interaction? 
Teacher A: “The skill that the researcher used was question and answer”. 
Teacher B: “The researcher made use of the question and answer approach 
to elicit the learner’s thinking and reasoning ability on inverse functions. 
However, there should have been a more collaborative approach to lend itself 
to the topic of an inverse function”. 
Both these responses from teacher B indicate that teacher identifies and 
describes acting on a specific idea during the lesson, she offered ideas to the 
learners towards their reasoning and thinking abilities. Lobato et. al, (2005) 
shared the same view of the teacher initiating questions and eliciting responses 
to develop conceptual understanding among learners through the construction 
of their ideas.  
Researcher: How did the researcher interpret the learner’s mathematical 
understanding during teaching practice? 
Teacher A: “It was through the class activity that was monitored to interpret 
learners’ mathematical understanding during teaching practice”. 
Teacher B: “The researcher allowed for adequate discussion and input. This 
assisted her to gauge the learner’s conceptual understanding of the content”. 
Teacher A response above demonstrates how the researcher digs deep into 
interpreting learner’s mathematical understanding by using written work that 
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was monitored to understand their thinking. In the response, it was further 
clarified that the researcher's interpretation was also informed by how she uses 
professional noticing. That also informed a need for intervention because the 
researcher realized through the learners’ class activities and responses from the 
classroom interaction that there was a need for intervention.  
Researcher:  According to your opinion, do you think that the researcher’s 
interpretation of the learner’s mathematical understanding informed his/her 
professional noticing and intervention strategy during the teaching of inverse 
functions? Elaborate on your answer. 
Teacher A: “The researcher’s interpretation did show her noticing the 
learner’s responses during the lesson and the activity that was given”. 
Teacher B: “In the first video recording, the researcher taught the topic. She 
gave the learners the pre-test to see how much they understood the said topic. 
From the results, she selected a few learners who did not perform well to attend 
the intervention class. Hence, the responses in the test informed the 
researcher’s professional noticing and intervention strategy during the 
teaching of inverse functions”. 
Researcher: Did the researcher’s professional noticing transform the learner’s 
thinking and understanding following the video analysis If not how so Please 
provide more insight. 
Teacher A: “Yes, through the coordinates of the function when learners 
determined the coordinates of the inverse when swopping the X and Y 
intercepts”. 
Teacher B: “It did to a certain extent. In the intervention class, the learner’s 
insight into the topic was much greater than the actual lesson in class. The 
researcher guided the learner’s conceptual understanding and insight into the 
topic”. 
Researcher: Was the video recording a reflective analysis of how teachers 
professionally notice during their classroom practices and in their interaction 
with learners Please, clarify your response and give more details? 
Teacher A: “More learners did ask questions that were answered during the 
lesson for exam purposes”. 
Teacher B: “Through the video recording, the researcher is seen in action 
during her teaching practice. Her strengths and weaknesses can easily be 
observed. She could have given the learners more opportunities to engage on 
the topic”. 
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Researcher: As a Mathematics educator yourself and based on your analysis, 
would you say in your opinion that the notion of ‘Teacher Professional 
Noticing’ can be recommended during teaching practice for Mathematics 
teachers? 
Teacher A: “Yes, very impressed that it should be done by all teachers”. 
Teacher B: “Professional noticing is an effective tool to see the teacher in 
action during the practice of teaching. The video recording should have also 
been focused on learners so that “professional noticing” becomes a more 
effective and reliable tool to assess interaction from both sides. Yes, I will 
recommend ‘professional noticing’ to assess and critique educators”. 
Teacher B makes an emphasis to the idea that there is evidence of teacher 
noticing observed in the video, however, it was to a certain level of 
sophistication noticing. It could become more effective if there was more 
opportunity to engage learners more and if their actions were also included in 
the video for analyses. According to teacher B, professional noticing can be 
determined through learners’ interaction towards the teacher and not only 
through the teacher interaction only. However, both teachers recommend 
professional noticing as a major constituent and contributor to teaching and 
learning mathematics. 
ANALYSIS OF INTERVENTION  
The lesson on functions and inverse functions was conducted with the Grade 
12 learners a week after the pre-test tasks. From the pre-test written tasks, the 
research also established that learners had limited knowledge on how to sketch 
the parabolic and exponential graphs and their inverses and to determine the 
domain and the range concepts. These challenges were also identified during 
the intervention sessions as the researcher (teacher) was attending to learners’ 
strategies in response to the activities given in class. There was also a lack of 
interpretation about inverse function concepts as some learners were having 
difficulties in reflecting a parabolic function in the line 𝑦=𝑥. They did not 
understand why the domain of a parabolic function has to be restricted. Thus, 
the level of sophistication for noticing for the teacher becomes decisive and 
key. The analysis of teacher noticing was deduced from the video-recorded 
lessons (the intervention lesson). The conducted lesson was by the researcher 
who collected this data for the research while teaching the topic of inverse 
function in Grade 12. The researcher was mainly concerned with how teachers 
notice during their teaching practice. The aim was to investigate teacher 
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noticing and what learner mathematical thinking and understanding do 
teachers notice during classroom interaction with learners. 
FINDINGS 

Barnhart and van Es, (2015) made emphasis on teachers’ awareness of their 
sophistication levels when using the attending, analysing, and responding skills 
to learners during teaching practice. The emphasis was on how the 
sophistication levels should advance from low, medium to high for all the three 
skills to help improve the learners' mental conception levels improve in 
mathematics. Consequently, interpreting a phenomenon of mathematics in 
teaching becomes vital to a teacher noticing in a mathematics classroom 
(Jacobs et al.,2010). The arguments and deliberation made in this article help 
to answer the research question as presented. 

How does teachers’ professional noticing of Mathematics learners’ 
thinking, and reasoning skills enhance the learning of inverse 
functions in Grade 12? 

According to (Barnhart & van Es 2015), there are three levels of noticing 
sophistication for attending, analysing, and responding. All three levels were 
perused through analysis of data and determining teacher noticing for the 
interrelated skills. The first level of noticing entails low sophistication noticing 
level. This was found to be the level at which most teachers apply their teaching 
strategies. Hence, there is a constant noticing problem realized which pertains 
to learners’ mathematical thinking. The level of sophistication level that the 
teacher uses to observed must highlight learner thinking for conceptual focus. 
It must consistently make sense of highlighted events, as identified and 
described based on specific learner ideas during the lesson (Barnhart & van Es 
2015). It also has to be specific to what the learner can do differently next time 
when making logical connections in their learning. Observed teachers should 
be able to dig deep to access learner mathematical thinking, source ideas during 
the lesson (Barnhart & van Es 2015). It also has to be specific to what the 
learner can do differently next time when making logical connections in their 
learning. Observed teachers should be able to dig deep to access learner 
mathematical thinking, source strategies that they can use to instil conceptual 
understanding in their learners. Subsequently, guide learners on how to attend 
to the strategies, how to analyse and respond accordingly while developing 
critical thinking skills and deep conceptual understanding 

 

 



159 
 

Discussions on Professional Noticing  
From the data provided on teacher noticing and evidence from teacher A and 
teacher B, it became evident that the researcher did not only use learners' pre-
and post-tests to uncover learners’ challenges and difficulties about the topic 
of inverse functions. The researcher was also concerned about the level of 
noticing that the teacher applies during the teaching practice. Hence, the 
researcher did self-research in a quest to discover how she as a teacher notice 
during her classroom interaction with learners. The researcher did not only do 
this video recording analysis only for herself but to mirror other teachers in the 
mathematics discipline. Evidence was produced from the video recording 
analysis which was transcribed by the two teacher participants (teacher A and 
B) who were not involved when the video was recorded. Also, they were doing 
this analysis independently from each other, they saw the video separately and 
of their own accord. The two teacher participants recognized what was on the 
video and they analysed it and answered based on the questionnaire as 
guidance. However, they used their discretion based on what they saw to 
respond and provide feedback. The researcher used these two teacher 
participants to minimize the biases and preconceptions in analysing the video 
herself. The video analysis provides this research with validity and reliability 
the research as the researcher was consistent in using the same video to be 
analysed by two other participants except herself. 
CONCLUSION  

For this research, it was recommended that teachers take cognizance of the 
notion of professional noticing as a tool that can help transform their teaching 
practice. That also considers learner’s mathematical thinking, reasoning, and 
understanding skills. Moreover, to provide the teachers with the attending 
strategies, analysing skills, and responding skills. To build teaching strategies 
that will transform teaching and learning while ensuring a positive impact on 
learner’s results. For this research, the suggestion was that teachers respond to 
learners’ understanding of the phenomena that should be predominantly be 
prioritized to interpreting learner’s mathematical ideas, that attribute to their 
thinking and understanding. Professional noticing was defined by Jacobs, 
Lamb, & Philipp (2010) who refers to teachers’ capacity to (a) attend to the 
student’s mathematical conceptions and practices as they occur, (b) interpret 
these conceptions and practices, and (c) respond to a productive instructional 
course of action based on the interpretation. The research recognizes that when 
teachers reflect on their teaching strategies, they can notice the skills necessary 
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for their learner's learning of mathematics. Hence, teachers can improve their 
learner’s mathematical thinking and reasoning during classroom interaction 
through instruction. 
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A LITERATURE ON “SUBITISING” IN MATHEMATICS. A 

SOUTH AFRICAN PERSPECTIVE. 

Kitso Maragelo 
University of Johannesburg 

This paper presents a review on the literature that informs the teaching and 
learning of early mathematics, focusing on subitizing.  A synopsis of pertinent 
research outlining the importance of subitizing for young children’s 
mathematical development is presented. Analysis of the curriculum frameworks 
guiding early mathematics learning in South Africa finds that the term subitizing 
is mainly absent (with a considerable emphasis on counting). This is a concern 
as it suggests a gap in guidance offered to teachers and practitioners in preschool 
and early childhood development (ECD). This paper is relevant to curriculum 
planners, teacher educators, and ECD practitioners as it provides an accessible 
theoretical overview of an important – yet seemingly overlooked and 
underutilized - early learning construct: ‘subitizing.’  

Keywords: subitizing, early mathematics, preschool educators, ECD, 

INTRODUCTION 

Research in early mathematics learning has demonstrated that young children 
possess a broad, complex and sophisticated informal mathematical knowledge 
which starts during infancy and the first five years of life (Baroody, 2004; 
Butterworth, 2005; Carey, 2009; Dehaene, 1997; Feigenson, Dehaene, & Spelke, 
2004).  Traditionally, pre-kindergarten and kindergarten instruction has been 
informal, often given during playtime or through games. Over the years, there has 
been a shift in focus, with some researchers advocating for the importance of 
mathematical fluency and competency during the early years since it is a predictor 
of achievement in later mathematics learning (Baroody, Lai & Mix, 2006; 
Classen & Engel, 2013; Clements & Sarama, 2009).  Additional support may not 
have been offered to children struggling in mathematics (Clarke et al., 2011).  

As set out in the kindergarten core curriculum, the objectives of early numeracy 
learning are usually narrow and less structured than those in grades one and 
above. Ideally, core instruction is built around the most critical mathematics 
content. It reflects what is currently known about the instructional design features 
that research has found to be effective for enhancing the mathematics 
performance of low performing children (Clarke et al., 2011; Codding et al., 
2009; Gersten et al., 2009). Thus, according to current knowledge, good core 
instruction offers explicit and systematic instruction, which takes the form of 
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modelling or demonstrating how to solve a problem by using specific procedures, 
breaking tasks into smaller units, providing a cumulative review, and providing 
error correction procedures (Bryant et al., 2011). Good core instruction also offers 
the use of visual representations, such as cubes, drawings, 10 frames, and number 
lines, in the introduction of mathematics concepts. To promote the early learning 
of numeracy appropriately, teachers should be familiar with the developmental 
path of numeracy skills, as well as the problems a child may encounter (Anthony 
& Walshaw, 2009). 

In South Africa, the importance of a strong foundation in early childhood 
education has been a national concern and the focus of government discussions 
on policy reform (Department of Basic Education, 2014). Research on improving 
the quality of mathematics learning and teaching in Early Childhood Education 
(ECD) has been the focus from Grade R. Hazell, Spencer- Smith and Roberts 
(2019), provide one study to improve mathematics teaching in Grade R.  
However, there is far less South African research available which considers 
mathematics learning before formal schooling.  

This paper seeks to contribute to filling this research gap in the South African 
mathematics literature by exploring the concept of subitizing in the literature on 
preschool mathematics learning. I define the concept of subitizing, motivate for 
its importance in early mathematics learning and then reflect on the guidance 
offered to South African teachers and teacher educators in two curriculum 
documents: The South African National Framework for Children from Birth to 
Four (Department of Basic Education, 2015), and the Curriculum and Assessment 
Policy Statement (CAPS) for Foundation Phase Mathematics (Department of 
Basic Education, 2011). 

RESEARCH DESIGN 

In this study, I set out to answer the following research questions: 

1. What is ‘subitizing’? 

2. Why is subitizing important for a child’s mathematical development? 

3. How frequently, if at all, does subitizing feature in the SA curriculum? 

The first two questions are theoretical in nature, and it was, therefore, appropriate 
to draw on secondary sources from mathematics education literature. This paper 
drew on a literature review on the importance of subitizing in early mathematics 
learning and teaching. Databases used for the literature review search included 
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ERIC, Google Scholar, ResearchGate, and were mainly used to access high-
quality peer-reviewed journals, books, conference proceedings, and theses. To 
provide an indication of the frequency of occurrence in the literature, I used 
Google Scholar and applied four keywords: ‘subitizing’, ‘subitising’, ‘subitize’ 
and ‘subitise’. I also used references from articles to search for more studies. 

To set the boundary for the literature review, I set tight selection criteria for the 
inclusion of studies to reduce bias in the results.  I further used O’Connor, Green 
and Higgins (2008) criteria and addressed the following characteristics: 
participants, interventions, and results. Thus, I included the following studies in 
the literature review.   

1. The studies were based on interventions in early childhood education, with a 
focus on early mathematics skills development and subitizing.  

2. The sample size differed in many studies. I included studies with varying 
sample sizes.  

3. The selected studies involved teaching experiments, random assignments and 
quasi-experimental design. Use of random and quasi-experiment in reviews 
and meta-analyses is recommended. The choice of a quasi-experimental study 
was based on its potential to produce good estimates of intervention outcomes 
when careful attention is paid to selection bias (Slavin, 2008).  

4. Studies could have been conducted in any country, but were published in 
English, have been peer-reviewed and published in an internationally 
recognized journal between 2000 and 2018. 

5. The review only looked at studies that involved children 3-5 years old, focusing 
on early mathematics education. I excluded studies that focused on children 
from primary schools.  

For the last research question, some empirical research was required. I needed to 
review the available curriculum documents. I searched the electronic versions of 
these documents for the same four keywords. As subitizing is a precursor to 
counting, I contrasted this to occurrences of the term ‘count’. I reviewed each of 
the instances found to check their use, excluding examples such as ‘country’, or 
‘account’ and calculated how frequently these terms occurred.  

FINDINGS AND DISCUSSION 

In this section, I answer each of the research questions. 
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(1) What is subitizing? 

The word subitizing was first coined by researchers during the 1940s, who 
defined the concept as the fast and highly accurate way of quantifying collections 
of up to six items or less, without having to count each item (Kaufman Lord, 
Reese, & Volkmann, 1949; Taves, 1941). Derived from a Latin word meaning 
suddenly, subitizing is the direct perceptual apprehension and identification of 
the numerosity of a small group of items (Clements & Sarama, 2009). Research 
has demonstrated that subitizing is dependent on both preattentional and 
attentional processes and develops before counting (Railo, Koivisto, Revonsuo, 
& Hannula, 2008). Different authors later described subitizing in related 
descriptions, “instantly seeing quantity” (Kling, 2011: 85), an alternative way of 
quantification that does not rely on counting (Young-Loveridge, 2011).  

Subitizing in the field of early mathematics education suggests a hypothetical 
connection between the development of number and subitizing activity. Clements 
and Sarama discovered that subitizing activity changes as children can subitize 
sets with a larger number of items and a wider variety of the items’ orientation or 
arrangement (Clements & Sarama, 2007, 2009).  The change in activity has its 
origin in the child’s ability to link spatial imagery to number development and 
the notion that the child’s understanding of number increases in sophistication 
(Clements & Sarama, 2009).  

Another observation by Glasersfeld (1982) as well as, Cobb, Steffe and 
Glasersfeld (1988) is that subitizing is sometimes dependent on the child’s visual 
scan of the patterned orientation. Theoretically, this could imply that children 
may not need to understand numbers when subitizing, as their focus may be 
naming the shape as “four”, the same as a four-sided shape might be named a 
square. For example, when four dots are placed in two symmetrical rows, a square 
is constructed (Glasersfeld, 1982; Steffe et al, 1988). Further research in 
orientation of items when subitizing, suggest that children’s accuracy when 
subitizing patterned regular orientation of items versus circular or linear 
orientation of items may be an indication of children’s understanding of number 
they are relying on when subitizing (Clements and Sarama, 2009). The different 
item orientation and set size resulted in differentiating the types of subitizing. 

There are two prominent types of subitizing: perceptual and conceptual subitizing 
(Clements & Sarama, 2014). The two types of subitizing described by Clements 
and Sarama, were based on the Building Blocks programme. 
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Perceptual subitising is described as instantly recognizing and naming quantities 
without counting. Perceptual subitizing is viewed as an innate ability to 
discriminate quantities and emerges among young children as early as three to 
five months of age (Clements & Sarama, 2009; MacDonald & Wilkins, 2015). 
For example, when a child looks at three apples, the child will intuitively know 
there are three apples without counting or using any mathematical strategies 
(Clements 1999). According to Clements and Sarama, (2009), perceptual 
subitizing can increase to a limited orientation of items when the set size is as 
large as five. Van den Heuvel-Panhuizen et al., (2012) described the five 
structured as embedded in the whole hand, and it can be used to overcome the 
maximum number of perceptual subitizing.  

A typical activity that can be used to encourage perceptual subitizing is using a 
flashcard with three dots and briefly showing the kids and place it face down, and 
then invite the children to say how many dots they saw. The figure below is an 
example of a dot card for perceptual subitizing 

 

Figure 1. A dot card of three to encourage perceptual subitizing 

Representations and manipulatives such as the dot card, when used with clear 
instruction, children are in the position to quickly say how many dots they saw.  

Conceptual subitizing is described as the combining of perceptually subitized 
quantities to determine the total sum.  Conceptual subitizing is further described 
as the ability of children to connect a more sophisticated notion of number to 
subitizing activity (Clements & Sarama, 2009). Conceptual subitizing is further 
described as applying the perceptual subitizing processes repeatedly and quickly 
uniting the numbers (Trick & Pylyshyn, 1994; Clements, 1999). Clements (1999) 
describes conceptual subitizing as the ability of children to use patterns in 
defining a number. Clements and Sarama (2009), argue that conceptual subitizing 
is grounded in the child’s understanding of number due to the child’s ability to 
subitize groups and then compose the total number of items. Children with the 
ability to conceptually subitize, group the number of items to count. This ability 
to conceptually subitize five items, usually develops around the age of five. Steffe 
and Cobb (1988) described conceptual subitizing as affording younger children 
the ability to know the number of a collection by recognizing a familiar pattern 
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or arrangement. For example, when presented with seven objects, they will see a 
group of five and just count the other two to get a seven (Feza, 2015).  

A typical conceptual subitizing task will be flashing a dot card for few seconds 
and asking the children how many dots they saw and how did they see it. Figure 
2 below is an example of a dot card used to develop conceptual subitizing in 
children. 

 

 

 

Figure 2. A dot card of five encourage conceptual subitizing 

Developing young children’s conceptual subitizing helps children to begin to see 
part-whole strategies. Children can also see that 5 is made up of groupings of 2 
and 3 and 4 and 1, giving the children an opportunity to realize that these numbers 
can be considered in relation to each other rather than in isolation (Bobis, 2008; 
Young-Loveridge, 2011). 

Baroody (2006), argued that the understanding of big ideas of composition and 
decomposition builds a foundation for understanding quantities and the basic 
numbers 1-10 in different flexible ways. Baroody (2006) argued further, pointing 
that while composing and decomposing small and easily conceptually subitized 
collections, this might be the basis for constructing the informal concept of 
addition and subtraction. The notion of informal construction of addition and 
subtraction using composing and decomposing of number was supported by 
Clements (1999) by adding that conceptual subitizing activities provide the basis 
for a better understanding of addition, with the addends and sums shown 
simultaneously thus the children getting different views and strategies of how 
number can be arranged.  

It is further purported that conceptual subitizing has been positively linked to 
children’s number sense development in general, with knowledge and skills of 
cardinality, number conversation, number relations and basic arithmetic skills 
developed (MacDonald, 2015). Further research by Sayers et al. (2016) 
demonstrated that exposing children to conceptual subitizing activities, were 
attributed to supporting the development of foundational number sense.  
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(2) Why is subitizing important for young children’s mathematical 
development? 

This paper uses the subitizing learning trajectory developed by Clements and 
Sarama (2009, 2014) to describe and discuss the importance of developing 
subitizing skills in young children. 

Subitizing has been described as an important component of a learner’s 
mathematical proficiency through work in learning trajectories (Clements & 
Sarama, 2009). The more children are exposed to subitizing activities, the more 
the development of fundamental mathematics skills such as counting, number 
conversation, part-whole relationships, cardinality, and arithmetic capabilities 
(Nguyen, Watts, Duncan, Clements, Sarama, Wolfe, & Spitler, 2016). Clements 
and Sarama believe that subitizing links with patterning and structure when 
children can recognize the number of items in a small collection and able to 
describe how they saw it (Clements, 1999; Sarama & Clements, 2009).  

While the paper draws heavily on the subitizing learning trajectory developed by 
Clements and Sarama, (2009) to demonstrate the importance of teaching and 
learning subitizing during the early years of schooling, over the years, other 
researchers have also contributed towards establishing the importance of 
subitizing in developing the mathematical skills of young children. MacDonald 
and Wilkins (2019) conducted a study to understand subitizing activity relative 
to a unit of construction Findings from this study indicate that as Amy’s subitizing 
activity changed from perceptual to conceptual, she constructed subitized motor 
units and subitized figurative units. Implications of this study suggest that the 
construction of subitized units may support young children’s later development 
of arithmetic units. 

Research suggests that subitizing is a precursor to counting, builds number 
conservation skills, pattern recognition, cardinality and spatial reasoning skills, 
and number properties (Hannula & Lehtinen, 2014; MacDonald & Wilkins, 
2015). When children have developed subitizing ability, they are in a better 
position to learn the concept of cardinality. This is evident when children verbally 
count the items in the correct order. However, when asked how many items they 
have, the children recounted the items instead of saying the total without having 
to count (Clements & Sarama, 2009; Fuson, 1988).   

An experimental study by Benoit, Lehalle, and Jouen, (2004), examined the role 
of counting and subitizing in terms of young children acquisition of the cardinal 
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meaning of number words. The study was conducted with 3–5-year-olds, who 
were shown a collection of red dots (1-6 dots) and were to tell how many dots 
they saw. Two modes of the dot were shown; in the first mode, all elements of 
the red dots were shown at the same time and while in the second mode, the dots 
were shown one after the other. Findings from this study showed that children 
performed better in the first mode, which suggested that subitizing is a more 
fundamental early mathematics ability for learning the cardinal value of numbers. 

An earlier study by Starkey, Klein and Wakely (2004) also reported that children 
two to three years of age could subitize up to three items. It is thus important that 
practitioners provide multiple opportunities for young children to view and 
represent quantities without relying on rote counting (Jung, 2011).  

Clements and Sarama (2014), developed a subitizing learning trajectory that 
shows the different thinking levels children need to go through and suggested the 
expected ages each level is associated with. Children who can subitize just small 
numbers, perhaps this should be regarded as the steppingstones to the 
construction of more sophisticated procedures and with larger numbers (Clements 
& Sarama, 2009:10). Table 1 below is an example of subitizing developmental 
levels for ages 2-5 years. 
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Table 1. Subitising learning trajectory for children 2-5 years old. 

Age  Level name Level  Description  

2 Small collection 
namer 

1 The first sign of a child’s ability to subitise occurs when the 
child can name groups of one to two, sometimes three. For 
example, when shown a pair of shoes, this young child says, 
“Two shoes.” 

3 Non-verbal subitser 2 The next level occurs when shown a small collection (one to 
four) only briefly; the child can put out a matching group 
nonverbally but cannot necessarily give the number name 
telling how many. For example, when four objects are shown 
for only two seconds, then hidden, the child makes a set of four 
objects to “match.” 

3 Maker of a small 
collection 

3 At the next level, a child can nonverbally make a small 
collection (no more than five, usually one to three) with the 
same number as another collection. For example, when shown 
a collection of three, it makes another collection of three. 

4 Perceptual subitiser 
to 4 

4 Progress is made when a child instantly recognizes collections 
up to four when briefly shown and verbally names the number 
of items. For example, when shown four objects briefly, it says 
“four.” 

5 Perceptual subitiser 
to 5 

5 The next level is the ability to instantly recognise briefly 
shown collections up to five and verbally name the number of 
items. For example, when shown five objects briefly, it says 
“five.” 

5 Conceptual subitizer 
to 5 

6 At the next level, the child can verbally label all arrangements 
to five shown only briefly. For example, a child at this level 
would say, “I saw 2 and 2, and so I saw 4.” 

 (Adapted from Clements and Sarama 2009.) 

(3) How frequently, if at all, does subitizing feature in the South African 
literature and the South African mathematics curricula? 

My ‘Google Scholar’ search revealed 262; 787; 1510; and 8720 records using the 
four terms: subitize, subitizing (in UK English) and subitize, ssubitizing (US 
English), respectively. When I included ‘AND South Africa’ for each of the four 
terms, 120; 110; 496 and 497 records were found, respectively. I concluded that 
subisiting is being researched internationally and in South Africa.  

With reference to studies conducted locally (South Africa), a study investigating 
how Grade R educators teach children 5-6yrs old to count was found to have 
included subitizing as one of the important skills to teach to young children (Feza, 
2015). The study described subitizing activities that were used with the children 
in an early childhood education setting. The researcher highlighted the lack of 
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subitizing skills on the vignette she used to describe such a gap. The emphasis of 
this study was that educators of young children have the responsibility to 
encourage subitizing. For example, the researcher highlighted that should the 
child have developed conceptual subitizing skills, the child could have been able 
to break down the eight slabs into three and five, four and four, six and two or 
even seven and one (Feza, 2015). 

Yet, when I searched the electronic versions of the curriculum documents for the 
same terms of four terms, I obtained very few results.  

Upon reviewing the occurrence of the term subitizing in The South African 
National Framework for children from birth to four, the term was found to be 
missing. This contrasts with 32 occurrences of the term ‘count’ in this 92-page 
document.  

When searching for all four keywords in Curriculum and Assessment Policy 
Statement (CAPS) for Foundation Phase Mathematics, there were only eight 
occurrences of ‘subitizing’ (in contrast to 1,398 occurrences of the term ‘count’) 
in the 518-page document. Subitizing occurs four times in the guidance for Grade 
1 term 1 (p.93&94), three times for Grade 1 term 2 (p.128; p.158 and p.185) and 
once for Grade 2 term 1 (p.211). This is a concern, as the subitizing is a precursor 
to counting and ought to be evident in the birth to four age range and be 
emphasized in Grade R. It should not only be encouraged in Grade 1 and 2. 

LIMITATIONS 

While the review set tight criteria for selecting studies, there could be studies that 
employed other methodologies and were excluded. Such studies might offer more 
insight into the subject matter. 

The review only looked at studies that involved children 3-5 years old, focusing 
on early mathematics education. However, studies in other fields such as 
psychology that have extensively investigated various aspects using subitizing 
were not included. 

CONCLUSION   

Findings from this paper highlight the importance of subitizing skills among 
young children as these contribute towards establishing foundational 
mathematics skills needed for future learning. This is advocated for in 
international and South African mathematics education research literature, with 
strong motivation provided for its importance before counting.  
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However, the concept of subitizing is found to be underutilized in the South 
Africa curriculum frameworks before Grade 1 (age 7). This is a concerning gap 
in the national guidelines for ECD practitioners working with children in the zero 
to six age band. The paper, therefore, uncovers an important conceptual gap in 
the guidance offered to South African teachers and teacher educators in The 
South African National Framework for Children from Birth to Four (Department 
of Basic Education, 2015), and the Curriculum and Assessment Policy Statement 
(CAPS) for Foundation Phase Mathematics (Department of Basic Education, 
2011). These documented require review so that this important gap may be filled 
in the South African early mathematics curriculum.  

There is a need for further research on developing subitizing skills in young 
children. It would be interesting to not only focus on the children but to also look 
at interventions that will be aimed at improving early mathematics teaching and 
learning by designing professional development interventions for early childhood 
educators and practitioners.  

Implications for teaching and learning in ECD and preparation for grade R and 
Foundation Phase  

Having demonstrated the importance of subitizing in building the understanding 
of number and early mathematics concepts through literature, the study has 
implications for the teaching and learning in the ECD, and preparation for Grade 
R, and the foundation phase educators: 

• The implication is that there is a need for ECD practitioners, Grade R 
teachers, and the foundation phase teachers, understand the link between 
subitizing and mathematics development of children in these learning settings. 

• There is also a need for the ECD practitioners, Grade R teachers and the 
foundation phase teachers to have mathematics content knowledge that includes 
subitizing, to be able to support the development of subitizing skills of young 
children and the overall high mathematics achievement. 
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THE CHANGE IN CONCEPTUAL UNDERSTANDING OF 

QUADRILATERALS WHEN PRESERVICE TEACHERS 

ADVANCE FROM ONE VAN HIELE LEVEL TO ANOTHER. 

Azwidowi Emmanuel Libusha 
University of Johannesburg 

Conceptual change comes after gaining conceptual understanding. When 
students fail to gain conceptual understanding in mathematics, they resort to 
short cut methods like memorising, to enable them to answer questions that are 
asked directly. Questions that require reasoning are usually poorly answered 
because of the lack of conceptual understanding. This results in learners 
obtaining low scores in mathematics because questions are not always asked 
directly. Teaching based on the assessment of students’ current understanding is 
one of the tools that can be used in order to support student to gain conceptual 
understanding. In this paper, teaching and assessment is used to support students 
to have conceptual change in geometry of quadrilaterals. This paper took, a 
qualitative approach with 60 student teachers in their third year of study in the 
course component of geometry for intermediate phase at the university in the city 
of Johannesburg. This paper reveals that students can have conceptual change 
when they are convinced by being introduced to information they can relate with. 
How teachers teach mathematics in the classroom will determine if students will 
memorise or gain conceptual understanding.   

Key words: geometry, initial teacher education, van Hiele, quadrilaterals 

INTRODUCTION 

For a student to understand geometrical concepts, more effort is required from 
the teacher as compared to other topics in mathematics (De Villiers, 2010). 
Usually teachers must employ different techniques in   order for students to be in 
a position to reason with geometrical shapes effectively. Geometrical reasoning 
needs clear conceptual understanding of the mathematics related to geometrical 
shapes in order for students to progress to a higher level of thinking. If students 
have conceptual understanding of what they are learning, they should be in a 
position to explain what they know and not just in terms of what they are told 
(Kilpatrick et al, 2001). Through my experience of teaching mathematics in 
secondary school, I have noticed that there seems to be gaps in students’ learning 
of geometry systematically because learners struggle with the concepts involved 
in geometry in both grade 11 and 12. The reason for this could be based on De 
Villiers’s (2010) argument which stipulates that the pace which the level of 
thinking for different grades in geometry increases radically and students are 
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expected to think at a level of geometrical concept development which they have 
not reached yet. Students no longer learn to understand but learn in preparation 
for assessment. Learners often memorise a definition, without having a clear 
conceptual understanding of how the definition came about. This was also 
supported by Usiskin (2005) who argued that students that does not possess 
conceptual understanding of the mathematics they are learning, usually resort to 
memorising and definitions.  

This study explores the student teachers’ conceptual change in the knowledge of 
geometrical shapes by means of progressing from one van Hiele level of thought 
to the next.  The aim is to locate how the student teachers’ express their own 
conceptual learning, particularly how they advance their knowledge of 
quadrilaterals from one level to the next when there is no conceptual 
understanding, as contrasted to when conceptual understanding is in place. The 
paper intends to specifically determine how (and when) the students’ teachers 
improve their understanding of the interrelationship between quadrilaterals using 
a theoretical model of conceptual change intertwined with the van Hiele levels of 
geometrical thought.  

THEORETICAL FRAMEWORK AND LITERATURE REVIEW 

The theoretical framework put forward in this paper combines the notion of 
conceptual change as described by Hewson (1982) as a heuristic method with 
which to think about advancing a student’s knowledge to a higher level of 
conceptual understanding or of competence, together with the Van Hiele (1959) 
model of a student’s levels of development in geometry. 

The van Hiele model of geometric development  

According to Usiskin (1982), the van Hiele level of geometric thought theory 
suggests that student geometric thought can be classified into five levels.  The 
levels are: recognition (level 1), analysis (level 2), abstraction (level 3), deduction 
(level 4), and rigor which is level 5. 1 Students who are at the recognition level, 
know a geometric diagram based on how they appear visually and holistically. At 
level 2, students know geometrical shapes based on their individual properties. 
Students know the properties in isolation without connecting them with other 
shapes. On the third level, students know the interrelationships between the 
distinguishable properties of, for example, quadrilaterals. A student at the third 
level would for example be able to recognise that a square2 is also a rectangle, 

 
2 Some researchers refer to van Hiele levels 0 to 4. These correspond to levels 1 to 5 as applied in this paper. 
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based on the integration of the properties of pairs of parallel sides and the right 
angles of both these shapes. Students at level 4, are able to define geometrical 
shapes using a minimum number of properties that are relevant, thus disregarding 
any properties that would distract from the essence of what is compared. At level  

5, students are able to define geometrical shapes and also use axiomatic methods 
to prove their reasoning. The diagram below shows how students at different 
levels can answer the same question.  

TABLE 1: van Hiele Levels for describing a rectangle 

What is a rectangle? 
Level 1 Level 2 Level 3 Level 4 Level 5 
A rectangle is 
a quadrilateral 
which look 
like a door 
frame 

a rectangle is 
a quadrilateral 
with opposite 
sides equal, 
all angles 
equal to 90 
degree each 
and opposite 
sides parallel 
to each other. 

A rectangle is a 
parallelogram 
with a 900  
angles 

A rectangle is a 
parallelogram with 900 
angles because: If one 
angle is 900, the 
opposite angle of a 
parallelogram is equal 
and it will also be 900. 
Since the opposite side 
of a parallelogram are 
parallel, the adjacent 
angle in a 
parallelogram will be 
supplementary. 
Therefore, the 
parallelogram will be a 
rectangle because all 
angles of a rectangle 
are equal 

Students are 
able to 
(mentally) 
prove a shape 
using axiom 
rules and 
rigorously 
establish 
theorems in 
different 
axiomatic 
systems in the 
absence of 
reference 
models 

 

The levels are dependent on each other and for a learner to progress to a higher 
level, they should have mastered some elements of the level before that level (De 
Villiers 2010). Perdikaris (2011) argues that the levels are not discrete but 
continuous. A student can know some elements of a particular level and not 
everything within a particular level. One can be at a beginning of a level or at the 
end of a level. For example, at student at level two can know some properties and 
not all the properties of a shape. The levels are also considered in relation to the 
geometry topic. This implies that the number of properties of a shape a student 
know determines the level a student is at within a van Hiele level. A student can 
for example master all the properties of a square and only know few properties of 
a rectangle. On both shapes the student is then at level 2. On a square, the student 
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is at the end of level 2 and on a rectangle the student is at the beginning of level 
2. 

Conceptual change 

The Conceptual Change Model developed by Posner, Strike, Hewson and 
Gertzog (1982) suggests that learning is changing the way a person thinks by 
considering new information while connecting it with the information one already 
has. Learning involves a struggle between merging the new knowledge and the 
current knowledge. New knowledge is formed after the mind has been convinced 
that the current knowledge is limited. For example, if you know that a 
quadrilateral with all angles equal is a square, and someone convinces you that 
the rectangle also has all angles equal and a rectangle is not a square, you may 
refine your definition of a square.  

Posner, Strike, Hewson and Gertzog (1982) argue for three components to take 
shape, for conceptual change to take place. The first of these components is the 
need to see the importance of changing one’s thinking.  This happens when that 
which was feasible to make a conclusion is no longer feasible enough to make a 
final decision based on the new challenges bestowed upon one’s understanding. 
The second of the component is that a student cannot experience conceptual 
change if they don’t see anything wrong with the way they currently know 
something. Until what they know is challenged and proved to be insufficient, they 
are likely to keep their current thinking. The third of these components, is learning 
new information. Lastly is using what one has just learnt to determine whether 
the new knowledge one has just gained is plausible when it is applied in different 
context. If all three conditions are met, then one will proceed to learn this new 
knowledge without difficulty.  

Hewson (1992) used different ways to define conceptual change. He looked at 
the word ‘change’ and used different meaning of the word to suggest different 
types of conceptual change. He defined the word ‘change’ as replacement, that 
is, as an exchange of one entity for another and the extension on one entity to 
accommodate new challenge. A real life example of conceptual change as the 
exchange of the former state can be explained by using the well-known teaching 
strategy:  Teachers often tell foundation phase learners that they cannot subtract 
big numbers from small numbers, but when learner start learning integers in the 
intermediate phase are able to do so. Learners will throw away the concept of 
“you cannot subtract big numbers from small numbers” and replace it “you can 
subtract big numbers from small numbers”. For example, a student at the first 
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level of van Hiele model may define a rectangle as a long square. After learning 
the properties of a rectangle, and gaining knowledge that the square is a rectangle, 
they start defining a rectangle as a quadrilateral with all angles equal and not as a 
square because a rectangle is not a square. The student discards their previous 
definition and use the new one as a replacement for the old. From this example, 
defining a rectangle as a longer square is no longer plausible because the student 
now know that a rectangle is not a square. What was considered knowledge, is 
now challenged and the students now see the need to change their thinking by 
abandoning the old definition.  

The other type of conceptual change as described by Hewson (1992) is the 
conceptual change as the extension of the previous concept. In order to explain 
this type of conceptual change, we will use an example of the Gautrain in South 
Africa.  During the off-peak hours, the train runs with four coaches and during 
the peak hour, they add four more coaches to eight couches to accommodate the 
peak hour rush. It is still the same train but with some extensions. What was 
available was not eradicated but improved upon. For example, if a student used 
to define a square as the quadrilateral with four equal sides, and then later they 
discover that a rhombus also has four equal sides, then the student will improve 
their definition of a square by means of adding another property, saying a square 
is a quadrilateral with all sides equal and all angle equal to make the definition 
unique for just a square. What the student knew was extended upon to create the 
new extended body of knowledge. 

Conceptual understanding in geometry of (quadrilaterals) 

Conceptual change also comes about through connections. Kilpatrick, Swafford, 
and Findell, (2001) discusses the importance of being mathematically proficient. 
Being mathematically proficient is the learning of mathematics with 
understanding which is more powerful than simply memorizing material. 
Students connect the pieces of existing information and organize it to improve 
retention of knowledge within to enhance their mathematical fluency. According 
to Kilpatrick et al. (2001), what students learn in different areas of mathematics 
can be connected to make new knowledge and how students represent and 
connect pieces of existing knowledge is a key factor in whether they would 
understand and be able to recall information when solving mathematical 
problems.  

Being mathematically proficient amongst others means having conceptual 
understanding of the mathematics topic learnt. Kilpatrick et al. (2001) define 
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conceptual understanding as an integrated and functional grasp of mathematical 
ideas. If students have conceptual understanding of what they are learning, they 
are in a position to explain what they know and not only replicate what they have 
been told. For example, at the second van Hiele level, students must be able to 
label all properties of a geometrical shape. If students are given an opportunity to 
construct a square and then use measuring instruments to find the properties of 
that geometrical shape, they will be able to label the properties which is a naïve 
form of description of explanation.  

Another example of conceptual understanding will be the ability to understand 
that all angles of a quadrilateral add up to 3600.  If all the angles of this shape add 
up to 3600, they must al tessellate around a point to form a revolution angle. 
Cutting all four angles of any drawn quadrilateral and tessellating them will show 
conceptual understanding of angles. Such a demonstration of their understanding 
would imply that what has been learnt is not just facts, but knowledge that can be 
traced back to conceptual understanding.  

Linking conceptual change and van Hiele levels of development 

In order for a student’s understanding to progress to a higher level, the conceptual 
change must take place from the level before to the level above it. For each 
transition between levels, the components of conceptual change (challenging 
existing knowledge, learning new knowledge and using new knowledge) must 
take place for the transition to take place as described above. The diagram below 
shows the three components with examples and how they intertwine with the van 
Hiele levels for conceptual change to take place. 
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FIGURE 1: The three components of conceptual change and how they intertwine 

with the van Hiele levels 

Level 3 (Informal deductive level): Students know the interrelationship between 

geometrical shapes e.g. a square is a rectangle but a rectangle is not a square because 

the diagonals of a rectangle are not perpendicular 

Learn how the shapes look like 

Level 1 (Visual Level): Students judge figures by their appearance.  e.g. It is a rectangle 

because it is longer on the sides 

Level 2 (Descriptive level): Students judge figures according to their properties,  e.g. It is a 

rectangle because pair of opposite sides are equal and parallel and all angles are equal. 

Level 4 (Formal deductive level): Students are able to define a figure using minimum 

number of properties e.g. a rectangle is a quadrilateral with all angles equal, or .e.g. If I 

can prove that diagonals are equal, I can conclude that it is a rectangle 

Level 5 (Rigor): Students are able to mentally prove a shape using axiom rules and rigorously 

establish theorems in different axiomatic system in the absence of reference models 

The challenge 

Notice that different 

shapes have identical 

properties 

New Knowledge 

Learn the 

interrelationship 

between geometrical 

shapes 

Use of new knowledge 

Start defining shapes in 

relation to each other 

e.g. a square is a 

rectangle because all 

properties of a rectangle 

are found in a square 

The challenge 

See that shapes can 

look different and still 

have the same name 

New knowledge 

Learn the properties of 

all required geometrical 

shapes 

Use of new Knowledge 

Start defining shapes by 

their properties 

 

The challenge 

Realise that it is better 

to use the minimum 

number of properties 

New knowledge 

Learn to define a shape 

using minimum number 

of definition by 

comparing shapes with 

each other 

Use of new knowledge 
Start using a definition 

with the minimum 

number of properties 

 

The challenge 

Understanding why 

definitions are working 

 

New knowledge 
Start learning and Finding 

ways to prove why different 

definition are enough to 

define a geometrical shape 

 

Use of new knowledge 

Start proving axiom and 

definitions 
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THE OBJECT OF LEARNING: QUADRILATERALS 

Understanding quadrilaterals requires one to know the interrelationship between 
quadrilaterals. Fujita and Keith (2007), calls this hierarchical classification of 
quadrilaterals. According to Fujita and Keith (2007), the hierarchical 
classification of quadrilaterals involves understanding and analysing the 
properties of different quadrilaterals in order to differentiate between the critical 
and non-critical properties of different quadrilaterals. Some of the hierarchical 
relations involve at least the following three types of understanding: 

First, the understanding of how to classify different quadrilaterals under different 
groups and be able to explain why some of the quadrilaterals are able to share 
common names.  For example, a rectangle, square, rhombus can all be classified 
as parallelogram because all of them have two pairs of opposite sides that are 
parallel to each other which is one of the definitions of a parallelogram: the 
quadrilateral with two pairs of opposite sides that are parallel to each other.  

Secondly is the need to understand the link(s) between different quadrilaterals 
and the fact that some quadrilaterals are representations of other quadrilaterals. 
For example, if a square is a rhombus, and a rhombus is a Kite, then a square is 
also a Kite. To understand this example, you should consider the following: A 
square is a rhombus because it has diagonals that bisect each other 
perpendicularly.  A rhombus is a kite because one diagonal bisects the other 
diagonal perpendicularly. Now, the reason why a square is a Kite is because a 
square also has a diagonal that bisects the other diagonal perpendicularly. This 
implies that the properties that makes a rhombus a kite are the same properties 
that make the square a Kite. 

Finally, there is the need to understand the inclusion and the exclusion of relations 
among quadrilaterals. For example, that a rhombus is a square, but a square is not 
a rhombus. The reason why a rhombus is a square is because the definition of a 
rhombus requires the quadrilateral to have all sides equal and that condition is 
met by the square because it has all sides equal. However, the rhombus cannot be 
a square because its angles are not equal. As a result, the rhombus does not meet 
the minimum (at the same time essential) requirement of being a square.  If you 
want a quadrilateral with all sides equal, you cannot name a square because a 
square is not a rhombus and the square will exclude a rhombus which also has all 
sides equal. I will be ideal to name a rhombus because a square is also a rhombus 
and naming a rhombus does not exclude the square. 
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RESEARCH DESIGN 

This paper took, a qualitative approach.  Golafshani (2003) defines qualitative 
research as research in which findings are arrived at by means of observing of 
facts of interest happening naturally in real life. This is where the researcher 
interprets what he is observing and then produces findings, based on what was 
observed.  The sample comprises of the third-year student teachers doing third 
year of study in the course component of geometry for Intermediate Phase at the 
university in the city of Johannesburg. Sixty (60) students were purposefully 
sampled as participants of the program during the second semester in 2016, when 
this course was scheduled. 

The inductive qualitative data analysis guidelines suggested by Henning, van 
Rensburg and Smit (2004) were utilized to analyse the qualitative data. The 
version which they refer to as ‘global analysis’ is suitable for the type of analytic 
process. According to these authors, the researcher uses ‘raw’ data to paint a 
narrative picture of what various data portray and which then places the 
researcher in a position to interpret what it says, against the backdrop of the 
theoretical framework. The ‘global’ picture will thus be one of how students’ 
learning was systematically ‘scaffolded’ by the mediation of the lecturer and how 
conceptual change took place.  

The data was collected during lecturing the geometry course which was 14 
lectures long. For the sake of this paper, I only focus on one lecture that was voice 
recorded and transcribed. I chose the one vignette where a student was 
questioning some mathematics in order to gain conceptual understanding. During 
the course, students were given an assignment. At the return of the assignment 
there was an argument that was voice recorded and transcribed. The argument 
arose because a student wanted to know why her answer was marked wrong. 
During the exam, there was a question covering the concept similar to the 
concepts being discussed. Three examination scripts of the students who were 
vocal during the discussion were extracted and analysed. 

ANALYSIS AND DISCUSSIONS 

The data presented intends to investigate the gain or lack of conceptual change 
on students who are learning geometry by focusing on conceptual understanding. 
The following question in Table 1.1 was extracted from the assignment. A student 
named Moosa got this question wrong by giving an answer of a ‘square’. Moosa 
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did not understand why she was marked wrong and then decided to question the 
lecturer.  

TABLE 2: Assignment item 

 

 

The following vignette reveals the debate between the lecturer and students 
arising from the question that Moosa needed clarification on.  

 Line Converser Conversation 

1 Moosa What if you say all sides are equal and in a square all side are equal? 
2 Lecturer They are,  
3 Moosa Yes, why is it not a square? 
4 Lecturer Because all sides being equal does not make it a square. It can also mean 

something else 
5 Moosa Exactly, so, it can be a square and a rhombus 
6 Lecturer No, it can’t be both. If sides are equal, I can bring a rhombus to you. 

Would you say it is a square? 
7 Moosa Why? 
8 Lecturer If I bring a rhombus. Would you say it is a square? 
9 Moosa No, but it has all sides equal, it has all sides equal 
10 Lecturer What I am saying is, all sides equal does not guarantee it to have 90-

degree angles. 
11 Moosa Mara a square has all sides equal 
12 Lecturer It does, but having all sides equal is not enough to define a square 
13 Moosa It is correct because it satisfies that statement. 
14 Lecturer It doesn’t 
15 Moosa But in a square all sides are equal, why is it not a square, it makes sense 

because all sides are equal. So that statement… Part ewu, ya statement 
(that part of the statement), it satisfies a square. If it satisfies a square, it 
has to be both a square and a rhombus. I am not arguing against it is a 
rhombus, I am arguing why it is not a square because in a square all sides 
are equal 

16 Lecturer All sides are equal, this is a question, does all sides equal guarantee… 
17 Moosa But all side are equal in a square. Is it wrong? 
18 Lecturer No, it is not wrong,  
19 Moosa Why is it not right? 
20 Lecturer Because all sides being equal does not guarantee us to have all angles 

equal as well 
21 Lecturer Need I do not remind you, okay I don’t own maths. It does not belong to 

me 
22 Moosa So why are you marking a square wrong because a square has all sides 

equal. If we were talking about angles, we are not talking about angles, 
they are just talking about sides.  

23 Richies It’s a good point 

Fill in the missing words 

1. If all sides of a quadrilateral are equal, it is a ____________ 
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 Line Converser Conversation 

24 Lecturer Okay, this is what I am raising as well. This is the question that I can say 
to you. If all sides are equal, does it mean all angles are going to be equal? 
All sides equal does not make it a square 

25 Gift But we are not talking about you 
26 Lecturer Haa, what are we talking about? The figure… 
27 Moosa If all side are equal and all angles are equal 
28 Some 

students 
Yes 

29 Lecturer Because a square is also a rhombus 
30 Lecturer A square is not correct because if you talk about a square, it also has to 

deal with the angles, okay 
31 Lecturer Tell me something, what your argument 
32 Lecturer Okay, let me 
33 Mandla Sir 
34 Lecturer Fine you wanna answer? 
35 Mandla If you say it is a rhombus, if you say all sides are equal and say it is a 

rhombus. You must know that a square is a rhombus. So, if you say it is 
a rhombus, that means you are killing two birds with one stone 

36 Moosa But it is a square 
37 Mahlangu Wait, rhombus….. because we know that a square is a rhombus. But if 

you say it is a square that means you are excluding a rhombus because a 
rhombus remember is not a square. But if you are saying it’s a square, 
now it means a rhombus you are not taking into consideration. But if you 
are saying it’s a rhombus, you are considering both a rhombus and a 
square. 

38 Moosa It’s just half correct 
39 Mahlangu A square is a rhombus, but a rhombus is not a square 
40 Moosa The statement is not wrong, it is just half correct 
41 Mandla Half correct, half mark 
42 Lecturer Yes Gift 
43 Gift The problem is between the question and the questioner. The one who is 

questioning already know that it is a rectangle, so it is very much 
important that whenever you ask a question, you bring specific image to 
the mind of the one being questioned. To know exactly what is expected 
from you. Because we don’t really understand what you want between a 
square and a rhombus. Even here you must admit that the question is not 
clear 

The question asked, is like the question in the assignment. The question expected 
students to know the interrelationship between the quadrilaterals. In order to 
answer the exam question, a student needs to know all the quadrilaterals that has 
diagonals that bisect each other and assess if the rectangle is the only quadrilateral 
that have diagonals bisecting each other. And if the rectangle is not, decide which 
quadrilateral is going to include the rectangle in it because it also has diagonals 
bisecting each other. 
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TABLE 3: Assessment item on quadrilateral 

From the vignette above, Moosa knew that the square has four sides that are equal. 
According to Moosa’s understanding, a quadrilateral with four sides that are 
equal can either be a square or a rhombus. Since both the quadrilaterals possess 
the same property, according to Moosa, both the square and the rhombus fit the 
answer. Throughout the vignette, Moosa is defending her answer and she feels 
that the answer of a square should also be marked correct. In line 3, she asked 
why a square is not. Moosa was convinced that her answer was also correct. 

When considering the issues of conceptual change, there was a need for Moosa 
to change her reasoning so that she can acquire the right understanding. Moosa 
was still at level two and the lecturer wanted Moosa’s understanding to progress 
to level 3. In Level 2, A student knows the properties in isolation and in level 
three, the student knows the properties in relation to other shapes that might 
possess the same property. It is true that the square has all sides equal and it is 
also true that a rhombus has all sides equal. For a student whose understanding is 
still at the second level, an answer of a square makes perfect sense because the 
student is thinking of the properties in isolation. This example of classroom 
discourse is evidence of the fact that a diagnosis of the level of geometric thought 
can be made by analysing students’ argument (as an expression of their thinking). 

As mentioned earlier, for conceptual change to take place, three requirements 
must be met and that is the need to change, learning the new way and using the 
new way. There was no way that Moosa was going to change her thinking if she 
was not convinced otherwise because she thought her understanding was 
acceptable even though she was marked wrong. Only when Mahlangu in line 37, 
brings in the concept of inclusion and exclusion, it became clear to Moosa that 
her reasoning need adjustment. This is the conceptual change as ‘the extension’. 
Moosa was convinced that what she knew was half-correct and it needed to be 
adjusted in order to be fully correct. This implied that, she needs to learn the 
interrelationship between quadrilaterals so that she can be fully understand the 
question that are asked using this format. The question below was asked during 
exam. However, as much as she was convinced, she still wanted her answer to be 

1.4 Examine the following statement:   

 If the diagonals of a quadrilateral bisect each other, then the quadrilateral is a 

rectangle.  

 

 1.4.1. Explain why the statement above is not true. 3 

 1.4.2. Rectify the above-mentioned statement. 2 
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correct. This incident also brought to the fore that sometimes the students thinking 
is influenced by peer’s argument, rather than that of the lecturer. The lecturer is 
obviously at level 4 already and “looks back” while the peer is probably at level 
3 and still understands the transitioning from level 2. This makes free 
participation in classroom discourse and group learning even more vital. 

Below Is Moosa’s answer on from the exam on the above question. 

 

FIGURE 2: Moosa’s exam answer 

From Moosa’s answer, one can say there is evidence of some reasoning. The only 
problem was that the reasoning was not enough.  From the first answer (1.4.1) 
Moosa has an understanding that properties are not supposed to be looked at in 
isolation. Moosa knew that the diagonals can still bisect each other without 
having right angles at the vertices. Hence, she mentioned that it is not enough to 
say it is a rectangle.  

There is also evidence that Moosa did not fully understand the interrelationship 
between quadrilaterals. Although the answer she gave has some element of 
reasoning because she knew that a square also has diagonals that bisect each 
other.  She chose a square because a square also includes the rectangle and the 
rhombus.  However, the correct answer is the parallelogram which also includes 
a square.  The problem with square as an answer is that it is excludes the 
parallelogram because the specific parallelogram is not a square.  

There was evidence of conceptual change throughout the course because at the 
end we see Moosa using what she knew to make sense of statements given to her 
in the examination. However, she is half correct with an evidence of conceptual 
change. One can also assume that Moosa regurgitated what was said during the 
lecture on line 12 when the lecturer said it is not enough. According to De Villiers 
(2010), the van Hiele levels are invariant. For you to be in a position to handle 
the content that should be understood by students whose understanding is at level 
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3, you must first know the level 2 content. Moosa struggled because her 
understanding of the properties was still insufficient of fluent (not sufficiently 
solidified)  

In line 23, there was a student named Riches. When the argument about a 
quadrilateral with all sides equal was raised, she felt that Moosa was raising a 
good point. It was a good point because she did not provide the acceptable 
response on that same item. Riches wrote the answer below in an examination. 

 

FIGURE 3: Riches exam answer 

Riches had the conceptual understanding because what she has written in the 
examination shows some understanding. She answered the question by bringing 
in other quadrilaterals that possess the same property. This is an evidence of 
understanding the interrelationship between quadrilaterals. Riches’ 
understanding is at level three. To show that she fully understands, she got the 
correct quadrilateral on the second question (1.4.2). This is evidence of 
conceptual change as an exchange of one entity of knowledge for another. She 
started reasoning and eradicate what she thought was correct. She was not 
thinking about quadrilateral in isolation, but she also thought about other 
quadrilaterals that possess the same property. Comparing what was in the 
assignment and what was on the examination, she changed from thinking about 
properties of quadrilaterals in isolation and started thinking about the 
interrelationship between different quadrilaterals.  

There are also things that might hinder conceptual change. Let us focus on Gift. 
In line 43, Gift raised the point that the question is not clear. There was no way 
that Gift could answer the question correctly because Gift did not understand the 
question. There was a specific way in which Gift wanted the answer to be asked 
so that it could suit his own understanding. Gift didn’t see the need to learn 
because according to him, there was something wrong with the question and not 
with how he was answering. The answer below was written by Gift during 
examination.  
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FIGURE 4: Gift’s exam answer 

There are only two types of rectangles, a rectangle itself and a square. Both of 
them have diagonals bisecting each other. Gift did not know all the properties or 
a rectangle. Gift was still in the second level and was not yet ready to learn the 
interrelationship between quadrilateral. Even the answer provided on the second 
question, shows that there was no evidence of conceptual change. A rhombus is 
a parallelogram, but a parallelogram is not a rhombus. Choosing parallelogram 
as an answer excludes the parallelogram because it is not a rhombus. 

As mathematics teachers, we sometimes give partial marks to answers that are 
partially correct. This is not ideal for assessments that are going to be retained by 
the students because students will use it as a reference. Although the square has 
all 4 sides equal, it was not the correct answer for a quadrilateral with all sides 
equal because a rhombus also has all 4 sides equal. Marking it wrong allows 
Moosa to question her understanding, and then learn the correct answer which 
was used successfully during the examination. Teachers need to assess the 
learner’s answers in such a way that it will leave room for learners to learn or 
question their understanding of mathematical concepts. Students need to be 
provoked to ask questions that will result in the need to embark on a journey for 
conceptual change. 

CONCLUDING REMARKS 

In this article I have outlined the impact of conceptual understanding on 
conceptual change when students are learning geometry of quadrilateral. 
Conceptual change is dependent on the measures that are put in palace in order 
to create room for it to occur. How lectures award scores in assessments creates 
an opportuning for them to outline the misconception(s) that preservice teachers 
might have, and this usually leads to conceptual change. The adoption of van 
Hiele levels in the teaching of geometry will enable a teacher to support students 
effectively because they will understand students’ level of understanding, as well 
as what is required to be understood at the next level. This will then enable the 
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lecturer to focus on, explain and mediate or scaffold knowledge of the knowledge 
not yet acquired to move on to the next level. The mathematical knowledge to be 
learnt can be achieved or learnt by students in interaction by both lectures and 
students amongst each other. Lecturers need to create opportunities for students 
to learn or question their understanding of mathematical concepts. This can be 
achieved by provoking students to ask questions that will results in the need to 
embark on a journey for conceptual change. 
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The purpose of this study is to investigate Grade 11 mathematics learner errors 
regarding exponents and surds. Four questions on exponents and surds were 
analysed for learner errors from an assessment which was administered to Grade 
11 mathematics learners at a high school in South Africa. Using the error model 
of Movshovitz-Hadar et al. (1987), learner errors were categorised into (1) 
distorted theorem or definition errors, (2) misused data errors, (3) unverified 
solutions errors, and (4) technical errors. Data for the study were collected using 
document analysis of the learners’ written solutions to questions in the 
assessment. A total of 38 learners participated in the study; 152 solutions were 
analysed for learner errors regarding exponents and surds. Across the four 
questions analysed, the findings included 48 distorted theorem and definition 
errors, four misused data errors, 37 unverified solution errors, and 37 technical 
errors. The significance of these findings is that teachers can plan better lessons 
on exponents and surds when they know the types of errors learners are likely to 
make regarding these concepts. Further research could focus on the types of 
teaching strategies that could potentially minimise learner errors to do with 
exponents and surds. 

Keywords:  learner errors; exponents and surds; irrational numbers; 
Anthropological Theory of the Didactic; documentary analysis 

INTRODUCTION 

In South Africa, learners studying the National Senior Certificate (NSC) Grade 
11 mathematics curriculum must study the topic ‘Exponents and Surds’. As 
outlined in the Curriculum and Assessment Policy (CAPS), the key learning 
outcomes for this topic are that learners should be able to  

“(1) simplify expressions and solve equations using the laws of exponents for 

rational exponents where 𝑥
𝑝

𝑞 = √𝑥𝑝𝑞
; 𝑥 > 0; 𝑞 > 0,  

(2) Add, subtract, multiply, and divide simple surds,  

(3) Solve simple equations involving surds.” (NSC, 2011, p. 30)  
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Learners find the concept of exponents difficult to grasp because it integrates 
relationships between symbols, meanings, and algorithmic properties of the laws 
of exponents (Cangelosi et al., 2013; Pitta-Pantazi et al., 2007; Ulusoy, 2019). 
Studies have shown that although the topic of exponents provides background for 
a number of tertiary mathematics courses, such as calculus – exponential and 
logarithmic functions, differential equations, and complex analysis – little 
research has been directed at how learners understand it in schools (Ellis et al., 
2016). Studies have reported that in tertiary mathematics courses, university 
students have difficulties with the rule of exponentiation and the rules of 
logarithms (Ganesan & Dindyal, 2014; Leveson, 2012; Weber, 2002). Similarly, 
teachers have problems understanding the concept of exponents (Levenson, 2012; 
Zazkis & Kontorovich, 2016). As for surds: when Pythagoras’ theorem is applied, 
irrational numbers such as √3 can arise, as surds are irrational numbers that are 
square roots, and cubic roots of positive whole numbers. Also, when solving a 

quadratic equation, one can obtain answers such as 5±√13

4
 – an example of a 

number containing a surd. The advantage and importance of using surds in 
calculations are that one avoids rounding errors; working with surds or exact 
values gives clear insight into the simplifications taking place; surds give learners 
an opportunity to practice their algebra skills, such as grouping like terms; and 
key trigonometrical ratios of the angles 300, 450 and 600 (and others) are more 

expressible in terms of surds – for example, 𝑐𝑜𝑠720 =
√5−1

4
. Techniques for 

rationalising the denominator, which use surds, are important in algebra, calculus, 
and when simplifying the quotients of complex numbers, among other uses.  

However, the teaching and learning of exponents are not insignificant 
endeavours. Very little research has been carried out on exponents and surds in 
the context of mathematics education in schools (Avcu, 2010). This study has no 
intention of explaining the dearth of research on the teaching and learning of surds 
and exponents; suffice it to say that they present difficulties to high-school 
learners. This study seeks to investigate Grade 11 learner errors regarding 
exponents and surds. Therefore, it addresses the following research question: 
What types of errors are committed by Grade 11 learners when solving 
assessment questions on exponents and surds? For reasons of limited space, we 
focus only on document analysis of learners’ written scripts in an assessment. 
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THEORETICAL FRAMEWORK 

This study is foregrounded in the Anthropological Theory of the Didactic (ATD). 
ATD offers a general epistemological framework for mathematical knowledge, 
which is used to observe human mathematical activity (Chevallard, 1992; 2019), 
such as the analysis of learners’ written work in assessments. In the context of 
this study, the investigation is of learner errors in solving questions regarding 
exponents and surds. Bosch and Gascon (2006) posit that according to the ATD, 
a human activity consists of a practice block and a knowledge block. The practice 
block is made up of the type of task – in this study, questions on exponents and 
surds from an assessment – and a technique, which is how the learners solve the 
questions from the assessment. In turn, the knowledge block consists of a 
technology – used to explain the technique used in the practice block – and a 
theory, which is used to justify the technology used in the practice block (Artigue 
& Winsløw, 2010; Putra & Witri, 2017). In this study, the theory is about the laws 
of exponents and the characteristics of irrational numbers.  

CLASSIFICATION OF LEARNER ERRORS 

The documentation, analysis, and classification of learner errors in mathematics 
through assessments is not new. But there are differences between slips, errors 
and misconceptions; according to Olivier (1989), slips are caused by learner 
carelessness during solution processing. Errors occur systematically; they are 
likely to be repeated in similar situations. Misconceptions are grounded in beliefs 
about and principles of existing conceptual structures (Ganesan & Dindyal, 2014; 
Matz, 1982). Many studies have been dedicated to understanding the nature of 
errors made by learners when solving mathematical questions. For instance, 
Radatz (1979) developed a model to classify student errors into five categories. 
Newman (1977) classified student errors into five categories. Similarly, Martz 
(1982) classified learner errors in algebra into three categories. In this study, we 
adopt the six categories of learner error established by Movshovitz-Hadar et al. 
(1987). The categories are misused data; misinterpreted language; logically 
invalid inference; distorted theorem or definition; unverified solution; and 
technical error. Table 1 below presents a description or example of each error 
category but shows only the four main error categories observed in the learners’ 
written work on exponents and surds in this study.  
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TABLE 1: Categories of learner error (adapted from Movshovitz-Hadar et al. 
(1987), p. 8). 

Type of error Description of error 

Distorted 
theorem or 
definition  

Evidence of this type of error can be seen when a learner 
improperly and/or incorrectly uses the laws of exponents.  

Misused data  Occurs when a learner uses data which is inconsistent with 
what is given in a question, and/or ignores data relevant to 
finding a solution to a question.  

Unverified 
solution  

The learner fails to check the solution, and to realise that it 
is not the solution to the given problem.  

Technical error Occurs when a learner makes procedural and manipulation 
errors, due to carelessness; or mistakes that are unexpected 
at his/her grade level.  

 

In the data analyses, we have illustrated (using examples of learners’ written 
work) how these error categories were made by learners during the assessment 
on exponents and surds.  

METHODOLOGY 

This qualitative study involved a documentary analysis of the written work of 38 
Grade 11 mathematics learners, taken from an assessment of their knowledge of 
the concepts of exponents and surds. The study was carried out in a South African 
high school located in a low-socio-economic area of the city of Cape Town. 
Schools located in low-socio-economic areas are usually under-resourced and are 
associated with poor performance in mathematics (National Planning 
Commission, 2012). Learners answered an assessment questionnaire consisting 
of six questions in an allowed duration of 50 minutes. For the purposes of this 
study, only questions 3(a), 4(a), 5(a) and 6(a) were analysed, these focused on the 
simplification of surds, exponential equations, and equations with surds. A 
similar assessment was administered the previous year, reducing the need for a 
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pilot assessment. Assessment questions were constructed using examples from 
the prescribed textbook and from past NSC examination papers on exponents and 
surds. Since the approach adopted in this study was documentary analysis, no 
focus group interviews with learners took place. The data analysis used the error 
model of Movshovitz-Hadar et al. (1987) to investigate the types of errors 
learners make when solving questions about exponents and surds.  

FINDINGS 

Table 2 below shows the distribution of the types of error (from the categories 
defined in Table 1 above) made for each question. In the answers to the four 
questions on exponents and surds analysed in the study, a total of 126 instances 
of errors were observed, in four categories: misused data errors, distorted theory 
or definitions errors, unverified solutions, and technical errors. A word of caution: 
the reader should not hasten to conclusions about the observed frequencies shown 
in Table 2 below. For instance, we cannot conclude that learners are less likely to 
commit ‘misused data’ errors because only four were recorded; or that learners 
commit fewer ‘technical errors’ than ‘distorted errors’ in assessments in general. 
It could well be that for some questions in the assessment, learners were more 
prone to err only in certain ways. 
TABLE 2: Distribution of types of error across questions  

 

 Frequency of type of error 

Assessment question 

Distorted 

Theorem or 

Definition 

Misused 

Data 

Unverified 

Solution 

Technical 

Error Total 

Q3. (a) Evaluate the following surd 
(leave solution in surd form): 

√3 − √32 + √108 − √72 
3 2 0 3 8 

Q4. (a) Solve for 𝑥 

3𝑥2−1 =
27−1

3
 

13 0 18 16 47 

Q5. (a) Solve for 𝑥 

√𝑥
3

= 25 
14 1 5 6 26 

Q6. (a) Solve for 𝑥 

𝑥 − √𝑥 = 6 
18 1 14 12 45 

Total 
 

48 4 37 37 126 
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Frequencies per category across questions were calculated using totals within columns. We also posit 
that striking a balance between the chance to err by learners in each category, 
while challenging to notice, would require additional analysis of errors that 
manifest in different questions which is not offered by this study (Movshovitz-
Hadar et al., 1987; Radtz, 1979). The type of analysis presented in this study 
contributes to assigning a level of difficulty to questions, by way of the absolute 
frequencies attributed to a category. In the following section, examples are 
presented of errors in the various categories committed by learners in the written 
solutions to selected questions.  

Distorted theorem or definition error 

Errors in this category are those in which learners misrepresent known rules, 
principles, theorems, or definitions. For instance, the analysis of learners’ written 
work on exponents and surds from the assessment showed that learners made 
errors in applying surd definitions and misrepresented the laws of exponents. 
Learners who failed to solve exponential and surd equations showed a lack of 
understanding of the laws of indices. Distorted theorem or definition errors were 
observed most often in questions 4(a), 5(a) and 6(a), with frequencies of 13, 14 
and 18 respectively. Figure 1 below is an example of a distorted theorem or 
definition error, from a learner’s written solution to question 4(a).  

 

 

Figure1: Example of distorted 
theorem or definition error in a 
solution to question 4(a) 

 

Figure 2: Example of distorted theorem 
or definition error in a solution to 
question 6(a) 

 

In Figure 1 above, the learner failed to correctly apply the theory of laws of 
exponents as they apply to division on the right-hand side of the equation – see 
line 3. An attempt to divide both the numerator and denominator resulted in a 
minus sign on the right-hand side of the equation. Another example of a distorted 
theorem error is presented in Figure 2 above, which shows that a learner has 
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insufficient theoretical knowledge to solve quadratic equations involving surds. 
It seems the learner knew that at some point, squaring both sides of the equation 
would be required; but he or she did not achieve that. From an ATD theory 
perspective, for both Figures 1 and 2 above, the learners had the techniques 
required; however, they lacked the technology and the theory to justify the 
techniques they used to solve the questions (Bosch et al., 2019; Chevallard, 
1992).  

Misused data error 

In the main, the errors made in the misused data error category included 
discrepancies between how data was presented in the questions and how learners 
presented data in their solutions. Misused data errors can also arise when a learner 
fails to follow illustrations from the question on how that data can be used when 
a solution is being sought (Movshovitz-Hadar et al., 1987). For instance, in Figure 
3 below the learner ignored the instruction in the question requiring him or her to 
leave the solution in surd form. Instead, the learner chose an easier route, using a 
calculator to find the square roots of the given numbers, and simplifying the 
resulting expression. In Figure 4 below, the learner neglected the information 
given in the question and added incorrect data, such as replacing 𝑥 by 1 in line 3 
of the solution.  

 

 

Figure 3: Example of misused data 
error in a solution to question 3(a) 

 

Figure 4: Example of misused data 
error in a solution to question 6(a) 

 

In the analysis of the learners’ written scripts, a total of four misused errors were 
observed in their solutions to questions 3(a), 5(a) and 6(a), with frequencies of 2, 
1 and 1 respectively. It is possible that the learners whose work is shown in 
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Figures 3 and 4 above lacked the technique to evaluate the expression in question 
3(a), and to solve the equation in question 6(a).       

Unverified solution error 

An unverified solution error arises when a learner fails to check his or her 
solution, and the final solution obtained is not the correct solution to the given 
problem. Unverified solution errors occur when even though a learner gets all the 
steps correct when solving an equation, in the case of an equation with multiple 
solutions, not all the solutions may be applicable to the question. Verification of 
the solutions will eliminate any solution that is not applicable to the equation.  

 

 

Figure 5:  Example of an unverified solution error in the solution to question 6(a) 

In Figure 5 above, the learner performed all the steps correctly when solving the 
equation in question 6(a), ending up with two solutions. But only one of the 
solutions (𝑥 = 9) is correct in this case; the other (𝑥 = 4) is not applicable. The 
learner committed an error by failing to verify the solutions. A total of 38 
unverified solution errors were committed by learners across questions 4(a), 5(a) 
and 6(a), with frequencies of 18, 5 and 14 respectively. In addition, we observed 
that 23% of the learners did not carry out verification of solutions.  

Technical error  

The technical category of errors occurs when a learner makes procedural, 
computational, manipulation and careless errors. Technical errors also include 
slips and mistakes that learners make that they should have learned to avoid in 
junior high and/or elementary schools (Movshovitz-Hadar et al., 1987).  
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Figure 6: Example of technical error in a solution to 
question 5(a) 

Figure 7: Example of a technical error in a solution to 
question 4(a) 

 

Learners made a total of 37 technical errors across the four questions being 
analysed – questions 3(a), 4(a), 5(b) and 6(b). The frequencies observed for 
questions 3(a), 4(a), 5(b) and 6(b) were 3, 16, 6 and 12 respectively. Figure 5 

shows that a learner made a mistake in representing 25
3

2 as 75

2
. Figure 7 shows 

another mistake made by a learner when solving the equation 𝑥2 − 1 = −3𝑥 − 1 
(line 4), which the learner transformed to 𝑥2 − 3𝑥 = 0 (line 6). Besides the 
equation obtained through this transformation being incorrect, the learner made 
further mistakes in failing to solve a simple quadratic equation; this is a concept 
that should have been mastered in junior school and/or senior phase.  

CONCLUSION 

Notwithstanding the limitations of this study – including the use of only a small 
sample (38 learners), and the analysis of learners’ written solutions from an 
assessment without also interviewing the learners – our findings provided insights 
into learner errors regarding the concepts of exponents and surds. The 
significance of the findings from our error analysis of learners’ written scripts is 
that they could help teachers to foresee the difficulties and obstacles their students 
will face when learning and being taught the concepts of exponents and surds. In 
addition, teachers may also find useful the patterns of learner errors across 
mathematical topics (Movshovitz-Hadar et al., 1987). They could use the errors 
identified in this study on exponents and surds as a basis for adopting new 
teaching strategies and/or remedial work as a way of addressing and minimising 
specific errors committed by students (Ganesan & Dindyal, 2014). When setting 
multiple-choice questions on exponents and surds, they could use the findings of 
this study on errors to provide an inventory of good distractors. Providers of in-
service programmes for mathematics teachers could also use these findings on 
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errors as the basis for selected workshop themes. Describing all the errors 
regarding exponents and surds that learners made in this study was beyond the 
scope of this paper; however, an attempt was made to classify and document 
errors that learners are prone to making.  

To conclude, we recommend that further studies focus on the type of teaching 
strategies that have the potential to minimise student errors on exponents and 
surds, and on how certain cognitive styles are associated with patterns in the types 
of errors made.  
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TOWARDS MATHEMATICS TEACHER PROFESSIONALLY 

SITUATED KNOWLEDGE FOR TEACHING DIRECTED 

NUMBERS AT GRADE 8 

Judah Makonye 
University of Witwatersrand 

This article problematizes the teaching of directed numbers particularly addition 
and subtraction. In search for Mathematics Teacher Professionally Situated 
Knowledge (MTPSK), it analyses the errors grade 8 learners show during 
classroom interactions with their two teachers. Data was collected through 
observation with the help of an audiotape for recording two lessons that were 
conducted in two schools. Wertsch (1984)’s framework of interpreting Vygotsky’s 
Zone of Proximal Development in terms of situation definition, inter-subjectivity 
and semiotic mediation guided the study, as were Lavie, Steiner and Sfard (2018) 
routines of mathematical rituals and explorations. The results showed that 
learners produced various errors on the topic. These were mainly due to 
asymmetric situation definitions of the mathematical tasks. Learners stuck to the 
primary school arithmetic schema where learners treated directed numbers the 
same as whole numbers. The precise and rigorous mathematics symbolism was 
ignored. The learners were not aware of the potentially rich mathematics 
explorations inherent in directed number tasks. The study recommends that the 
learners’ concept images be taken as an important knowledge base to be fused 
with well-designed mathematical representations to build MTPSK on the topic. 
INTRODUCTION 

Some concepts in mathematics are fundamental to successful learning of others. 
Directed numbers are an example of such concepts. MacDonald (2011) describe 
directed numbers as numbers with both direction and magnitude.   The direction 
is represented using negative and positive signs and thus, directed numbers are 
also referred to as ‘signed numbers’ (Peled, & Carraher, 2008).  Learning is a 
mean making process. Learners naturally construct meanings or concept images 
of the new of the mathematics they encounter. A learner’s concept image relates 
the schema she has with a concept (Tall & Vinner, 1981). In comparison of 
decimal fractions, for example in Nesher (1987, p.35) reports the learner Jeremy 
who had the view that 0.234 is greater than 0.4. His concept image of comparing 
numbers was that a longer number (more digits) is bigger than a shorter one. In 
the same manner Ruth would say 0.4 is larger because the first number has 4 
tenths which are larger than 4 thousandths in the second. Therefore, learners’ 
concept images often show incompleteness of learners’ knowledge. Some of the 
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concept images are resistant to instruction because they are often rewarded –
erroneously - which explains their persistence and resilience. For instance, 
Jeremy would get all questions like comparing 0.4 and 0.613 correct.  In learners’ 
concept images often reside truths and untruths; adjutants to each other.  With 
learners’ concept images incongruent with or in competition with ‘absolutist’ 
formal concept definition a student will find it difficult to cope with related 
aspects of mathematics (Makwarise, 2016), such as in algebra where directed 
numbers are subsumed. 

Hence, an in-depth knowledge of directed numbers may be hampered learners’ 
concept images (Tall & Vinner, 1981) they have on the numbers. Such concept 
images may harbor errors and misconceptions that learners produce. 
Misconceptions represent the underlying faulty understanding or thinking that 
learners have regarding a certain concept (Nesher, 1987). Learners’ 
misconceptions about directed numbers is an indication that their knowledge 
deviates in one way or another to expert knowledge of directed numbers referred 
as the formal concept definition (Tall & Vinner, 1981). The formal concept 
definition is the way mature members of the culture or practice understand it. For 
instance, the formal concept definition of a real number is any number that can 
be shown on a number line. Yet a grade 7 learner may think real numbers are 
numbers counting numbers only.  

To Nesher (1987), learners’ contribution in the learning process is making errors. 
Thus, they should not be looked down upon instead teachers must welcome them 
and use them to inform their instruction (see for example Nesher, 1987; Smith, 
diSessa & Roschelle, 1993, Borasi, 1994). Borasi (1994) argued that learner 
errors and misconceptions are anomalies that provide explorations for 
mathematics concepts rather that rituals. To Siegel and Carey (1989) anomalies 
are ‘things that do not make sense or perceptual judgments or observations that 
seem unexpected’ (pp. 23-24). When properly engaged with, errors and 
associated misconceptions provide learners with narratives of mathematics that 
are new to them – in other words they endorse historical mathematical facts for 
them. To Lavie, Steiner and Sfard (2018) mathematical rituals are linked to 
regurgitating mathematical facts and procedures learnt from the teacher for some 
social reward as compared to explorations in which genuine learning of 
mathematics occurs. Heyd-Metzuyanim and Graven (2016) metaphorically 
compared these two routines to people-pleasing and mathematising. In 
explorations learners experience productive struggle and productive failure as 
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they grapple with mathematics to make sense of it (Granberg, 2016). In the end, 
these result in true mathematical competency. Learner errors and associated 
misconceptions are key to teaching and learning mathematics with explorations. 
This helps to build Mathematics Teacher Professional Situated Knowledge 
(MTPSK) (Scheiner, Montes, Godino, Carrillo & Pino-Fan, 2019). MTPK is 
specific knowledge which enables the teacher to unpack and decompress 
mathematics knowledge to learners so that they can understand it. In this process, 
teachers draw from their knowledge of varied mathematics concepts and their 
different representations and the knowledge of their learners’ state of mind – 
learners’ concept images regarding the topic taught. These concept images may 
harbor naïve misconceptions. A teacher with MTPK fuses these two realms to 
facilitate learning to occur. We argue that it is important to allow learners to 
experience errors and misconceptions in directed numbers to experience 
productive failure, this helps them to awaken their explorations on the topic. 
Equally important is MTPK that will professionally facilitate that exploration - 
the questions and tasks teachers give their learners, the representations and 
models used in mathematics conversations short of telling to help learners 
progress in their journey to learn specific mathematics ideas such as directed 
numbers and associated operations. 

The author posits that the ‘lecture, example and practice’ approaches of 
traditional teaching are ineffectual in effecting learner conceptual understanding 
of integers and operations at lower secondary school. This is because such 
approaches do not consider the voice and standpoint of the learners (Ball, Thames 
and Phelps, 2008) in relation to the mathematics being taught and learnt. I argue 
that exploring learners’ errors and associated misconceptions helps to build 
mathematics teacher professional situated knowledge (MTPSK) associated with 
addition and subtraction of integers. The resources that acutely helps in this 
process is teaching learners in their Zone of Proximal Development (ZPD) 
(Vygotsky, 1986) in which learners concept images play out in errors and 
associated misconceptions that reveal themselves. 

This study is done via errors and associated misconceptions that grade 8 learners 
have regarding operations on directed numbers. How are these dealt with in terms 
of Wertsch (1984)’s negotiation of the ZPD? The author aims to identify the types 
of errors grade 8 learners have as they engage in classroom discussions on 
directed numbers. Also, the study discusses the mathematics teacher professional 
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situated knowledge (MTPSK) associated with addition and subtraction of 
integers. The research questions investigated are; 

 What errors and misconceptions do learners have in responding to 
questions regarding addition and subtraction of directed numbers? 

 How can learners’ errors and misconceptions be understood in terms of 
Wertsch (1984)’s situation definition, inter-subjectivity in order to enhance 
semiotic mediation? 

 What MTPSK for teaching addition and subtraction of directed numbers 
may be drawn from the study? 

Significance of the study 

Researching on teaching and learning the topic directed numbers is significant to 
research not only in South Africa but globally because even though integers are 
the basis of algebra and therefore all higher mathematics, teachers and learners 
struggle to handle the topic (Makwarise, 2016). It is important to research how to 
teach this topic if mathematics learning is to be advanced for all learners despite 
their socio-economic status. A strong way towards that goal is to establish 
mathematics teacher professional situated knowledge (MTPSK) that can be 
shared by practitioners in teaching that topic. 

THEORETICAL FRAMEWORK/LITERATURE REVIEW 

In order to fully understand the errors and misconceptions learners have during 
classroom interaction with their teacher, Vygotsky’s theory of social construction 
of knowledge underpinned this study. Vygotsky (1978) states that effective 
learning occurs during the stage of zone proximal development (ZPD). He defines 
this as “the distance between the actual developmental level as determined by 
independent problem solving and the level of potential development as 
determined through problem solving under adult guidance or in collaboration 
with more capable peers” (Vygotsky, 1978, p.86). Wertsch (1984)’s ideas on the 
ZPD are helpful in working with learners’ errors and misconceptions to advance 
MTPSK. 

Figure 1: A learner working out (+8) – (-5) using a number line drawn on the 
chart showing that he his situation definition and that of the teacher do not match. 
There is no inter-subjectivity. 
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Wertsch (1984) interpreted Vygotsky’s ZPD in terms of three phases situation 
definition, intersubjectivity and semiotic mediation. To Werstch (1984) ‘a 
situation definition is the way in which a setting or context is represented - that 
is, defined- by those who are operating in that setting’ (p.8) (see also figure 1). 
Thus, given the same task the teacher and learner, interpret or represent the same 
task asymmetrically. Often, the teacher holds the mature concept definitions of 
directed numbers at scientific level while the learners hold their own concept 
images - amateur concepts of directed numbers which often compete against 
scientific concepts.  Therefore, the situation definition is an important part of 
MTPK to account for the leaner’s zone of proximal development. The teacher 
needs to be in a learner’s shoes in order to work appropriately in the inter-
psychological plane for there to be collaboration. As Wertsch (1984, p.12) argues 
the adult’s representation of objects and events must come down to the way the 
child does. 

 In this way the adult temporarily gives up their situation definition ‘in favour of 
a qualitatively new one’ (p.12). This way inter-subjectivity between the two 
interlocutors - learner and the teacher as now their situation definition is at parity. 
In this way it is important for the teacher to professionally notice what the learner 
says and does and probe them through interviews in order to build a qualitative 
understanding of a learner’s mathematical thinking. 

Once the inter-subjectivity occurs then semiotic mediation can occur where the 
teachers facilitates learning the task in terms of the learner’s representations and 
his own representations. Thus, mediation is facilitated by knowledge content and 
student (Ball, Thames and Phelps, 2008). 

Errors and misconceptions 

Nesher (1987) pointed out that errors are made by learners as part of their 
expertise towards contributing to the learning process. They are milestones in 
learning and indicate that learners are engaging with the mathematics tasks. 
Sometimes errors and misconceptions are anomalies to learners they are not sure 
whether their thinking is strictly wrong or correct.  Nesher (1987) argued that 
errors and misconceptions often emanate from mathematically valid knowledge 
wrongly applied to an extended domain. For example, using the difference 
interpretation of subtraction; a learner will regard 7-9 as the difference between 
7 and 9 to produce an answer of 2. In the same way, learners can accidentally 
produce correct answers when the rule they defer to; when their thinking is a 
misconception. For example, if they think a longer decimal is larger; which is not 
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always true, they can conclude 0.345 is bigger than 0.23 which is correct but for 
wrong reasons. The fact that at certain times a rule works, one gets correct 
answers, which is rewarded makes for the pervasiveness and resistance of 
misconceptions to instruction designed to dislodge them. Even so, learner errors 
should not be seen as obstacles or undesirable (Makonye & Hantibi, 2014) 
because they are a reflection of their participation in the learning situation.   

Makonye and Hantibi (2014) identified five common errors prevalent in students’ 
written work about tasks on operations with directed numbers. These student 
errors included “systematic errors, careless errors, transformation errors, process 
skills errors and encoding errors” (Makonye & Hantibi, 2014). A systematic error 
is one where a certain incorrect response appears to constantly repeat for a 
particular algorithm (Cox, 1975; Makonye & Hantibi, 2014). The systematic error 
cannot be generalized on a single learner response, it has to be an error observed 
as common for a particular algorithm and for a number of students.  

A transformation error is described by Kristayulita (2017) as one that concern 
failure to identify the correct operation or a sequence of operations even when the 
learner understood what the question required. This can be observed when a 
learner gets -6 or 6 as the answer to (-2) ×(-4). The learner is adding instead of 
multiplying (Makonye & Hantibi, 2014) which indicates that he or she failed to 
recognize the correct operation. In other cases, a learner may know what 
operation to use but fail to understand the procedure that will lead him or her to 
the correct answer and this kind of error is called Process skills error (Makonye 
& Hantibi, 2014; Kristayulita, 2017). For example, when working out 14÷(-2) a 
learner gave 7 not -7 (Makonye & Hantibi, 2014). In this case a learner is aware 
of the operation to use but is confused of the sign to use. Encoding error is defined 
in Kristayulita’s (2017) work as occurring when the student correctly solves the 
problem but fails to present the solution in an appropriate form or using an 
appropriate notation. 

Other types of errors learners make when working with directed numbers are 
discussed by Makonye and Fakude (2016). Drawing on Schoenfeld and 
Kilpatrick’s (2008) five strands of mathematical proficiency they categorized 
learner errors as procedural errors, strategic errors and logic errors. Procedural 
errors “are about failure of the learners to manipulate the signs in front of the 
numbers in conjunction with the sign in operation, which is either a plus or a 
minus” (Makonye & Fakude, 2016, p.7). Strategic errors involved such errors as 
those arising from failure of students to “formulate the setup of the numbers, and 
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represented them correctly” while logical errors are committed when “the learner 
could not display his or her capacity to think logically about the relationship 
among concepts and situation” (Makonye & Fakude, 2016, p.5).  

Makonye and Hantibi (2014) emphasize that errors committed by learners are due 
to misconceptions that they may be having regarding a mathematical concept. A 
misconception is defined as the underlying faulty thinking or understanding that 
may yield a series of errors (Nesher, 1987). Misconceptions are a reflection of 
what a learner knows about the concept and as such they can be productive in the 
teaching and learning situation (Nesher, 1987; Smith et al., 1993; Borasi, 1994).  

METHODOLOGY 

To build MTPK for teaching directed numbers at Senior Phase, this study 
employed the qualitative research approach. This helped to determine the types 
of errors and misconceptions grade 8 learners have regarding directed numbers 
and what thinking learners have associated with these. According to Scott & 
Morrison (2006) a qualitative research approach draws on interpretive methods 
to understand the human world. A qualitative approach is ethnographical in that 
one of its major concerns is to understand or see the world in the eyes of those 
who are studied (Scott & Morrison, 2006; Cohen, Manion & Morrison, 2011). 
The description of the errors and misconceptions committed is in words which is 
one of the features of qualitative research (Scott & Morrison, 2006). These 
descriptions feed MPTK. A qualitative approach was suitable because the 
researcher sought to understand in depth so that professionally situated teacher 
knowledge could be obtained. 

Data for this study was collected from two high schools in inner-city XXX, South 
Africa. Purposeful and convenience sampling techniques as defined by Scott and 
Morrison (2006) were used to select the schools, teachers and class. Two mixed 
ability classes of 45 and 42 composed of boys and girls at grade 8 participated in 
the study. The teachers selected were those who consented to work with the 
researcher. That was preferable because such teachers afforded academic access 
as they were voluntarily cooperative with the researcher.  

Observation with the help of an audio recording device was used to collect data 
from the two classes that participated in this study. Observation was done when 
the teachers were teaching the topic integers. These helped to unveil learners’ 
concept images - errors and misconceptions. Also, to the researcher the inter-
unfolding subjectivity or lack of it; potentials for situation definition; and 
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semiotic mediation that can help build MTPSK. The use of audio recording 
device is justified by Garcez, Duarte & Eisenberg (2011) to help capture verbal 
articulations by learners that might go unnoticed when the device is not used.  
This increases the validity and reliability of the study. Besides observations, there 
we interview with learners and teachers to pursue the research questions.  

VALIDITY AND RELIABILITY 

The validity of a qualitative study lies in the consistency of data collection and 
analysis procedures; well-articulated procedures that could be followed by 
another researcher, clears any doubt of duplicity.  

Validity and reliability issues are central to research. They refer to the scientific 
rigour of the research (Scott & Morrison, 2006). Validity and reliability concern 
the credibility and trustworthiness of the research in its methods and results. 
Validity refers to whether collected and analysed data helped to further and 
advance the research objectives outlined thereof. Reliability on the other hand 
refers to consistency in that if an independent researcher were to replicate the 
same research process with an alike sample and research methods and 
instruments, they would get comparable findings (Cohen, Manion & Morrison, 
2011). The researcher did member checking so that participant teachers could 
comment of the accuracy of it. Any comments they made were incorporated in 
the study. Further, ethical permission from XXX department of Education was 
obtained as well as ethical clearance from our institution. 

DATA ANALYSIS 

Data collected using audio recording device was transcribed verbatim. The 
analysis began by identifying errors and misconceptions from learners’ responses 
from the transcripts and created excerpts. Those excerpts were analysed to 
determine the categories of errors and misconceptions  

School A 

Excerpt 1: Review of directed numbers 

In this example the teacher was reviewing learners’ understanding of the directed 
numbers because they had been introduced to this numbers at grade 7. The teacher 
began by asking learners whether they knew of numbers other than 1, 2, and 3 in 
turn 11. So in turn 12 learners respond by saying they are ‘minus’. The teacher 
continues to ask to find more of their understanding and in turn 19 he asks about 
numbers above zero. The learners respond in turn 20 by saying negative, but 
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quickly after the teacher has repeated the question in turn 21 they realize the error 
they made and then give the answer as positive  

11 T1 But aah which are other numbers do we have other than 1,2,3. Yes 
(T1 nominating a L) 

12 Lnr minus 

13 T1 Right we got minus. So those minuses there come under zero. 

14 Lnrs Zero 

15 T1 Right, from minus one we have got minus? 

16 Lnrs 2   

17 T1 Minus? 

18 Lnrs 3 

19 T1 Right it goes on like that, so those numbers are above zero we call 
them                 what? 

20 Lnrs negative 

21 T1 Eeh which are above zero are called? 

22 Lnrs Positive  

In this excerpt is we see learners making an error which they quickly correct when 
the teacher repeats the question. This shows that learners knew of the correct 
answer at the time they gave the incorrect answer. This kind of error they are 
committing is the careless error as described by Makonye and Hantibi (2014). 

Excerpt 2: Using discs for addition of opposite numbers 

The teacher is introducing learners to the idea that adding two opposite numbers 
result into a zero at turn 111. He explains that addition of positive and negative 
gives zero and then introduces the term neutralize. He relates the concept to 
protons in science and something that his ‘what?’ in turn 111, line-113 could be 
interpreted as a question seeking that something to be added with protons. 
Learners respond by saying it is neutron in turn 112. The teacher agrees with 
learners in turn 113 and goes further to state that the chemical is neutral, and his 
learners agree with him.  
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111 T1 You have zero, yes because actual we have aaa what a plus 3 right 
plus what? Minus 3 and therefore we have zero so this and this one (T1 pointing 
at pairs of +-) give us zero, this one and this one +- give us zero, this one and 
this one +- give us zero. So, its zero plus zero plus zero is zero they neutralise 
each other. If you think of science example a proton and a what? 

112 Lnrs Neutrons  

113 T1 One proton and one neutron. Then that chemical is neutral, isn’t it? 

114 Lnrs Yes (Chorus response) 

While this study is not concerned with errors the teacher makes but both him and 
the learners committed an error of saying a proton neutralises with a neutron. This 
kind of error occurs as the teacher is relating the concept to another discipline. 
One cannot even conclude whether it is an error or a misconception from both the 
teacher and the learner.  

School B 

Excerpt 3: Describing in words the tasks; a) 8-(-5) b) 8-5 c) 9-(-3) 

In this excerpt the teacher had asked learners to describe in words the algorithms 
above. In turn 43 the learner describes the task 8-(-5) by saying positive 8 is been 
subtracted from negative 5. The teacher asks if there is anyone that can help the 
learner in turn 44 and another learner corrects him in turn 45.  

43 Lnr 1 Ah, on a) positive 8 is been subtracted from negative 5 and… 

44 T2 Can you please help him out 

45 Lnr 2 a) Negative 5 is being subtracted from positive 8 and b) 5 is 
subtracted from 8 and c) 9 is being subtracted from negative 3 

In this excerpt the learner commits an error of saying 8 is subtracted from negative 
5 while the correct answer which was also given by the other learner (L2) is 
negative 5 is subtracted from positive 8. The learner seems not be proficient with 
English. In their study on grade 8 learner errors and misconceptions on directed 
numbers, Makonye and Fakude (2016) found that some errors learners made were 
related to their lack of English proficiency.  This representation of Lnr 1 has little 
to do with language but rather with reading mathematics symbols and 
terminology. It has to do with procedural knowledge (Hiebert, 2013). In Wertsch 
(1984) terms the Lnr 1 displayed her concept image, a situation definition that is 
different from accepted mathematical knowledge.  
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Excerpt 4: Subtracting a negative number from a positive number +8-(-5) 

In turn 50 line 7 the teacher requested the learners to work out +8-(-5) using a 
number line. He asks one learner to demonstrate it and the learner gets the answer 
as -3. The teacher asks other learners about the answer and they declare it wrong. 
The teacher asks another learner to help in turn 53. In turn 54 the learner responds 
by saying the answer is 3 which others say it is also wrong.     

50 T2 Now 8 here is positive (pointing at number a), so the first question 
we are subtracting a negative number from a positive number, right. And the 
second question we are subtracting a positive number from a positive number. 
The third question we are subtracting a positive number from a negative number 
(learners re-voicing what the teacher is saying), negative number. I know that 
from grade 7, grade 6 you been doing subtraction now could you please with an 
aid of a number line (school bell goes) can you please subtract negative 5 from 
8, 5 from 8 as well 9 from negative 3 right. Right let’s do the first one. Can I have 
someone to demonstrate? (A learner comes upfront to demonstrate on the 
chalkboard). Leaner’s response :    +8-(-5)=-3 

51 T2 (Learners clapping hands). Right ok, ok is the answer negative three. 

52 Lnrs No (chorus response) 

53 T2 Ok you come and help 

54 Lnr Positive 3 (Other learners say no) 

55 T2 Positive 3 (other learner says no while others say yes). Positive 3
  .64 T2 13, positive 13  

65 Lnrs Yes (chorus response) 

66 T2 How did you get the answer 

67 Lnr I said sir, negative plus negative, negative plus negative is equal to 
positive. Then I said 8 plus 5 equals positive 13. (clapping hands of learner) 

The two responses given in this excerpt are incorrect. However, the answers -3 
and 3 show that learners are aware of the operator (subtraction), but they subtract 
5 instead of negative 5. In this regard it can be argued that the learners understand 
the operation to use but fail to understand the procedure that will lead them to the 
correct answer. This kind of error is classified as process skills error. 
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In turn 60 the teacher had asked another learner to help those who got the answer 
wrong and is rejoicing the learners answer which was given as positive 13. The 
teacher then requested the learner to explain how he got the answer in turn 66. In 
turn 67, the learner states that he said negative plus negative will give a positive, 
then continued to add 8 and 5 to get 13. While the answer is correct but the 
thinking or understanding that has led to the answer remains unclear. It could be 
that the learner was just using ritual thinking (Lavie, Steiner & Sfard, 2018) 
regurgitating what they have been told by the teacher before or these days what 
they get from the internet that if you minus a negative number it becomes a plus. 
By looking at the solution or accepting the solution as given by the learner, the 
teacher would not uncover this faulty thinking. So, this shows that the learner had 
a misconception about subtracting a negative number. In fact he had an anomaly 
(Siegel & Carey, 1989) because he could not explain how he got there. The 
learner has used the rule of multiplying a negative number by negative number 
and claims it to work the same with addition.  

Excerpt 5: Adding and subtracting directed numbers  

In this excerpt the teacher begins by giving learners the exercises to work on, turn 
68. In turn 80 he asks them to give the answer to the second question which is 10-
(-15). Turns 81-84 shows the learners’ responses.  

68 T2 Ok so you have four minutes one minute each to answer those 4 
questions. To answer those question you have 4 minutes one minute per question 
so it’s:  1) 5+(-3)      2)     10-(-15)       3)   -11-(-9) then   4)   6-(-4). 

80 T2 (The teacher writes: 5+(-3)=2). Ok number 2 what is the answer? 

81 Lnr1 Negative five 

82 Lnr2 Positive 5 

83 Lnr3 Negative 5 

84 Lnr4 Positive 5 

Two learners give the answer as negative 5 while the other two give the answer 
as positive 5. Both these answers given by the learners are incorrect. No matter 
how incorrect they are, they are repeated by different learners. In trying to 
interpret the thinking learners are using they see 10 and 15 and that there is a 
minus sign, so learners simply interpret or represent it as the difference between 
10 and 15, which is the meaning they have learnt at primary school. Those who 
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gave -5 would have realized that a larger number 15 was being subtracted from a 
smaller number 10. Again in this case there was a problem of situation definition 
where learners interpreted the problem in their own way; 10-(-15) ≡10-15 or 10-
(-15) ≡15-10 which was incompatible with mature practice to them. Such 
situation definitions come from ignorance of the fact that mathematical 
definitions and symbolisms are rigorous, precise and non-ambiguous. Learners 
declined the mathematical demand of an important task to a procedure without 
connections rendering the important mathematics exploration task a non-event.  

DISCUSSIONS 

This study was framed by the Wertsch (1984) interpretation of the ZPD through 
situation definition, inter-subjectivity leading to scaffolding through semiotic 
mediation. It intended to establish the errors that grade 8 learners make during 
the classroom interaction with their teachers as they learned operation on directed 
numbers, particularly directed numbers. This study also aimed to support MTPSK 
in teaching this topic. 

By and largely learners interpreted the addition and subtraction of directed 
numbers as mathematical rituals mainly in the form of procedures rather than 
doing mathematics tasks in which explorations were central in order to produce 
mathematical narratives new to them. In the main, the learners continued to use a 
whole number discourse when the rules of the discourse had changed (Sfard, 
2007). Overall, learners were stuck in the arithmetic whole number discourse that 
entangled them from making progress with learning the new mathematics topic. 
Learners remained with the situation definition of whole number operations. In 
other words, the teachers and the learners were speaking different languages there 
was little inter-subjectivity which affected the quality of semiotic mediation to 
make headway with the topic. 

The findings indicate that learners made a multitude of errors during the 
interactions. This confirms Nesher’s (1987) point that learners’ contribution to 
the learning process is committing errors. Through participation in the classroom 
discussions learner errors can surface. The data from the lesson’s transcripts 
revealed that learners make careless errors (Makonye & Hantibi, 2014) in their 
learning of directed numbers. This occurred when they were supposed to state 
what the numbers above zero are called. A learner commits a careless error if he 
responds with a wrong answer while it is known that when the same question can 
be asked later, he will get it right. 
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Systematic error was committed by learners when responding to the question 10-
(-15). The responses given were 5 and -5. Both these responses were incorrect, 
but each was repeated twice. When a wrong response repeats for different learners 
on the same algorithm, that is a systematic error (Makonye & Hantibi, 2014). 
Apart from the systematic error and careless error, learners also committed a 
process skills error when answering the question +8-(-5). According to Makonye 
and Hantibi (2014) a process skill error occurs when a learner knows the 
operation to use but fails to understand the procedure to follow in order to get the 
correct answer.  

The findings did not show the existence of transformation errors and encoding 
errors. However, two errors that could not be classified based on the categories 
for this study were observed. One was committed as learners and the teacher 
attempted to apply the concept of adding opposite numbers to electrons and 
protons in science subject. They indicated that a proton and a neutron neutralize 
each other which is wrong. The other one involved the description in words of 
the task 8-(-5). Here the learner’s description was; positive 8 is been subtracted 
from negative 5. This is due to lack of appreciation that mathematics symbolism 
is rigorous and precise.  

For the question +8-(-5). The answers 13 and 3 were very common.  A learner 
obtained the correct answer 13 but in his explanation state that he added a 
negative to a negative to get a positive and there after added positive 8 to positive 
5 to get 13. He used the rule that applies for multiplication and used it for addition. 
In this case the learner used ritualistic thinking instead of representations. 

For MTPK, ‘Skilful teaching requires being able to size up the source of a 
mathematical error’ (Ball et al., 2008, p.7). Ball argues that teachers must not be 
mystified as to how learners come up with wrong answers. Through taring they 
can quickly size up what learners are thing and make necessary interventions. For 
this topic, what learners think about directed numbers and operations on them are 
quite familiar with teachers. This research highlights that. In this study it is clear 
that learners do not understand the direct number object. They cannot make sense 
of (-5) for example. Neither do they show knowledge of comparing the sizes of 
negative numbers. From a mathematics teaching perspective, one cannot work 
with a mathematical object that they do not understand. Any such effort will just 
be ritual procedures. 

What is critical is for teachers to develop professional practice through using 
Wertsch (1984) interpretation of the ZPD through situation definition, inter-
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subjectivity leading to scaffolding through semiotic mediation. In this the use of 
multiple representation is key using teaching models such as number line, credit 
and loan money models, positive (red) discs and negative (black) disc 
representations, temperature recordings and others. The difference model can still 
be used for subtracting directed number if a number line is used where numbers 
are marked on the number line.  

CONCLUSIONS 

Studies on errors and misconceptions (see for example Nesher, 1987; Smith, 
diSessa & Roschelle, 1993, Borasi, 1994) claim that teachers need to welcome 
learner errors and misconceptions in the teaching and learning of mathematics. 
They argue that teachers can use this errors and misconceptions to improve on 
their instruction. This study, however, endorses and complements these 
researchers’ views in that teachers are better positioned to teach the topic directed 
numbers if they are aware of the specific errors and misconceptions learners have 
on the topic and how they come to them. This research has shown that learners’ 
concept definition and situation definition of addition and subtraction of directed 
numbers is stuck at the primary school whole number stage. Learners reduce 
directed number task to simple addition and subtraction of whole numbers.  

In summary this study has found that grade 8 learners make systematic errors, 
careless errors, and process skills errors in their learning of directed numbers.  In 
order to build MTPSK for teaching this topic, teachers must ensure that situation 
definition, and inter-subjectivity of directed number tasks are shared between the 
teacher and learners. In order to do that the teachers must engage learners with 
the use of different mathematical representations particularly those familiar to 
learners. This will enhance mathematical explorations to produce true knowledge. 
In that it is necessary to start with comparing directed numbers using various 
models. Those explorations are key to developing understandings of this topic. 

In this teacher must have a toolkit of representations they can use to help learners 
negotiate the learning of directed numbers. By no means should procedurally 
teaching methods be used as they are delirious to learners’ mathematical learning 
and mathematics. 

The implication is therefore that teachers should encourage learners to contribute 
in the classroom discussion so that the errors they commonly make are known. 
Learners’ discussions revealed their concept images on the topic of directed 
numbers.  Learners’ concept images revealed their ZPD. As Wertsch (1984) 
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argued the situation definition between two interlocutors particularly between the 
teacher and learners is rarely the same as shown in this research. In working 
through this different situation definitions between the teacher and the learner on 
a mathematics task, inter-subjectivity is established. Once that is done then the 
teacher is involved in semiotic mediation to teach the topic of directed numbers.  
I propose that the models discussed in this paper such as the charged proton model 
only come last after Wertsch (1984)’s ideas on working in the ZPD are gone 
through. This is the most important component of MTPSK in teaching integers 
and operations on integers proposed in this study. 
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EXPLORING TEACHER’S INSTRUCTIONAL PRACTICES IN 

TEACHING MATHEMATICS- A CASE OF TWO TEACHERS 

IN A LIMPOPO SCHOOL 

Malatjie J. F & Ngoepe M.G 
Sekhukhune Education District, University of South Africa 

Effective Mathematics Instructional Practices (EMIP) are key contributors to 
improving learning outcomes. This paper reports on how EMIP framework was 
used to explore two teachers’ professional development of their instructional 
practices before and after training in grade 10 and 11 classrooms and the 
consequent change of practice. Data was collected by means of observations, 
video and audio record. The results revealed that before training, teachers’ 
practices were ineffective, traditional and didactic. After training and 
implementation of (EMIP), both teachers made significant changes in their 
instructional practices towards effective mathematics instructional practices. The 
teachers were able to pose clarity seeking and productive questions which 
prompted learners to engage either in groups or with the teacher. Implications of 
the research for teaching and learning are drawn.  
Key Words: Instructional practices; Effective mathematics instructional practices; classroom 

practices; video-record. 

INTRODUCTION 

There are several factors that are found to contribute to the problem of poor 
performance in South Africa across the grades. Among these factors, ineffective 
instructional practices seemed to be the number one contributor towards poor 
performance and lack of mathematics proficiency (National Centre for 
Educational Evaluation and Regional Assistance [NCEE], 2013; Ngoepe, 2014). 
In order to develop a good understanding of mathematics with their learners, 
teachers need to be innovative, develop and apply effective instructional practices 
(Omigiraneza, Bansilal & North; 2017). A study which investigated the 
classroom practices of secondary mathematics teachers in townships schools in 
South Africa, Ngoepe (2013) revealed that the status of mathematics teaching 
was predominantly didactic. The practices were overwhelmingly teacher-centred 
instruction in terms of the teachers’ content knowledge, the teachers’ teaching, 
and teachers’ assessment practices, the interaction between teachers and the 
learners and the resource availability. Johnson, Ellis and Rasmussen (2016), in 
addition, alerts that some of the specific problems that they identified included 
curriculum that are oversaturated with material, pacing that hinders 



224 
 

comprehension and reflection, the lack of application or conceptual discussions, 
and teaching practices that could suggest that instructors take little responsibility 
for learner’s success.  

In order for learners to develop new perceptions, skills and be able to apply 
mathematical reasoning to problems and have capacity towards responding to 
developing the economy, some form of innovative teaching approaches inclusive 
of active learning methods which are based on investigation, problem solving, 
conjecturing, discovery, cooperative learning, simulation approaches and 
inclusion of information communication technology are required (Omigiraneza, 
Bansilal & North; 2017). Furthermore, research has indicated that the traditional 
approaches are still very common in teaching and dominate mathematics 
education (Wachira et al., 2013).  In the contemporary era of the 4IR, instructional 
practices are moving towards reforming mathematics education by including ICT 
in teaching, computer-aided instructions, embedding real-world problems and 
professional development on specific concepts like modelling and effective 
instructional practices (Williams, 2015). The inclusion of ICT influences the 
mathematics that is taught and enhances learners’ learning (NCTM, 2014). There 
are few studies (Pausigere, 2014; Lindvall, 2017) that focussed on teacher 
professional development using EMIPs framework. The research questions that 
guided this paper are: What are the current mathematics teachers’ instructional 
practices? How did the implementation of effective instructional practices 
framework change teachers’ instructional practices? 

Defining Instructional Practices  

The word ‘instructional practices’ comes from a combination of two words: 
instruction and practice. Firstly, the origin of the word ‘instruction’ dates long 
back from c.1400 and evolved from the Latin word ‘instructionem’ which meant 
“an array, arrangement” and in later Latin which means “teaching”, from the past 
participle stem of ‘instruere” to arrange, prepare, set in order; inform, teach”. 
Instruction has a connotation of the imparting of knowledge for its subjects, but 
emphasises, more than teaching, (Century Dictionary, 1889). The word 
instructional comes as an addition of the suffix – ‘al’ to instruction [< instruction 
+ al >] which then means “Of or pertaining to instruction; promoting education” 
(p. 3125). Secondly, the word practice is known from as early as 15th century, as 
practice, which meant "practical application". From the early 15th century, the 
word was often assimilated in spelling to nouns in -ice. Also, as practic, which 
survived in parallel with practicus and practicare into the 19th century. In c. 1400, 
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the word, "to do, act" early "to follow or employ; to carry on a profession," 
especially in medicine (Century Dictionary, 1889, p. 3126). 

The terms instructional practices, instructional teaching practices, classroom 
practices, teaching practices, and classroom instructions, are used 
interchangeably and there are no clear distinctions. Some of the researchers 
(Forrest-Pressley et al., 1985;) opted not to define instructional practices, 
classroom practices, teaching practices and instructional teaching practices but 
tend to use the terms as they appear. While some scholars (Mok, 2012; Munroe, 
2015) define instructional practices differently depending on their school 
paradigm, their meaning lean towards one common or similar idea which is used 
in the development and implementation of EMIPs. 

CHARACTERISTICS OF INSTRUCTIONAL PRACTICES 

Lesson Planning 

The lesson plan impacts positively on the development and implementation of 
EMIPs. Henderson (2015) posits that in lesson planning, the teacher is able to 
sequence the lesson by firstly building on the previous lesson, and that the lesson 
components, pacing and momentum, and clarity on content and instructions is 
provided to allow all learners to work productively. In lesson planning, the 
teacher displays elements of lesson preparation: knowledge of the content and the 
structure, knowledge of the prerequisite relationships, and knowledge of content-
related pedagogy (Danielson, 2013). The template on lesson planning and the 
items that need to be taken into consideration as used in this study were adapted 
from the National Aeronautics and Space Administration [NASA] (2013).  

Teaching Practices 

In this paper, teaching practices are defined as the actions that teachers are doing 
in their classroom during instruction. For the context of the development and 
implementation of a framework of EMIPs, the word teaching practice as defined 
is similar to reflective teaching. Reflective teaching is a process where teachers 
think over their teaching practices, analysing how something was taught and how 
the practice might be improved or changed for better learning outcome (Serra & 
Marco, 2015). Serra and Marco (2015) indicates that the process of teaching is 
not only aimed at teaching the learners but also improving the process of teaching 
itself in order to identify good instructional practices and improve poor 
instructional practices. EMIPs teaching practices are the responses and practices 
envisaged to help learners achieve in mathematics and have mathematical 
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understanding with the use of resources relevant to the problem being solved and 
that support a conducive learning environment.  

Reflective Practices in teacher development 

The use of reflection and reflective practices is important as a strategy for 
developing more thoughtful and effective teaching (Lee & Barnett, 1994). They 
indicate that during reflection stage, participants are observed and interviewed 
and thereafter engage in inquiry, reflection and analysis about their own work. 
They learn to observe, review, collect and analyse information about their 
practices. It can then be argued that reflective practice was used for two purposes: 
for teacher development process and for data collection. The information gathered 
during reflective interviews are based on the lessons which were video-recorded 
and helped the teacher in reflecting on the previous lesson and then making 
modifications for the next lesson based on the observations. The data from the 
reflective interviews was analysed and interpreted. 

THEORETICAL FRAMEWORK 

Social constructivism was found to be a relevant theoretical framework to this 
paper. The research was seeking a learning environment that could be created 
through interactive inquiry-based activities where learners construct their 
mathematical knowledge. This perspective asserts that the construction of 
knowledge occurs mainly when learners cooperate (collaborate) with their peers. 
In this research, collaboration and cooperation were amongst several constructs 
that teachers and learners were trained to focus on. According to Wachira et al. 
(2013), collaboration and dialogue are seen as important to learning success 
because the social context that is constructed during their interaction helps to 
enhance learners’ thinking and learning in the classroom. 

METHODOLOGY  

A qualitative case study design was employed. Data was collected through 
observations, lesson plans and video recordings in a natural environment 
(Creswell, 2009; Fourie & Deacon, 2015). The case study design enabled the 
researchers to understand and experience both the teachers’ and the learners’ 
actions better (Creswell, 2009). Non-probability sampling characterised where 
two teachers and their Grade 10 and Grade 11 mathematics learners from a single 
school were sampled on a non-random, subjective and purposive sampling. The 
sample was selected using the same criteria. Various data collection instruments 
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mentioned earlier were used to increase the credibility of the studied phenomenon 
(Bekhet & Zauszniewski, 2012).  

Table 1: EMIP framework for developing teachers’ competence in teaching mathematics 
Programme 

Milestone 

Framework EMIP Activities Week 1 Week 2 Week 3 
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Phase 1: 

Background 

Consultation with school administration 

and teachers (3x) in a group (30 minutes)  
              

Phase 2: 

Identification 

of the teachers’ 

Practices 

 

Observations of teachers (3) in their respective classes 

before training 

  

 
 

             

 

Phase 3: 

Training 

Training about the framework: Lesson planning, 

Responsive teaching practices 

Reflective interviews 

   

 

 

 

 

 

          

Phase 4: 

Applying the 

framework 

Planning lessons 
     

          

 

Observing lessons 
      

 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

  

 
Teaching out planned lessons 

      
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

                
Post lesson video analysis               

 
Reflective interviews 

      
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

 

 

The overall design of the programme followed four stages: Elicitation, 
confrontation, exploration and application (Fung, 2000) which summarises the 
table discussed elsewhere. Elicitation: Teachers were observed using the 
framework for EMIPs to identify their current instructional practices in order to 
classify them and to help teachers to become aware of their own practices. The 
stage was important because the constructivist view of learning acknowledges the 
impact of prior knowledge and experience in constructing knowledge. The 
researchers here wanted to determine the prior knowledge of teachers on 
instructional practices and to build on that towards the EMIPs. Confrontation: 
Teachers were asked to visualise the inadequacies of their current practices (if 
any) in meeting the demands of the framework of EMIPs and were trained on 
using the framework for EMIP, starting with the characteristics of effective 
instructional practices and the planning of an effective lesson, the content, the 
responsive teaching that was envisaged. They were told of what would be done 
after every taught planned lesson (watching the video recorder) and reflective 
interviews. Exploration: This involved teachers in constructing a new teaching 
approach with challenges and advice from the researchers where necessary. At 
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this stage, they had to prepare lesson plans and worksheets that conformed to the 
framework and teach according to those lesson plans. Application: The 
researcher observed one teacher at a time and used the following instruments: 
LPOI, COI, RVAI and, in some cases, the AFITC. After every lesson, reflections 
on the teaching by viewing the video and completing the RVAI was done together 
with all the mathematics teachers. During the viewing of the video, reflective 
interviews were employed and recorded to make meaning of what the teacher was 
explaining. As a form of professional development, the other teachers were 
available to watch the video and check on the good and bad parts of the 
instructional practices and add their voices also. The process continued for three 
weeks. The framework started with the lesson planning, followed by responsive 
teaching practices and lastly, the reflective interviews. Then the process was 
repeated for 10 days with each teacher.  

Both Grade 11 and Grade 10 teachers, were done with Financial Mathematics and 
measurement respectively and new units on probability and data handling unit as 
stipulated by CAPS their programme. It was expected that at the end of the three 
weeks, teachers should have produced their own lesson plans and materials using 
a constructivist approach. It was a very difficult activity to handle especially 
because they were not used to making lesson plans. As the research programme 
took three weeks, in each lesson plan and presentation, teachers were provided 
with an opportunity and encouraged to share with others their own teaching 
experience.  

Data were analysed qualitatively to provide a detailed description of the case 
(each teacher’s instructional practices), categorisation of data, making sense, 
noting patterns and themes (Cohen et al., 2011; Leedy & Ormrod, 2010). In this 
paper, the data analysis was summarised from the following instruments: 
Classroom Observation Instrument (COI), Lesson Plan Observation Instrument 
(LPOI), Researcher Video Analysis Instrument (RVAI) with Video Recorder, 
Analytic Framework to Identify Teacher Changes (AFITC). The lesson plans 
were examined to determine whether teachers regarded the constructs of the 
framework of EMIPs in their planning. Furthermore, teachers were observed 
during the teaching of the planned lesson to determine if they were conforming 
to the framework practices and the planned lessons. Interviews were employed 
after every lesson presented to examine the adequacy of the practices. The data 
were analysed by sorting into categories to establish patterns and themes 
(Creswell, 2009) after transcribing the conversations, and the lesson 
presentations. The themes that emerged were: teachers’ questions in the 
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classroom, creating an environment of respect and rapport, assessment, resources 
and mathematics concepts. 

RESULTS AND DISCUSSION 

The researcher used the LPOI to check the items of the lesson plans and wrote 
comments on each item on the instruments. The purpose of ‘the before’ and ‘after 
training’ were to check if there was a change in the teacher’s instructional 
practices after the three weeks of professional development.  

Mathematics teachers’ instructional practices before training 

Data revealed that the mathematics teachers’ current instructional practices were 
overwhelmingly using the didactic method under the categories: teaching 
method, lesson planning, classroom interactions and resource usage. 

(a)Teaching method: The two teachers were overwhelmingly using the didactic, 
traditional teaching methods (explaining, telling and textbook bound) which were 
of no help to learners’ mathematics understanding and mathematics achievement. 
Throughout the lessons of both teachers, it was observed that both were only 
using explaining and telling as the teaching method. It is further argued that 
teaching practices as defined in section of the literature review is not only aimed 
at teaching and/ or explaining to learners only, but also improving the process of 
teaching itself in order to identify good instructional practices. The observed 
teaching was consistent with the findings by other researchers (Ngoepe, 2014; 
Wachira et al, 2013) that it is very common and dominates mathematics 
education.  

(b) Planning lessons: From the initial lesson plans of each teacher, the teaching 
strategy envisaged was telling and explaining or question-and answer with no 
opportunity given for the learners to speak, share ideas and or present their 
solutions. It emerged that although teachers were planning their lessons, the 
reasons that they were doing this were to impress compliance or for policy’s sake 
other than for EMIPs. The results indicate that teachers planned lessons as one of 
the prerequisites other than a guide to what they were going to do to improve their 
mathematics learners’ conceptual understanding and their own mathematics skills 
and they had limited knowledge of how to plan an effective mathematical 
instructional lesson. Their lesson planning missed a lot of concepts for attainment 
of the objectives of the instructional unit. Lesson plans impact the development 
of the lesson, Shellard and Moyers (2002) argue that once teachers plan lessons 
effectively, they are empowered, would have a clear understanding of the learning 
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expectations for their learners, and be able to identify how and where these 
expectations fitted into the larger instructional unit.  

(c) Classroom Interactions: In analysing whether the classroom interactions 
conformed to EMIPs, data revealed similarities for the two teachers’ approaches. 
One way of information transmission to learners was common, from the teacher 
speaking alone while learners received the information quietly. It was noted that 
learners were not exchanging their solutions and not questioning the solutions 
from the teacher or their peers. Mostly, chorus responses dominated the 
answering of the questions posed by the teacher. EMIPs is backed by social 
constructivism which espouses that learners should socially interact, 
communicate and engage in problem-solving, conjecturing and investigating. The 
aspects of social interaction between the learners as pairs or groups were missing. 
There was little communication either between the teacher and learners or 
between learner and learner.  

(d) Resource usage: It was discovered that the only resources teachers used were 
chalk, the chalkboard, dusters and textbooks; and that the only resources learners 
used were classwork books and pens. Although, the school had laptops and one 
teacher has his own laptop, both school and individual laptops were never used 
as a teaching aid, rather used them for typing question papers only. It was noted 
that, although learners had Casio Scientific calculators in their bags, they were 
used only if the teacher asked them to calculate, Other than that, calculators were 
not used. 

Mathematics teachers’ instructional practices After training 

The findings indicated that both teachers changed their instructional practices 
under the themes: planning the lesson, asking productive questions, ability to 
scaffold to lead learners towards a solution, and classroom interactions. Teacher 
2 changed significantly compared to Teacher 1.  

(a) Planning the lesson: Both teachers were able to plan purposive lessons which 
were timed, with clear objectives, with teacher’s activities corresponding to 
learner’s activities, with assessment included and improvisation on resources. 
Teachers were able to improvise and to draft worksheets unlike before the 
implementation of the framework. Their lesson plans were capturing the concepts 
of time division, learner’s activities, teacher’s activities, assessment and 
resources needed which are consistent with the framework.  
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(b) Asking productive questions: After the training and implementation of the 
framework, it emerged that teachers were asking productive questions. For 
example: 

TEACHER 2:  Ke nyako kwešiša gore naa ge re bolela ka base re bolela ka 
eng? (I want to understand     when we are speaking about a base what 
are referring to?) Alright, let me do this, so  no (he drew the following 
figure) 

 

                                                                                       

So now, eh,I want to understand the base, when we are talking about the base 
  what are you meaning when saying a base? 

The teacher was trying to ask a learner what a base is, based on the response that 
learners gave which said that a base is the bottom line (in this case AC) of the 
triangle, which is a misconception. The question that the teacher posed was 
productive in the sense that he wanted the learner to explain how one could 
identify a base of any triangle. Asking productive questions helps in encouraging 
learners’ reasoning during learning (Dengler, 2009).  

(c) Ability to scaffold to solution: It was established that Teacher 2 gave learners 
the opportunity to come up with their own solutions to problems. Often, learners 
got stuck and he was scaffolding through asking helping questions. For example: 
learners were thinking that a base is any bottom line of a triangle. The teacher 
drew three different triangles in which he requested learners to identify the base 
instead of explaining what a base is. One of the triangles not having a line at the 
bottom of the triangle one of them as follows: 

Learners were unable to use their operational definition of the base being the 
bottom line of a triangle, hence they got stuck with identifying what the base is on 
this triangle. The teacher asked them whether the triangle had a base and a height. 
The learners were able to indicate the height. From the height, they were able to 
identify what the base of this triangle was and eventually derived an operational 
definition of a base through scaffolding. The questioning helped learners in 
understanding that a base is a side of a triangle in which a perpendicular line 
drawn from it to the apex of the other two sides. This helped in clarifying a 
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misconception that a base of triangle is always at the bottom of the triangle. 
Scaffolding allows learners to build confidence that helps them tackle difficult 
tasks.  

(d) Mathematics Concepts: After the training, this teacher showed an 
improvement in explaining mathematics concepts. He was able to define the 
concepts and to explain the concepts correctly using the correct mathematical 
language. This was evident when learners used wrong explanations, he followed 
up on their explanations. There was one learner who wrote the following on the 

chalkboard: 
In addressing the used wrong mathematics explanation teacher asked the 
following: 
TEACHER 2:  Why do you continue using 𝜋 instead of substituting it? 

 Learner:  In order to understand/ ke kgone go kwešiša gabotse. 

TEACHER 2:  Ga ke gane gore o nyako kwešiša gabotse, ke ra gore, alrigth okay, ge o ka substitude 
ka o ka se kwešiše. Question yeo ke nalego le yona ke mo go step se sa 

𝑆𝐴 = 50𝜋 + 10𝜋 × 15 re ka di adda ka moka, ke bona o sa dira justice ka polelo ye ya 
go di adda. O wa nkwešiša. Did you add or multiplied? 

Learner        : Ok, I multiplied 𝜋, 10 and 15 first ka hwetša 150 𝜋. Ke moka ka tšea 150 𝜋 ka 
hlakanya le 50 𝜋 ka hwetša 200𝜋.Then ka simplifier ka hwetsa 628.32cm2. 

The conversation above indicate that the teacher had spotted that the learner was 
using the wrong mathematical explanation. He challenged the learner with guiding 
questions until the learner explained the concept correctly. There were other cases 
where the teacher was scaffolding the concepts so that the learners could use 
correct concepts and procedures. Several aspects were taken into considerations: 
the time which the teachers were giving learners during solving the problems and 
discussing as either peers, or groups or class presentation; the type of the 
questions that the teachers were asking; the flow of the lesson; teaching for 
conceptual understanding and the resources that were used in the class. 

(d) Classroom interactions: Both teachers were able to interact with learners 
(individually and as a class) and allowed interaction between learners as peers, in 

𝑆𝐴 = 2𝜋𝑟2 + 𝜋𝑑ℎ 

𝑆𝐴 = 2𝜋(52) + 𝜋(10)(15) 

𝑆𝐴 = 50𝜋 + 10𝜋 × 15 

SA= 200π 

SA=628.32cm2 
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groups and with the whole class. Interaction was one-sided before the 
implementation of the framework. It was also noted that posing and directing 
productive questions were improved by the teachers, although when not answered 
by learners, teachers felt that they were not teaching and reverted to their 
traditional, didactic methods. It was observed that, initially, teachers often used 
incorrect mathematical terminology or explanations which changed after the 
implementation, where correct terms like dividing instead of cancelling or 
additive inverse instead of ‘raka (chase)’ and other mathematical terms were used. 

CONCLUSION 

This research brings new insight into the extent to which current teaching reforms 
are being implemented in order to address the issue of learners’ poor performance 
and conceptual understanding. The teachers seemed to be comfortable in teaching 
in the traditional didactic way. After training and implementation of the EMIP, it 
emerged that both teachers made significant changes in their instructional 
practices towards EMIP. Teachers were able to ask productive questions, and 
these questions led learners to discover solutions without being taught algorithms. 
The teachers changed their role of being the transmitters of information and took 
on the role of a facilitator. Further, the research provided evidence that working 
on professional development through the EMIP framework led to learning gains 
amongst Grade 10 and 11 mathematics learners. Although the gains were small, 
the research showed that teachers were able to plan consistent lessons with the 
framework and purposed to guide teaching not for compliance. A remarkable 
observation was that the teachers were able to create a relationship in which both 
there was a mutual understanding and respected in the classroom. Generally, 
teachers should be encouraged to improve their way of teaching by moving 
beyond a reliance on teacher-led instruction towards effective mathematics 
instructional practices also in cognizance of the 4IR era. 
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EXPLORATION OF PRE-SERVICE TEACHERS’ PRACTICES 

IN THE FIELD FOR THE DEVELOPMENT OF LEARNERS 

MATHEMATICAL LITERACY 
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Teacher knowledge is, arguably, largely determined by cultural dynamics, which 
makes it difficult to establish the nature of mathematical knowledge for teachers 
that suits all pre-service teachers (PST) to teach mathematics for mathematical 
literacy. Based on this view, this study investigated the way field experiences of 
pre-service teachers can account for the kind of mathematics teacher knowledge 
that is crucial for teaching mathematical literacy in secondary schools. The study 
is undergirded by the realistic mathematics education (RME) framework. The 
mixed methods approach was used to collect and analyse data from 105 pre-
service teachers. The study revealed an imbalance between the focus on 
mathematics content and mathematics pedagogical knowledge among pre-
service teachers. This impacted on pre-service teachers’ teaching skills to 
promote mathematical literacy among learners. The study recommends that for 
mathematical literacy to prevail, pre-service teachers are required to approach 
mathematics teaching in a holistic manner and that mathematical literacy should 
be embedded in the domain of realistic mathematics practices.  

Keywords: Learners, mathematical knowledge, mathematical literacy, pre-
service teachers, realistic mathematics education.  

INTRODUCTION  

This study is underpinned by the concept that posits that fluency in secondary 
school mathematics is related to the mathematics knowledge for teaching that the 
teacher possesses. This implies that the level of understanding mathematics 
among learners is determined by teacher’s knowledge for teaching mathematics. 
Mathematical knowledge for teaching involves an analysis of learners thinking, 
identifying learners’ mathematical understanding of mathematics and making 
decisions on how to best represent mathematical ideas so they can be understood 
(Masingila et al., 2018). Understanding mathematics, according to the National 
Council of Teachers of Mathematics (NCTM) (1989) involves representation of 
ideas, reasoning, communication, problem-solving and connectedness of 
mathematical ideas, which resonate with mathematical literacy. Mathematical 
literacy in learners is indicated by the individual’s meaningful and functional 
mathematical knowledge that embraces competencies in certain mathematical 
skills, beliefs and patterns of thinking that are rooted in real world contexts 
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(Mavugara-Shava, 2005). This suggests that mathematical literacy is more 
pragmatic and deals with practical problems that apply in real life situations. 
However, teachers and researchers’ efforts are up in the air as to how they can 
develop learners’ mathematical literacy (Haara et al., 2017). There is a need, 
therefore, to conduct a study regarding the mathematical knowledge for teaching 
needed by pre-service teachers in order to enhance mathematical literacy and 
proficiency among learners. According to Kessel (2009), mathematical 
knowledge for teaching is an application of mathematics to the practice of 
teaching. The mathematical knowledge for teaching hence determines the 
teaching/learning trajectory, learning perception and the reshaping of plans to suit 
reality (Steinbring,1998). However, researchers have contrasting perspectives on 
what teachers need to know and do about mathematics, for learners to be 
mathematically literate. Borko et al. (2000) affirm that teachers who lack 
mathematical knowledge for teaching normally emphasise facts, rules and 
procedures to solve mathematics problems rather than conceptual problem-
solving aspects of learning which enhance mathematical literacy. Shulman (1987) 
also asserts that instructional programmes in mathematics ought to focus on 
learning to reason as part of mathematical literacy. According to Ball et al. (2005), 
several studies have shown that mathematics knowledge for teachers is fragile 
and this has hindered mathematics understanding for life. According to 
Makamure (2016), the courses offered in teachers’ colleges are remote from what 
should be taught in the classroom to promote mathematical literacy. Makamure 
revealed that teachers’ college mathematics courses do not provide pre-service 
teachers with “opportunities to learn” multiple strategies that promote the 
development of mathematical literacy skills among learners.  The courses are at 
odds with the kinds of mathematics to be taught in schools. This study sought to 
come up with suggestions on how pre-service mathematics teachers can be 
prepared to enhance mathematical literacy among mathematics learners. The 
study also investigated how the field experiences of PST could shape their 
teaching knowledge to expertly teach mathematics in a way that addresses 
learners’ mathematical literacy in secondary schools. The examination of how 
mathematical literacy is understood, facilitated and taught by pre-service teachers 
in schools is therefore examined. 

The study sought to answer the following research questions: 

(i) What should pre-service teachers do to enhance mathematical literacy in 
secondary school mathematics? 
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(ii) How competent are pre-service teachers in facilitating the development of 
mathematical literacy in their learners? 

LITERATURE REVIEW 

(i) Mathematical literacy 

Mathematical literacy is one of the critical competencies for learners 
foregrounded by Haara et al. (2017). The term literacy, according to Jablonka and 
Niss (2014) suggests some level of critical understanding. Some terminologies 
have been used by various scholars as an alternative to mathematical literacy and 
these include mathematical numeracy (Frankenstein, 2010), matheracy 
(D’Ambrosio, 2003), mathemacy (Skovsmose, 2002). The term mathematical 
literacy is considered as a person’s ability to identify and understand the role of 
mathematics in real life. If learners are mathematically literate, they are able to 
analyse, reason and communicate ideas effectively as they solve or interpret 
solutions to mathematical problems in different contexts (Ojose, 2011). This 
definition regards doing mathematics as the ability to solve real life problems that 
include every day and unusual problems. Development of learners’ mathematical 
literacy therefore enhances their confidence and competence in mathematics, 
thereby preparing learners for the application of mathematics and future learning 
of mathematics in higher education (Haara et al., 2017).   

Edo et al. (2013) also define mathematical literacy as the ability to formulate, 
employ and interpret mathematics in a variety of contexts.  According to Edo et 
al. (2013), to formulate involves identification of opportunities to use 
mathematics and providing a mathematical structure to a problem in certain 
contexts. To employ is to apply mathematical concepts, facts, procedures and 
reasoning to mathematically solve formulated problems in order to make well-
informed conclusions. To interpret involves reflection upon mathematical 
solutions and interpret them in the context of real life situations. By and large, 
this definition implies that mathematical phenomena in real life situations can be 
described and explained through the use of mathematical concepts, procedures, 
facts and tools. Mathematical literacy therefore enables the realisation of the role 
of mathematics in everyday life and the facilitation of well-informed decisions.  

The definitions alluded to above imply that mathematical literacy entails 
comprehension of mathematical ideas and application of mathematics through 
reasoning, thinking and interpreting solutions.  



239 
 

Five goals to serve the pursuit of mathematical literacy for all learners were spelt 
out by the NCTM (1989) as (i) that learners learn the value of mathematics (ii) 
that learners have confidence in learning mathematics (iii) that learners are able 
to solve mathematical problems (iv) that learners can learn to communicate 
mathematically and (v) that learners reason mathematically. The goals imply that 
mathematical literacy may lead to the application of mathematical knowledge, 
provide solution of problems in real life contexts as well as having the motivation 
to do so.  

All the descriptions about mathematical literacy explained above point to 
mathematical modelling as the key concept within mathematical literacy. 
According to Haara et al. (2017), mathematical modelling begins with world 
problem of which the solver begins with some approximations and assumptions 
to re-formulate the problem in mathematical terms called mathematical model. 
The model is then solved by applying mathematical concepts and procedures. 
Ultimately, the solution of the model is interpreted or transcribed to provide an 
answer to the original questions. 

Kilpatrick et al. (2001) assert that the term mathematical literacy can be ascribed 
to mathematical proficiency, which is defined through five strands namely 
conceptual understanding, procedural fluency, strategic competence, adaptive 
reasoning and productive disposition. The 5 components are interwoven and 
interdependent in developing proficiency in mathematics. The integrated 
development of the five components of mathematical proficiency should guide 
the teaching and learning of school mathematics (Kilpatrick et al., 2001). The 
idea implies that the application and implementation of mathematical concepts 
learnt in the classroom should be guided by these strands. The National Council 
of Supervisors for Mathematics (2013) affirms that, in order to develop learners’ 
mathematical proficiency which gives rise to mathematical literacy, teachers 
should comprehensively integrate the use of concrete and virtual manipulatives 
into classroom instruction at all levels. 

Studies by Hofer and Beckmann (2009), Lin and Tai (2015) and Roth et al. (2015) 
established that mathematical literacy in schools is influenced by teacher styles 
and priorities.  This view implies that how teachers approach mathematics 
teaching can be a deterrent to mathematics understanding or can enhance 
mathematical literacy. Barnes (2005) therefore contends that teaching 
mathematics should enable learners to acquire specific knowledge and skills 
necessary for the application of mathematics to physical, social and mathematical 
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problems. Lin and Tai (2015) aver that teachers need to take consideration of 
teaching methods to explicitly explain some learning strategies in order to 
improve learners’ mathematical literacy. Borko et al. (2000) affirm that 
mathematics problems should connect with learners’ real world. Adler (2005) 
posits that unlike mathematics specialists, mathematics educators need to equip 
PSTs with the skills to analyse problems that emerge in the classroom to enhance 
understanding. Realising that answers are right or wrong is not adequate for 
teaching.  

The ideas raised above suggest that teaching mathematics is a skill that every PST 
must acquire. Moore (2005) recommends that PSTs must become mathematically 
fluent so that they are able to teach learners who also become mathematically 
literate. The study therefore sought to establish the extent to which PSTs are 
knowledgeable about what and how mathematics can be taught to promote 
literacy in mathematics. This study thus, sought to establish how pre-service 
teachers are developed to teach for mathematical literacy during teaching practice 
(TP).  

Although literature advocates against the idea of learning mathematics solely by 
memorisation of facts, rules and procedures and has acclaimed the importance of 
using mathematics in novel intra or extra-mathematical situations, it has been 
observed that most learners lack the ability to apply their mathematical 
knowledge for solving problems that are contextualised in extra-mathematical 
contexts in school and out of school (Gibney, 2014). Based on the above 
information, it is therefore necessary to identify the demands and knowledge 
bases required for pre-service teachers to promote mathematical literacy among 
learners. 

(ii) Theoretical framework of the study 

This study is informed by the theory of realistic mathematics education (RME), 
(Freudenthal, 1973), based on the concept of “learning to teach”.  The root of 
RME, according to Freudenthal (1973), is considering mathematics as a human 
activity. It is therefore important for teachers to understand RME principles. 
RME, according to Bu, Spector & Haciomeroglu, (2011), is grounded in the 
realistic connections of mathematical ideas. In addition, Clements and Sarama 
(2013) assert that RME involves the development of mathematical models which 
allow learners to associate problems with contexts, to solve problems and 
interpret mathematical solutions based on their contexts. This way, RME propels 
creativity, logical and critical thinking (Ruseffendi, 1990). Similarly, Barnes 



241 
 

(2005) avers that the purpose of teaching mathematics is to equip learners with 
the strategies, skills and knowledge to use their mathematics to solve problems 
that learners encounter throughout their lives. If mathematics teaching fails to 
provide learners with these skills, then the learners have been denied access to 
mathematical literacy. This is because most observed learners’ failures in 
mathematics is substantially attributed to teachers’ instructional strategies and/or 
teaching-learning environments (Barnes, 2005).  Freudenthal (1973) developed 
RME from the concept of mathematization. In the process of mathematising 
contexts, learners go through the process of horizontal and vertical 
mathematization. Teaching mathematics should therefore embrace the subject 
matter taken from real life contexts instead of presenting mathematics as a ready-
made system. The concept of mathematization, according to Barnes (2005) is 
illustrated in figure 1 below.  

 

 

 

 

 

 

Figure 1: Representation of horizontal and vertical mathematization  

Horizontal mathematization (………….); Vertical mathematization (                 )       

Source: Adapted from Gravemeijer, 1994. 

From Figure 1, horizontal mathematization is defined as the transformation of 
real-life contexts into symbols (Laurens et al., 2017).  In the process of horizontal 
mathematization, the learners may make use of informal strategies such as trial 
and error to solve contextual problems (Barnes, 2005). Vertical mathematization, 
according to Laurens et al. (2017) involves what actually happens within the 
scope of the symbols created from contextual problems. This includes the use of 
models such as equations to draw conclusions of the presented problem. In the 
process of vertical mathematization, the learners develop from the horizontal 
mathematization to being able to solve mathematical problems using 
mathematical language and algorithms.  
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According to Barnes (2005) the authoritarian type of teaching in countries such 
as South Africa has failed to promote learning that involves horizontal 
mathematization. Instead, teachers just present algorithms and some few example 
questions to solve in order to test learners’ ability to put the algorithm into 
practice. This places learners in the more formal vertical mathematization 
process. The processes of skipping horizontal mathematization may place 
learners in a risky situation in which they can forget the algorithms and become 
stuck in the process.  

On the other hand, learning to teach has become an emerging priority for most 
educational reformers. In the process of learning to teach, the PSTs should then 
be trained to assist learners to solve the contextual issues based on RME. This 
problem-solving activity enhances a positive impact on learners’ cognitive 
achievement that is related to their understanding of mathematics (Mukamba & 
Makamure, 2020), hence, promoting mathematical literacy. Literature reports 
that what learners learn is directly related to what teachers teach (Lipton & 
Wellman, 2014), and what teachers teach depends on the knowledge and skills 
that they acquire during learning to teach and how they were developed as 
mathematics practitioners (Hollins et al., 2014 & Walshaw, 2012). These views 
imply that the mathematical skills that pre-service teachers acquire during 
learning to teach can determine the level of mathematical literacy in their learners.  

During learning to teach, pre-service teachers are expected to learn new things, 
apply their knowledge in new contexts and exercise wise judgements about what 
is important in the process of teaching and what is not (RME) (Clements & 
Sarama, 2013). These attributes may lead to the development of teaching skills 
that enhance mathematical literacy among learners. It was therefore pertinent in 
this study to investigate pre-service teachers’ attributes, and experiences that 
relate to the development of mathematical literacy for learners through RME 
activities. 

METHOD 

This is a mixed methods study in which 105 pre-service teachers answered a 
questionnaire and 22 of them answered interviews during teaching practice (TP) 
to gather information about their field experiences that was likely to impact on 
mathematical literacy for learners. According to the Organisation for Economic 
Co-operation and Development (OECD) (2019), mathematical literacy is in three 
dimensions, namely the content of mathematics, the process of mathematics as 
defined by general mathematical competencies and the situation in which 
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mathematics is used. The pre-service teacher participants hence answered 
questions that focused on how and what PSTs reportedly learn about mathematics 
content and mathematics teaching in the field. According to Mavugara-Shava 
(2005), mathematical literacy also touches on intrinsic values that have meaning 
in the context of mathematical phenomena. So, the participants also answered 
questions that touched on how learners can be intrinsically motivated to engage 
with mathematics in a way that satisfies the demands of real-life situations.  

On analysing data collected, the indicators of the PSTs capability to develop 
mathematical literacy skills in learners are reflected in the individual participants’ 
meaningful and functional mathematical knowledge, their strategic 
competencies, their beliefs about teaching mathematics and the patterns of their 
thinking that are rooted in real world contexts.  

This research used a 5-point Likert scale with SA (Strongly Agree) being the 
highest point of 5. The Likert scale was used to present participants’ responses 
that included frequencies, means, standard deviations and percentages. The 
questionnaire was tested for reliability using the Cronbach’s alpha coefficient 
which was found to be 0.850. The coefficients above 0.7 indicate a strong 
estimation of reliability (Yong, Hua & Feng-Mei, 2007). Audio recordings were 
also used to meet the criteria of interview credibility. Interview responses were 
grouped into related themes and explained.  

RESULTS AND DISCUSSION 

Knowledge about mathematics content and mathematics teaching 

Table 1 summarises the PSTs’ experiences about the most effective ways to 
ensure appropriate teaching of mathematics for proficiency to the learners. The 
table presents responses on a 5-point Likert scale reduced to 3, that is ‘At least 
disagree’ representing results for SD & D, ‘At least agree standing for SA and A.   

Table 1: Pre-service teachers’ views about teaching mathematics 

 ITEMS 

 

N = At least 

disagree 

Neutral At least 

agree 

Mean S.D. 

9. I provide my students 

with a sequence of 

realistic problems during 

teaching 

104 39.1% 16.6% 44.3% 3.15 0.83 
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11. I can apply different 

teaching approaches 

during lessons at the 

appropriate time 

103 3.9% 8.7% 87.4% 4.21 0.762 

15. I use inquiry-based 

approach to teach 

mathematics quite often 

105 30.6% 50.7% 18.7% 2.8 0.716 

16. Teaching practice has 

given me an opportunity 

to experiment with 

teaching approaches 

covered theoretically at 

college 

105 2.9% 1.0% 96.2% 4.52 0.708 

21 I am concerned about my 

ability to meet the needs 

of learners & therefore I 

teach mathematics using 

practical examples 

103 5.8% 13.6% 80.4% 4.11 0.917 

22 I can adjust my styles of 

teaching to suit various 

needs of the learners  

102 1.0% 12.7% 86.3% 4.31 0.731 

24 I respect and accept 

learners’ thoughts and 

suggestions in 

mathematics as a way of 

addressing their social 

needs 

105 9.5% 9.5% 90.5% 4.41 0.661 

25 I allow learners to use 

their own methods of 

learning 

105 15.3% 21.0% 63.8% 3.63 1.002 

51 Knowing mathematics 

involves the ability to 

remember formulas and 

procedures 

104 24.1% 22.1% 53.9% 3.33 1.186 

52 The textbook is the best 

resource to use when 

teaching mathematics 

104 31.7% 30.8% 37.5% 3.03 1.092 

53 The role of the 

mathematics teacher is to 

transmit knowledge and 

104 16.4% 7.7% 76% 3.85 1.147 
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ensure that the learners 

have received this 

knowledge 

54 Correct answers are more 

important than the 

method used to obtain 

them 

105 83.8% 8.6% 7.6% 1.81 0.955 

58 I have adequate 

knowledge about the 

mathematics content I 

teach 

105 8.6% 9.5% 81.9% 4.10 0.96 

59 I can think 

mathematically 

105 1% 18.1% 80.9% 4.17 0.753 

60 I have different ways of 

improving my 

understanding of 

mathematics 

104 1.9% 5.8% 92.4% 4.24 0.646 

 Total average     3.711 0.871 

 

The results of Table 1 show that pre-service teachers refuted the idea that final 
answers to a mathematical problem are more essential compared to the 
procedures used to solve the problem (item 54).  This is reflected by a low mean 
of 1.81 and standard deviation of 0.955 but yielding a positive response regarding 
the procedures involved in solving a mathematical problem.  However, the pre-
service teachers still hold the opinion that knowledge of mathematics entails the 
capability to remember formulas (item 51). The responses to items 51, 52, 53 
which all have a mean of above 3, indicate that pre-service teachers are 
considering teaching mathematics as a simple transfer of knowledge.  This is 
consistent with Nicol and Crespo’s (2003) study which found that pre-service 
teachers consider teaching as a simple transmission of knowledge from the 
teacher to learners and that teaching is largely dependent on the teacher and the 
textbook. Item 53 supports this claim by showing that 76% of the participants 
agreed that the role of mathematics teachers in the classroom is to transfer 
knowledge to learners and ensure that they have received this knowledge. If pre-
service teachers see their role as simply transmitting authoritative knowledge, 
they are less likely to give their learners the opportunity to explore new ideas 
(Solomon & Black, 2008). Grouws et al. (1996) refer to this belief as a platonistic 
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view where mathematics is regarded as a static body of knowledge and where the 
teacher’s role is to fill up learners with information. The platonistic view implies 
that the teacher becomes the sole disseminator of knowledge during learning to 
teach. In the same vein, Barnes (2005) emphasises more problem-solving 
activities than arithmetic skills and computations in mathematics. With this view 
of presenting mathematics as a collection of arbitrary rules and procedures and 
aligned to a narrow range of learning activities, learners are not engaged in real 
mathematics thinking (Solomon & Black, 2008). The perception here is that if 
learners receive instruction from teachers who are wired in that direction, then 
they are likely to learn the bulky of their mathematics in a vacuum, with little 
attention given to some sort of mathematical modelling (RME).  Barnes (2005) 
emphasises more focus on relational and conceptual understanding (relating 
mathematics to real life situations) than instrumental understanding (platonistic). 
The idea of direct transfer of knowledge into learners also conflicts with Guzman 
Gurat’s (2018) study which established that teachers must have the ability to 
develop skills in learners that are required to solve problems. This way, learners’ 
critical thinking and creativity skills are not stifled, and mathematical literacy can 
be enhanced. In support of this, Shulman (1986) foregrounded the concept of 
involving learners in classroom activities that focus on reasoning as part of 
mathematics understanding. Barnes further encourages involvement of learners 
actively in meaningful contexts and use of social interaction in class (group work, 
games, etc) to enhance conceptualisation of mathematics through real life 
contexts. 

On interviewing pre-service teachers, on the methods they used to teach 
mathematics to prompt understanding, P2 expressed her views as follows:  

P2: ……… Sometimes I remember I gave them a test, and I said the highest here 
I give you a prize. It was the second test. They had failed the first test, the second 
test the highest was about 16/20. Given the overall, I think it’s about 
motivation….. they need to know they will get something for them to understand. 

P2’s concern for high scores suggests that the results of a test or examination take 
precedence over understanding mathematical concepts and for P2, high scores are 
synonymous with understanding. Although P2 raised the issue of persuasion and 
extrinsic rewards to enhance performance, learners may pass the test or 
examination but might not be able to apply their knowledge independently to new 
contexts. Dambudzo (2015) speaks against this view arguing that it promotes 
unsustainable learning.  In addition, Guzman Gurat (2018) recommends that 
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problem-solving approaches should be used in teaching mathematics in order to 
create a context which prompts solution of real-life situations and therefore, 
justifies teaching mathematics for literacy rather than treating mathematics as an 
end in itself.  

Another pre-service teacher, A3 explained how he teaches mathematics for 
understanding. A3 remarked:  

A3:  As for me, I find demonstration, group work and individual work; they are 
working very much [effective] with the learners. They usually understand 
demonstration within group work and pair work because they share ideas. I 
usually use group work, related to the media with work cards and at the same 
time I use group work only when it’s a double period. It helps so much because 
learners do not remain idle every day. They are always filled up [occupied]with 
something to do. 

A3 uses the demonstration approach and the group work method to keep learners 
occupied and focused on the work. According to Barnes (2005), use of social 
interaction in class promotes conceptualisation of mathematical issues. However, 
although A3 is aware of the learner-centred approaches that draw the attention of 
learners, it is not clear whether the use of such approaches can create a context 
that stimulates solutions to real-life problems. Barnes (2005) argues that this type 
of teaching where learners are introduced to algorithms or procedures and 
demonstrating a few examples, places learners in the vertical mathematization 
process. This process skips the horizontal mathematization and thus stifles 
learners’ understanding of real-life mathematics. 

The use of various approaches to teach mathematics by pre-service teachers 
(items 11, 22 & 60) as shown in Table 1 reflects a count of 87.4%, 86.6%, 92.4%, 
mean 4.21, 4.31, 4.24 respectively on a Likert scale and respective standard 
deviations of 0.762, 0.731, 0.646. The result reflects the pre-service teachers’ 
effort to espouse RME in their teaching of mathematics. According to Heinze et 
al. (2009) one aspect of being functional in mathematics is the ability to select the 
most appropriate strategy from a variety of strategies to solve a problem, instead 
of relying on one algorithm/strategy. The contexts in RME are normally selected 
to elicit various strategies and learners are encouraged to reflect on them and 
refine them (Heinze et al., 2009). Item 25 in Table 1 reveals that pre-service 
teachers generally allowed learners to make use of their own methods to solve 
mathematical problems.  Only 15.3% were disagreeable to the idea.  According 
to Cobb et al. (2008), building learner-generated procedures are a tenet of RME 
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rather than for teachers to impose standard methods for learners. This view 
suggests that RME encourages methods from learners rather than being taught a 
method of solution to solve a mathematical problem. The strategy creates a 
situation where learners are able to solve unfamiliar problems in mathematics. 
Teaching mathematics this way may inculcate conceptual understanding that 
involves proficiency with mathematical concepts and procedures and the ability 
to develop critical thinking in learners in order to make sense of mathematics 
(Van Es & Conroy, 2009). 

Although pre-service teachers in the study claim to be well acquainted with the 
mathematics content for learners (item 58), they however seemed to be 
uninformed about inquiry-based approach as reflected by the count of 30.6% 
disagreeable and 50.7% neutral responses on item 15. Only 18.7% attested to 
employing inquiry-based approach to teach mathematics. Inquiry-based approach 
to teaching fits well in the tenets of RME because in the process, learners are 
directly engaged in real-life contexts. Failure to embed or inculcate inquiry-based 
approach in their teaching can be a flaw towards the adoption of RME in the 
learning process. According to James and McCormick (2007), knowledge of 
content is essential during learning to teach, but learning how to teach the content 
is equally vital. Similarly, Cochran, et al. (1991) aver that teacher’s 
comprehension of the subject matter is of no value if it cannot be applied or 
implemented in new contexts. The PSTs’ knowledge about these views may 
therefore determine the mathematics literacy level of learners in schools. 
Shulman (1987) clearly spelt out what teachers need to know about “what to 
teach” (the content knowledge) and “how to teach” (the pedagogy). PSTs should 
therefore have both knowledge of the content and knowledge of teaching it to 
facilitate the teaching of mathematical literacy. 

CONCLUSION 

The results confirm that mathematics content knowledge alone is not adequate to 
confirm the effective teaching of mathematics and the ability to implement and 
apply it in real-life situations. Both content knowledge and pedagogical 
knowledge are therefore requisite in teaching mathematics in order to enhance 
conceptual understanding and literacy among learners.   

The findings also suggest that the use of activity-based teaching and the 
development of pedagogical skills for teaching mathematics for real-life contexts 
among pre-service teachers can be a better way to promote the skill to solve 
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mathematical problems outside the classroom contexts in learners, hence, 
promoting mathematical literacy.  

From the discussions of the study, it can be concluded that a lack of mathematical 
knowledge or literacy is not inborn, neither is it permanent, but it is something 
that can be induced and/or “treated” (Barnes, 2005). By and large, mathematical 
literacy is not an inherited tendency but can be created.  

Based on the findings of the study, it is recommended that PSTs approach their 
teaching in a holistic manner. This means knowledge of teaching mathematics in 
the field requires PSTs to embrace both content and pedagogical knowledge as 
one body of knowledge that develops the skill of teaching functional 
mathematics. The study also recommends that, to mathematically empower 
learners, mathematics pre-service teachers ought to apply more process-oriented 
approaches to teaching. Lastly, the study recommends that, to address the issue 
of mathematical literacy, training institutions ought to encourage pedagogical 
modifications that stimulate pre-service teachers to apply realistic mathematics 
practices in their teaching.  
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TWINNING AS A DEVELOPMENTAL STRATEGY FOR 

MATHEMATICS TEACHING: GRADE 11 TEACHERS’ 

PERCEPTIONS IN CAPRICORN SOUTH DISTRICT 

Tšhegofatšo Makgakga 
University of South Africa, Department of Mathematics Education 

This paper reports on Grade 11 mathematics teachers’ perceptions on twinning 
project when sharing teaching practices and learning resources. Philosophy of 
Ubuntu and Bandura’s observational learning theory were used to underpin this 
study. The study followed qualitative approaches to answer the research 
question. Semi-structured interviews were conducted with the two teachers to 
understand their perceptions on the twinning project. Data collected in this study 
were interpreted. The findings revealed that twinning can encourage humanness, 
can encourage sharing of teaching practices and learning resources which had 
positive effect in in the under-resourced school. The findings also revealed that 
learner participation had been improved and their attitude towards mathematics 
during twinning of the two teachers as they compared their participation before 
and after the intervention. The study suggests that schools in the same proximities 
can between twinned to improve practice, share material and human resources 
for the benefit of the under-resourced or maybe marginalised schools. 

Keywords: mathematics education, teaching-learning resources, teacher 

perceptions  

INTRODUCTION  

Oxfam (2007, p. 6) calls twinning as a process a partnership between schools, in 
terms of the learners’ learning and the character of the schools participating in the 
programme. According to Berliner (1990, p. 5), school twinning refers to the joint 
commitment of two schools sharing resources for the sake of mutual benefit, and, 
to promote better school results. Other researchers refer to school twinning as the 
clustering of schools (see for example, Rees and Woodward, 1998). Lock (2011) 
agrees that school twinning is the clustering together of schools to advance their 
improvements, that is, working together for peer support with an external 
colleague such as the teacher from another school, to present lessons. 

Twinned schools can share mathematical resources in a form of specific apparatus 
(structured or unstructured), image, ICT, games, tools, papers, or any material 
that can be utilised to provide as teaching and learning aids (Drews, 2007). Moyer 
(2001) argued that specific mathematical apparatus or manipulatives are the 
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objects designed to be used to represent concrete mathematical ideas that are 
abstract. Both teachers and learners can use those manipulatives or apparatus as 
models; as such, those objects designed are primarily for hands-on manipulations. 
Resources are particularly helpful for learners to make sense of mathematical 
problems and can improve learners’ academic achievement. 

Mathematical resources can be essential in the teaching and learning of 
mathematics and are regarded as human resources and material resources (Tachie 
& Chireshe, 2013). Institutions and organisations, including schools, are made up 
of human resources and non-human resources. Human and non-human resources 
can play a role in developing the institutions and organisations. Yara and Uganda 
(2010) indicated that the availability of teaching and learning resources can 
enhance the effectiveness of schools and can have a positive effect on the 
learners’ academic achievement. Mbugua (2011) mentioned that teaching and 
learning resources in schools, such as the chalkboard, mathematics textbooks and 
charts are material resources that can be used to teach.  

The material resources in schools ought to yield good results if the teachers’ 
activities are learner-centred and based on experiments and improvisation where 
necessary (Oguntuase, Awe & Ajayi, 2013). A mathematics laboratory is a place 
where learners learn and explore various mathematical concepts, and verify facts 
and theories, using a variety of activities and materials (Igbokwe, 2000; Okigbo 
& Osuafor, 2008). In other words, the teachers ought to use the classroom as a 
mathematics laboratory for the learners in the under-resourced school to 
synchronise theory and practice in the teaching and learning of Grade 11 algebra. 
Yadar (2007) and Yara and Otiono (2010) argued that no course in science or 
mathematics can be considered complete without some practical work through 
performing experiments. UNESCO (2008), Yadar (2007), bases this argument on 
the findings and Yara and Otieno (2010), namely that learning through 
performing experiments can have more benefits than traditional learning.  

This study is part of Doctor of Philosophy (PhD) study on twinning project that 
was conducted in the two schools performed differently in mathematics and one 
being a resourced school and the other one under-resourced school. The two 
mathematics teachers were twinned to improve classroom practices and learner 
performance in the under-resourced school. Twinning strategy took about three 
to four months with the two teachers teaching Grade 11 algebra. The performance 
of the learners was measured using pre-test and post-test results after explored 
the effectiveness of twinning strategy. However, the perceptions of the twinned 
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teachers were given a little attention and the researcher requested the two teachers 
to share their perceptions about twinning project. The reason for this study was 
to shed light on the perceptions of the two teachers who participated in the 
twinning project, on how it improved learner academic performance and 
practices. 

The paper intended to respond to the following research question: a) What are 
teachers’ perceptions on twinning as developmental in teaching Grade 11 
algebra? and b) what type of mathematical resources were shared by the two 
teachers in the under-resourced school? The rationale for this paper is to suggest 
that twinning can be implemented in other schools with teachers across the 
subjects, management between schools and maybe learners between schools.  

LITERATURE REVIEW 

Teaching and learning resources are important in classroom teaching, as they 
appear to play an important role in mathematics performance of learners. 
Research has been conducted on the teaching and learning resources in 
mathematics versus learners’ academic achievements (Oguntuase et al., 2013; 
Yadar, 2007; UNESCO, 2008; Mbugua, 2011; Yara & Uganda, 2010; Ruthven 
& Hennesy, 2003; Sun & Pyzdrowski, 2009). Research done previously was 
based on resources such as textbooks, chalkboards, three dimensional figures, 
charts etc., where some focused on the use of ICT to teach mathematics. Yadar 
(2007) and UNESCO (2008) have indicated that teaching and learning materials 
such as textbooks, teaching aids (chalkboards, ruler and protractor, and 
stationary) have a positive effect on learner academic achievements in 
mathematics. Yara & Uganda (2010) has argued that teaching materials such as 
textbooks, exercise books, and teaching aids strengthen the teaching and learning 
in mathematics and other subjects.  

The mathematics textbook is seen as a powerful tool in teaching and learning 
(Mbugua, 2011). There are no recommended mathematics textbooks and 
mathematics teachers are free to choose their own textbooks for their learners. 
Studies have been conducted on the availability of mathematics textbooks in 
schools, and it indicated that most of the primary and secondary schools in Kenya 
have a shortage of textbooks (Oguntuase et al., 2013; Mbugua, 2011; Yara & 
Uganda, 2010). These shortages of textbooks can derail the progress in the 
teaching and learning of mathematics, and hence can affect learner academic 
achievement. 



257 
 

Mathematical concepts have logical relationships that can make teaching and 
learning effective. Thus, mathematics teachers and learners must have textbooks 
in order to refer to concepts that have to be taught (Mbugua, 2011). Ndirangu, 
Kathuri and Mungai (2003) were of the opinion that the curriculum and 
examinations may have been prepared without considering the availability or the 
variations of teaching materials. Otunga (2000) also found that resources that can 
be used to prepare curriculum implementation should adequately be addressed in 
schools. The shortage of textbooks and textbooks with little information and 
insufficient exercises can have a negative impact on the learner academic 
achievement in mathematics.  

ICT has been encouraged, mostly in the teaching and learning of mathematics, in 
many countries of the world (Ndlovu, Wessels & De Villiers, 2011). South Africa 
is one of the countries that encourage teachers to incorporate available 
technological resources when teaching mathematics (Department of Basic 
Education, 2011). ICT is a form of multimedia used to teach mathematics (and 
other disciplines), such as calculators, computers, projectors, sketchpads, 
geogebra etc. (Gayeski, 1999).  

The use of ICT resources is necessary to integrate into the process of teaching 
and education (La Velle & Nichol, 2000, Lever-Duffy, McDonald & Mizell, 
2003). This integration of ICT in the classroom may not only bring about 
opportunities for learning and teaching, but it is strongly encouraged from within 
the mathematical and scientific community (Ndlovu et al., 2011). Hamdane, 
Khaldi and Bouzihab (2013) postulated that ICT was found to be important in the 
teaching and learning of mathematics. Hamdane et al. (2013) furthermore said 
that the integration of ICT into teaching could make learning fun, interesting and 
more effective. 

THEORETICAL PERSPECTIVES 

This researcher used Ubuntu philosophy (Letseka, 2000) and observational 
learning theory of Bandura (1986) to underpin this study. Letseka (2000) 
perceives Ubuntu as a desirable and acceptable form of human conducts in a 
community of people. Ubuntu emphasises that a person should assist other people 
in a humane way. Letseka (2000) contends that Ubuntu can encapsulates moral 
norms and values such as altruism, kindness, generosity, compassion, 
benevolence, courtesy, respect and concern for others. Ubuntu also encapsulates 
justice as a value, which refers to do what is right and moral in the society 
according to Letseka (2014). Since this study focused on the teacher from the 
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resourced school to share teaching and learning resources in the under-
performing school, this lens helped me to see how these norms and values are 
observed during the entire period of sharing. Zireva (2014) argues that Ubuntu 
hinges on communal interdependence. Makhudu (1993) interprets Ubuntu as the 
manifestation of ethical traits such as warmth, empathy, understanding, ability to 
communicate, open communication, interaction, participation, sharing, 
reciprocation, harmony, cooperation, congruence and shared worldview. This 
enabled the researcher to understand how the two teachers’ perceptions when 
sharing teaching and learning resources in Grade 11 algebra. Ubuntu concerns 
more on the wealth of other people (Letseka, 2000). If a teacher can demonstrate 
the philosophy of Ubuntu, he or she is accepted and appreciated by others. 

Observational learning theory is another lens used in this study to understand the 
two teachers’ perceptions about twinning when teaching Grade 11 algebra. 
Observational learning refers to continuous, interactive learning that mediates 
between cognitive, behavioural and environmental influences (Bandura, 1986, p. 
198). Richardson (1967, p. 107) defines it as the ability to learn skills and 
knowledge through observing others in a particular setting, and further explains 
that it is a symbolic rehearsal of a physical activity in the absence of any gross 
muscular movement. Galef (2003) asserts that observational learning facilitates 
the transmission of information from one person to another. In other words, the 
learner observes the teacher demonstrating skills in and knowledge of a particular 
topic, and then the same learner practises what s/he learned during the observation 
process.  Observational learning takes learning as the interaction between 
behavioural, environmental and cognitive influences (Groenendijk, Janssen, 
Rijlaarsdam, & Van den Bergh, 2011, p. 2).  

Four interrelated processes that are used to guide actions that were taken into 
consideration during the twinning process govern observational learning. The 
interrelated processes, which are summarised in Figure 1, and discussed within 
the context of this study in the ensuing subsections, are the attention process, the 
retention process, the production process and the motivation process.  
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Figure 2.1: Observational processes (Bandura, 1986, p. 210) 

An attention process is a process where the observer absorbs information by 
paying attention to the behaviours modelled, and accurately perceives those 
actions during observations (Bandura, 1986, p. 210). In other words, the observer 
is required to pay attention to the expertise, knowledge and strategies that the 
model-teacher can share with him/her in the twinning process with the hope that 
it opens new avenues to teach Grade 11 Algebra effectively. 

The retention process takes place when the observer is able to transform the 
knowledge gained during observations into symbolic forms and organise that 
knowledge into easily remembered structures (Bandura, 1986, p. 216). It is the 
second sub-function that governs observational learning, in which knowledge is 
retained about the events that have been modelled in one way or another. The 
knowledge and skills that are shared by the twinned teachers in teaching that 
algebra concepts are expected to be retained and later demonstrated in the absence 
of the modelled the teacher. 

Herzberg (1966, p. 218) identified the factors that affect human motivation but 
pointed out that these factors may not ensure motivation of any higher level. The 
factors identified were achievement, responsibility or autonomy, recognition, and 
opportunities. Andrews (2011, p. 60) asserts recognition to be a positive strategy, 
which can produce improved teacher motivation and respect in the teaching 
fraternity. Moreover, he (2011, p. 60) argues that motivation keeps teachers of 
quality in the schools. 

The production process is the third modelling system that involves converting 
symbolic conceptions into appropriate actions (Bandura, 1989, p. 222). Bandura 
(1989, p. 222) has indicated that conceptions that are in a symbolic mode have to 
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be transformed into a corresponding action mode in the production process. 
Furthermore, the actions of the observer require the development of 
transformational skills in the intermodal guidance of the learned behaviour. Most 
of the modelled behaviours are abstractly represented as conceptions and rules of 
actions, which specify what must be done. 

METHODOLOGY 

This study followed an interpretive paradigm focused on the twinned teachers’ 
perceptions during twinning when teaching Grade 11 algebra. The goal of this 
study relies on the participants’ perceptions of twinning strategy in the under-
resourced school. Creswell and Creswell (2018) say qualitative researchers tend 
to use open-ended questions for participants to share their perceptions about the 
phenomenon being studied. The two teachers participated in this study had 
embarked on twinning project as a strategy to improve practices in the under-
resourced school, the two schools are situated in the same community. The 
researcher used purposive sampling to better understand the research problem and 
answering the research question. Teachers who were sampled in this study were; 
one teacher coded TRS was from the resourced school and the other teacher was 
from under-resourced school coded TURS teaching Grade 11 algebra during 
twinning. For the purpose of this study, the researcher intended to understand the 
twinned teachers’ perceptions about twinning to know how twinning strategy can 
be improved for other schools and teachers to implement it for improvement in 
practices and also for learner academic performances. 

A face-to-face semi-structured interview was employed in this study to collect 
data pertinent to the research problem and research question. The researcher used 
eight open-ended interview questions for the twinned teachers to share their 
perceptions about the implementation of twinning as a strategy to improve 
classroom practices. Interview sessions took thirty to thirty-five minutes with 
each teacher and follow-up questions were used during the interactions for clarity 
purposes. The interviews were conducted immediately after school in two 
consecutive days in the respective schools to avoid interfering with the smooth 
running of the schools. TRS had twenty-five years of experience in teaching 
mathematics in the resourced school and has Bachelor of Education with honours 
degree in Mathematics Education at the time of the project. TURS had fifteen 
years of experience in teaching mathematics and has Higher Diploma in 
Education majored in Physical Sciences and Mathematics Education. The 
interviews were audio-recorded and were later transcribed after the sessions. 
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ETHICAL ISSUES 

An Ethical Clearance Certificate was sought from the North-West University 
Ethics Committee to access the schools. The informed consent of the teachers 
was also sought prior permission to conduct this research. The researcher 
approached the Department of Basic Education in Limpopo Province for 
permission to visit the schools. Thereafter the researcher approached the 
principals and the Grade 11 Mathematics teachers of the two schools. The roles 
of the participants, their rights to choose to be participants and to participate or 
not in this study were explained to them (Tashakkori & Teddlie, 2010, p. 239). 
They were assured of confidentiality, that their participation was voluntary, that 
they could withdraw from the study at any time without being prejudiced, and 
that no personal details would be disclosed. The confidentiality of the information 
collected at the schools was ensured, together with the guarantee that no part of 
the data would be used for any other purpose than for this research. The consent 
forms were then signed by both the researcher and the two teachers for the 
consolidation of the agreement. 

APPROACH TO ANALYSIS 

Two levels of analysis have been identified using the framework in fig.2. In the 
first level of analysis, data set can be analysed based on the spirit of Ubuntu as a 
way of showing compassion in the under-resourced school. For example, when 
resourced school share teaching and learning resources with the under-resourced 
school during twining project. In the second level, data set can solely be analysed 
based on observational learning during twinning of the two teachers 

Table 1: A dynamic approach to understand teachers’ perceptions about twinning strategy 

Dimension  Definition  Indicators/descriptors 

Ubuntu It is a desirable and 
acceptable form of human 
of human conduct (helping 
other people) 

- Teacher showing compassion in under-resources school 
- Sharing of teaching and learning resources 
- Communication  
- Cooperation  

Attention  Observer absorbs 
information to the 
modelled behaviour 

- Improved subject matter knowledge 
- Improved pedagogical content knowledge 
- Improved teacher practice 

Retention  Knowledge is retained 
about the events modelled 
in one way or another. 

- Transforming knowledge into symbolic structures 
- Organise knowledge into easily remembered structures 

Motivation Process that causes people 
to focus on the desired goal 
or end-results. 

- Achieving learning objectives 
- Teacher efficacy 
- Learner efficacy 

Production  It is a modelling system 
converting symbolic 
conceptions into 
appropriate actions. 

- Improved learner academic achievement 
- Feedback information (during classroom interaction) 
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In the second level of analysis, for example, the study would understand teachers’ 
perceptions on the sharing of subject matter knowledge and pedagogical 
knowledge if improved or not, retention of knowledge modelled by the teacher 
from the under-resourced school, achieving objectives of the strategy, learner 
academic achievement if improved or not, and teaching and learning resources if 
made an impact or not in the teaching and learning. 

Findings of the study 

The findings of this study are solely analysed using the spirit of Ubuntu and 
observational learning during twinning process. In the analysis, the teacher from 
the resources school is TRS (teacher from resourced school) and the one from the 
under-resourced school is TURS, both are male teachers. Themes used this study 
are developed guided by the Ubuntu philosophy and observational learning in 
analysing the data sets. 

Humanness in teaching and learning 

Teachers and learners may not only focus on teaching and learning, but 
humanness can also play a role in education fraternity. The two teachers 
perceived twinning strategy as a way of supporting the school that lacks teaching 
and learning resources. TRS appeared to have been keen in supporting the under-
resourced school, which was also under-performing in mathematics, he said: “as 
schools serving the same community, we have to assist each other for the sake of 
the kids to pass”. This shows the spirit of humanness, kindness, compassion and 
empathy of Ubuntu (Letseka, 2014) of TRS to see the other school running and 
performing. This spirit of humanness was supported by TURS that schools in the 
vicinity need to support each other, not competing while they serving the same 
community. The spirit of Unbuntu hinges on communal interdependence (Zireva, 
2014). 

TRS and TURS have revealed that twinning has impacted on learners who did 
not have study materials for mathematics. For example, TURS has indicated that 
four to five learners shared one textbook the under-resourced school. TURS in 
his interview said: “I just said that four to five learners share one textbook, and 
this affect their performance” suggesting that theses learners needed that support 
from the resourced school to improve the teaching and learning of mathematics. 
This also show that a lack of support materials (LTSM), contribute towards the 
poor learner performance (Mbugua, 2011), which derails the progress of learners 
in academic performance. The two teachers perceived twinning as 
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interdependence that can assist in improving learner performance in the under-
resourced school. TRS highlighted that a lack of resources in the under-resourced 
school can have a negative effect in the teaching and learning of mathematics and 
hence learner academic performance. The interdependence of the two schools 
appeared to have impacted on learners who could not do homework due to lack 
of textbooks prior twinning project. This was pointed out by TURS: “the learners 
didn’t have materials to use for studying and working on some homework but 
during twinning they were able to do their schoolwork” which showed that 
twinning was needed for learners to be able to do their schoolwork.  

Sharing of teaching and learning resources 

TRS had brought teaching and learning resources in the under-resourced to teach 
Grade 11 algebra. He sounded to be keen to share his resources with the teacher 
in the under-resourced school which had shown the spirit of Ubuntu to provide 
support in the under-resourced school. For example TRS, “as teachers, we have 
share what we have to help these poor kids", this shows a compassion, kindness, 
sharing and open communication as suggested by (Letseka, 2000), to make an 
impact on twinning in the teaching and learning of algebra. This concurs with 
Letseka (2000) contending about Ubuntu as encapsulating moral norms and 
values such as kindness, generosity, compassion, benevolence, courtesy, respect 
and concern for others. TRS appears to be curious seeing the other school 
developing and progressing in terms of education.  

TRS and TURS had an open communication about how they could share teaching 
and learning resources to teach Grade 11 algebra. For example, TURS say, “open 
communication enables us to participate free in the twinning project” which 
suggests that the two schools agree on what has to happen during twinning. This 
seemed to motivate the two teachers to focus on their objectives, as this could 
improve learner and teacher efficacies. TURS appeared to have appreciated how 
they communicated their implementation of twinning in his school to teach 
algebra. The two teachers have communicated about the time, the teaching and 
learning resources and the topics to be taught during twinning. They (teachers) 
showed to have ethical traits such as understanding each other, being able to 
communicate and open communication according to Makhudu (1993). 
Furthermore, TRS showed to have empathy for the under-resourced school to 
support with the resources. For example, teacher said: “I think we (referring to 
both TRS and TURS) will meet on Tuesdays and Thursday as will have enough 
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time to spent with the learners”, this showed that TRS was more concerns on the 
wealth of others according to Letseka (2000). 

Twinning has also enabled TURS to gain knowledge after paying attention on the 
skills and expertise TRS has demonstrated when sharing teaching and learning 
resources. TRS had developed handouts and worksheets, and brought DVDs and 
slides prepared for teaching to share with TURS to improve the subject matter 
knowledge and pedagogical knowledge of mathematics. As Tachie and Chirese 
(2013) mentioned, teaching and learning resources are essential in the 
mathematics class. TURS observed TRS teaching mathematics, for example, 
number patterns using handouts and worksheets for the lesson which appeared to 
have improved TURS teaching practices. Galef (2003) asserts that observational 
learning facilitates the transmission of information from one person to another. 
This showed that TURS observed TRS to gain skills on how TRS used those 
teaching and learning materials when teaching mathematics by paying attention 
to the modelled behaviour. TRS mostly preferred to introduce a lesson by giving 
the learners handouts or worksheets for the discussion of the problems on the 
worksheets or the handouts which showed that TURS had retained the knowledge 
modelled during twinning. TURS did; however, seemed to have been motivated 
by TRS’ approach to teaching, as preferred to make use both the worksheets and 
handouts to teach mathematics, as handouts were prepared for learners to use as 
notes. The worksheets were used to engage the learners in doing the exercises on 
the concepts that they were taught. 

The use of information and communication technology (ICT) has been 
encouraged in the teaching and learning of mathematics (Ndlovu et al., 2011; 
Hamdane et al., 2013). TRS seemed to have preferred to incorporate DVDs 
during twinning as one of his resources to make his lessons effective and fun to 
learners. This also sounded to be interesting to TURS as confirmed that sharing 
of ICT resources could also be introduced in his teaching of mathematics even 
after twinning, which showed that he had paid attention to what TRS was 
modelling in order to apply knowledge and teaching skills after twinning.  For 
example, DVD lessons were used in five lessons, especially in financial 
mathematics and functions. TURS said that his learners seemed to interested in 
the lessons and TRS used ask the learners to pay attention to the DVD lessons; 
and the learners’ participation appeared to have improved as they asked TRS to 
pause the DVD and asked questions for clarity on the lesson taught. For instance, 
TURS said that one of the learners in Lesson 5 asked TRS to pause the DVD in 
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order to receive clarification on the parabolic function in f(x)=a(x-x_1 )(x-x_2 ), 
which appeared to have been confused the learners when they compared it with 
f(x)=〖ax〗^2+bx+c. The learners found the first parabolic function more 
difficult to understand than the second did. The lessons that were integrated with 
the DVDs seemed to have been fun, interesting and more effective, as the 
learners’ participation was high when compared to the lessons that were not 
integrated with the ICT tools, confirmed TURS. This support what Bandura 
(1986) has said production in observational learning improve learner academic 
performance. Hamdane et al. (2013) concur that the integration of ICT materials 
in teaching mathematics makes learning fun, interesting and more effective. 

Teaching strategies shared during twinning 

Teacher interviews revealed that the different approach used by TRS had 
addressed most of the learners with difficulties in learning Algebra, which 
appeared to have improved learner efficacy according to Bandura (1986). The 
findings showed that TRS was able to make learning fun, interesting and more 
effective by integrating it with ICT materials as Hamdane et al. (2013) had 
suggested. TURS used ‘he’, referring to TRS, who had encouraged learners in the 
under-resourced school participating during teaching and learning giving them 
more problems to solve. The statement above is confirmed when saying, “…he 
sometimes gives learners who understood the concepts problems to solve and 
attend[ed] those who don’t understand explaining each steps [sic]”, suggesting 
that the fast learners were given complex problems to solve in order for TRS to 
support those learners who struggled to understand the concepts taught followed 
procedural knowledge, step-by-step, in solving problems. TURS showed to have 
paid attention and motivated by the teaching strategies used TRS during twinning 
and intended to apply those strategies after twinning. This type of support showed 
that TRS assisted most underachieving learners during the lesson.  

TURS observed TRS teaching Grade 11 algebra while sharing teaching and 
learning resources in the under-resourced school. Bandura (1986) postulates that 
during observational learning, the observer should pay attention to the behaviours 
modelled to absorb the information. For example, TURS said, learners had 
effectively participated in the group discussion when discussing problem given 
by TRS in the worksheets and problems posed by the presenter in the DVD”. 
TURS used ‘he’, referring to TRS, who had encouraged learners in the under-
resourced school participating during teaching and learning giving them more 
problems to solve in groups. The statement above is confirmed when saying, 
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“…he sometimes gives learners who understood the concepts problems to solve 
and attend[ed] those who don’t understand explaining each steps [sic]”, 
suggesting that the fast learners were given complex problems to solve in order 
for TRS to support learners who struggled to understand the concepts taught 
followed procedural knowledge, step-by-step, in solving problems. This revealed 
that TURS paid attention to the expertise, knowledge and strategies TRS had 
shared and this also showed that TURS would adopt the strategies used by TRS 
when sharing teaching and learning resources. TURS further said: “learners in 
my school had changed, their participation in groups is better since the inception 
of sharing teaching and learning resources”. This concurs with Bandura’s (1986) 
motivation to apply skills and knowledge gained during twinning. 

TURS appeared to have retained expertise, knowledge and strategies TRS has 
shared during twinning. TURS said, “I think the knowledge and resources TRS 
shared with me will continue to be used even after twinning”. This showed that 
TURS has retained what TRS has modelled as intended to transform the 
knowledge gained during the observations into symbolic forms and organise 
knowledge into simple structures to be remembered (Bandura, 1986). Moreover, 
TURS showed to be motivated by this sharing of teaching and learning resources 
as he said “Ke bona gore ke tlo kgopela sometimes ba re adime di-resources tse 
(I will sometimes ask these resources to use during teaching)”, this is what 
Andrews (2011) regarded as improved motivation that keeps quality in the school 
and respect in the teaching fraternity. 

TRS indicated that schools should help each other in terms of resources and 
teaching in general. He said, “as mathematics teachers, we have to keep assisting 
each other for the benefit of the learners and teachers”, this showed that TRS had 
empathy and kindness to help others. Furthermore, the teacher is more concerned 
on communal interdependence as Zireva (2014) suggested. This was supported 
by TURS when he said, “ke thabela se TRS a se direleng to support us (I 
appreciate what TRS has done to support us)”. This indicated that communal 
interdependence played a major role in supporting the under-resourced school. 
TRS showed to have the spirit of Ubuntu as he was keen to share resources and 
teaching skills from his school with the teacher in the under-resourced school.  

Twinning has its own challenges, such as the cost of travelling from one school 
to the other (De Young & Howley, 1990); the time involved in planning meetings 
and discussions (Nachtigal, 1990); as well as additional work responsibilities for 
teachers, and work-related stress (Rees 2003:24). TRS complained about time 
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and travelling costs from his school to the under-resourced school during 
twinning. For example, TRS said, “my problem is time and money for travelling 
from my school to this school” which describes the issue of time and money as 
the most challenging factors in the planning and implementing an effective 
twinning. The ‘time’ in the extract refers to the time-tabling of twinned schools 
to be drafted and the days to be used to implement twinning, and the ‘money’ 
refers to the funding that is needed either for travelling from one school to 
another, in order to implement twinning. The twinned teachers suggested that if 
the Department of Basic Education (DBE) and non-governmental organisations 
were able to support the twinning project with funding, this project would prove 
effectively. TURS said, “ if the department can be involved in twinning, we will 
be able to do these things’ to signify the logistics, such as travelling expenses, 
and other materials, such as ICT tools, worksheets, and handouts to be prepared 
for learners that may be required in the twinning process.  

DISCUSSION OF FINDINGS 

The twinned teachers had different resources in their respective schools. 
However, the under-resourced school experienced challenges with the teaching 
and learning resources. The two teachers perceived twinning as effective as they 
were able to share teaching strategies and resources which have had an impact on 
learner learning and their academic performance. The findings of this study have 
revealed that the sharing of resources was seen to be essential in mathematics, 
supported by Tachie and Chirese (2013). Mbugua (2011) mentioned that teaching 
and learning resources in schools, such as textbooks, the chalk board, and 
mathematical three-dimensional figures, are regarded as material resources. The 
availability of teaching and learning resources enhance the effectiveness of the 
schools and have a positive impact on the learners’ academic achievement 
(Mbugua, 2011). Although the schools may have teaching and learning resources, 
if they are not effectively used or not used at all, the schools cannot be effective 
and the learners’ performance in mathematics may be poor.  

The under-resourced school lacked textbooks, which are powerful tools in the 
teaching and learning of mathematics (Mbugua, 2011; Yara & Uganda, 2010). 
Local research has found that most schools have a shortage of mathematics 
textbooks (Oguntuase et al., 2013; Mbugua, 2011; Yara & Uganda, 2010). TRS 
complemented mathematics textbooks in his school by developing worksheets 
and handouts for his learners and were also used during twinning. The teacher in 
the under-resourced school relied on the textbook, which denied learners access 
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to exercises in the textbook. It was found that four to five learners shared one 
mathematics textbook which appeared to have contributed towards poor 
performance of learners in the under-resourced.  

However, the teacher in the under-resourced school had confidently improved his 
learners’ learning by using the worksheets and handouts, and by observing the 
teacher from the resourced school (Hoy, 2000). The finding suggests that the 
teacher retained the idea of using worksheets and handouts when observing the 
teacher from the resourced school during the intervention. The use of worksheets 
and handouts seemed to have encouraged the learners’ participation in algebra, 
as most were able to practice many algebra problems, both during and even after 
the lessons, as suggested by TURS. 

The resourced school had ICT tools, such DVDs and laptops, to be used during 
twinning. The DVDs were played on the laptop and viewed using a data projector 
for learners in the under-resourced school to watch the lessons. During the 
intervention, TRS integrated ICT tools in algebra in the under-resourced school 
to reinforce mathematics lessons (Ndlovu, Wessels & De Villiers, 2011). The use 
of DVDs by the teacher made lessons fun, interesting and more effective 
(Hamdane, Khaldi, & Bauzihab, 2013). The two teachers have indicated that 
DVDs seemed to have promoted the teaching and learning of algebra during the 
intervention (Ndlovu, Wessels & De Villiers, 2011).  

Although the under-resourced school had DVDs and a laptop, the teacher did not 
incorporate them in classroom teaching before the intervention (Kilicman, 
Hassan & Husain-Said, 2010). TURS preferred to use the textbook to present his 
lessons and did not integrate his teaching with ICT tools (Hamdane et al., 2013). 
He (TURS) said that their laptops were broken and never fixed, therefore he could 
not use them. These are the reasons why he only used textbook which appeared 
to have played a role in the poor performance of learners in the under-resourced 
school (Ndlovu et al., 2011). Research revealed that the use of ICT in 
mathematics may complicate the life of teachers (e.g. Robert & Rogalski), if those 
teachers unskilled in the use of ICT tools. But in this study, TURS said his school 
had broken laptops and could not use them. Twinned teachers said that twinning 
had an effect as TURS showed that ICT tools make learning fun, interesting and 
more effective than just using textbooks, worksheets and handouts.  

In addition, the two teachers perceived the sharing of teaching practices and 
teaching and learning resources during twinning had an effect in Grade 11 
mathematics class. They (TRS and TURS) highlighted that twinning had made 
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them to work together for the purpose of improving teaching practices, teacher 
efficacy and learner efficacy (Oxfam, 2007). The teachers emphasised that the 
sharing of teaching and learning resources should continue to compliment the 
normal teaching to improve learner academic performance even after twinning 
project. It was further indicated that twinning enabled them to realise how 
important it is to share teaching and learning materials as this had improved the 
performance of the learners and practices in the under-resourced school.  

The two teachers suggested that for twinning project to be effectively 
implemented in schools, School Management Team (SMT) and the Department 
of Basic Education should be involved. SMT from the twinned should come up 
with the strategy on how twinning can be rolled out avoiding the clashing of 
periods. Furthermore, twinning should be communicated in the beginning of the 
year for teachers put it in their year plans. They also suggested the budget and 
time for twinning should be considered before its implementation. This project 
can also be extended to other subject teachers to share teaching skills and 
knowledge to improve their own classroom practices and learner performances, 
not only for mathematics teachers. This supports what Lock (2011, p. 5) has said 
that school twinning is the clustering together of schools to advance their 
improvements, that is, working together for peer support with an external 
colleague such as the teacher from another school, to present lessons. 

CONCLUSION 

The twinned teachers revealed that sharing of resources had a positive effect in 
changing teachers’ teaching strategies and learners’ learning Grade 11 algebra in 
the under-resourced school. The findings also revealed that learners’ participation 
had been changed and their attitude towards mathematics during sharing of 
resources of the two teachers as compared to the participation before sharing of 
resources. It was indicated that twinning had also had an impact on learner 
academic performance. The study suggests that schools in proximities should 
hinge on communal interdependence, share material and human resources for the 
benefit of the once under-resourced. 

IMPLICATIONS  

Education stakeholders can gain knowledge on how to implement twinning 
project in other schools, i.e. twinning SMTs of different schools. 

Education stakeholders can also gain knowledge on how to twin whole schools 
to improve practices and academic performances.  
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EXPLORING THE IMPROVEMENT OF GRADE 10 

LEARNERS’ GEOMETRIC REASONING THROUGH 

INQUIRY-BASED LEARNING 

Motshidisi Masilo 
  University of South Africa 

This research reports on the necessity of the critical application of the authentic 
and guided inquiry in exploring and discovering geometric figural-concept 
aspects to establish geometric reasoning. This study departs from the notion that 
geometry relates with reality and therefore figural-concept interrelations as 
perceived through reality contributes toward visual or mental images that 
support geometric reasoning. This case study involved 48 Grade 10 learners who 
were purposefully sampled. Reported data is based on only 43 learners who 
participated in all activities. The participants were engaged in an authentic 
inquiry activity that was appraised through a pre-activity to evaluate the prior 
knowledge of figural and conceptual aspects. Further engagements comprised a 
guided inquiry where the author was the facilitator and ultimately learners were 
engaged in a post-activity that was purported at appraising the learners’ 
developed ability to formulate and apply the concept image; as acquired through 
the interrelation of figural-concept knowledge. Findings revealed that learners 
were competent in figural understanding while the conceptual knowledge posed 
a challenge. Guided inquiry-session and learners’ views of the essence of inquiry-
based learning proved that the inquiry-based learning skill is indispensable in 
empowering students with figural concept knowledge to advance the conceptual 
image for geometric reasoning.     
Keywords: Concept image, Figural concept knowledge, Geometric reasoning, 
Inquiry-based learning, Visual image.  
 

INTRODUCTION AND BACKGROUND  

Geometry relates well with reality and makes the perceptions of reality essential 
to formulate mental or visual images to aid geometric reasoning. Authentic 
inquiry becomes reality when it comes from the experiences of the ones who 
learn. Visual images built from experience and personal critical inquiry need to 
be promoted in learning geometry. Learners need orientation to practise how to 
enter into a discourse during mathematics and geometry lessons. The discourse 
reported in this study involves a learner who is active in his or her own learning; 
a learner who takes initiatives in finding information; who will apply an 
inquisitive mind during the facilitator-learner discourse, a learner who takes 
learning further even when with peers or for self-improvement purposes. Inquiry-
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based learning is learner-centred, and learners play an active role in the process 
of acquiring knowledge through discovery and exploration (Fernandez, 2017).  
Such learners who take charge of their learning through exploration and discovery 
have a guaranteed competency in own space and in other spaces where the learner 
will need to apply mathematical and geometric competencies. For example, an 
inquiring mind in the fourth industrial revolution space is critical.  

A mathematics learner requires an inquisitive and active mind to participate in 
classroom activities. Such competencies cannot be perfected though conventional 
teaching and rigorous rote learning only; but through heuristics methods such as 
inquiry-based learning in the learners’ lifetime of learning mathematics. This 
study introduces inquiry-based learning as a classroom practice that involves a 
learner and allows a learner to practice the mathematical skills as that of an 
engineer who has to ponder upon a project through an inquiring mind. This 
research reports critical application of the mind in finding knowledge, 
conjecturing, validating and applying self-acquired knowledge; sharing 
knowledge and attaining individual competency in learning Euclidean geometry. 
The learners’ inability to connect geometric figures with relevant geometric 
concepts contribute to failure to establish the concept image, hence failure to 
present solutions to geometric problems. 

This is a case study where probing occurred in Grade 10 learners’ involvement in 
inquiry-based learning lesson in order to improve geometrical reasoning.  
Geometric reasoning in this research refers to the application of critical thinking, 
logical argument and spatial reasoning to solve problems and establish 
relationships. Inquiry-based learning is used to apply geometric reasoning 
purported at establishing existing truths and to then apply in problem solving. In 
this research, the enactment of the participants is appraised through enquiry-based 
learning to reveal existing knowledge and apply in finding solutions to problems 
through the process of figural concept understanding. 

According to Fischbein’s (1993) theory of figural concepts, geometrical 
reasoning is characterised by the interaction between two aspects which are 
figural and concept understanding. Hershkowitz, Parzysz and Dormolen (1996) 
outlined that a figure is a conceptualised geometric object including its graphical 
representation. In addition, Hershkowitz, et al., (1996) outline that geometric 
figures are tools for solving problems and for constructing a geometrical theory. 
Figural-concept reasoning communicates subjective to objective reasoning. 
Subjective reasoning serves as the base of objective reasoning. That is, concrete 
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connotations serve as basic to abstract thinking. Therefore, geometric reasoning 
is sustainable when reasoning is based on figural-concept reasoning. The analogy 
behind figural reasoning is that the geometric figure needs to be visualised and 
analysed in order to create a base for conjecturing.  The current context in most 
of the mathematics classrooms is that the conventional way of teaching geometry 
does not allow figural-concept reasoning as complementary elements. Learning 
is attached to concept definition only which obstructs conceptual image that 
develops the relevant cognitive structure.  This research avers that Inquiry-based 
learning has shown ability to support figural-concept reasoning and enhance more 
of concept image. More countries have put transformation measures in place in 
order to change the education systems from conventional learning to modes such 
as RME and IBL. Such countries have a track record of good performance in 
mathematics including in diverse content areas of the subject Mathematics.  

The current context in the research area of this study is that conventional teaching 
has taken root and is normalised that other modes of learning are hardly adopted. 
The motive in the research area is that learning is examination driven, therefore, 
rote learning is preferred in order to only prepare for knowledge production 
during examination.  Nonetheless, failure rate is still encountered as it is not all 
learners who can adapt in a rote learning situation. In a conversation with two of 
the subject teachers, they discussed that of all learners who choose mathematics 
as a subject of learning in Grade 10, few make it to Grade 12 while others change 
to Mathematical literacy either in Grade 11 or 12. In the outlined context, 
transformation of the existing learning is essential. Assisting learners to build the 
necessary cognitive structures is a necessity and can be developed through 
inquiry-based learning methods. Therefore, this research inquired about: how 
learners can apply IBL to advance figural concept understanding in geometrical 
reasoning? In addition to the main inquiry, the study asks: What is the effect of 
IBL on geometric reasoning? What indicators do learners demonstrate in 
interrelating figural and conceptual definition to advance the conceptual image?  

Figural and conceptual aspects in geometric reasoning  

Visual perception plays a vital role in an endeavour to learn a geometric concept. 
However, figural-concept geometry deals with specific mental objects that have 
both figural and conceptual aspects (Ubuz, 2004). In addition, Ubuz (2004) state 
that both figural and conceptual aspects interact for characterising geometric 
reasoning. The link between figural and conceptual aspects is emphasised in this 
research. Meanwhile, Fischbein (1993) outlined that in integrating the figural and 
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conceptual aspects, the conceptual aspects is found not to be effective while the 
figural aspect remains the dominant aspect.   According to Ubuz (2004), a study 
by Burger and Shaunegessy revealed that the following shortfalls are evident in 
the learners’ attempt of geometric problem solving, (1) including irrelevant 
attributes in identifying and describing shapes; (2) inability to state properties; 
and (3) lower reasoning levels, for example reasoning and competency that is 
equivalent to reasoning at pre-visualisation and visualisation stage. The stated 
reasons are some of the common reasons that contribute to the erroneous 
formulation of the concept image; and therefore, errors in geometric problem 
solving.  

The conceptual aspect of the figural concept includes classifying figures or shapes 
and defining them. According to Fugita and Jones (2007) classifying and defining 
quadrilaterals seem to be challenging for many learners. Furthermore, Fujita and 
Jones (2007) stated that challenges experienced by learners relate to inability to 
analyse the attributes of different quadrilaterals and to differentiate between non-
critical and critical facets of the figural and conceptual aspects. 

The geometric concept images 

In this study, constructivism is viewed as fundamental to realism. A pluralistic 
position in acquiring knowledge is promoted. Geometric reasoning in this 
research refers to the ability to build a perspective that can interrelate figural and 
conceptual aspects to formulate the concept image. The concept image as a 
complete cognitive structure, relates completely to the geometric concept; the 
geometric concept concerns its mental pictures, related properties and processes 
(Tall and Vinner, 1981, Ubuz, 2004).  The notion of figural concepts departs from 
the idea that in trying to rationalise the geometric concepts symbolic 
representations are used for abstract thinking; furthermore, there is a significant 
correspondence between the common entities of the figural and conceptual 
connotations (Fischbein, 1993). In addition, Fischbein (1993) outline that images 
and concepts are discrete types of mental aspects. Therefore, the emphasis is put 
on how the figural concept notion balances well in the interrelation abstract and 
concrete connotations in the geometric cognitive process. In addition, Fischbein 
and Nachlieli (1998) aver that visual images are sensorial representations of an 
object; and they possess spatial properties as pictures of the mind, for example 
properties such as location, shape and magnitude. Discussing Fischbein’s notion 
of figural concept, Mariotti (1995) emphasises the dialectic relationship between 
a geometrical figure and a geometrical concept. Mariotti (1995) argues that 
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geometry is a field in which it is necessary for images and concepts to interact; 
however, from the most of the student’s perspectives there can be tension between 
the two. Perceiving the figure while conceptualisation of the realised figure is 
displaced can contribute to lack of cognition and wrong application in problem 
solving.  A combination of figural and conceptual indulgence enhances cognition 
for better geometric problem solving.  

Shields (2003) outlined the framework of pragmatism as a process where teaching 
and learning are approached with the essence of criticism; teacher facilitates 
transformation through inquiry; inquiry leads to successful learning; facilitator 
encourages a community of inquiry among learners; facilitation of learning 
should be directed to using inquiry to effect changes; facilitator allows public 
scrutiny of facts; and the teaching and learning perspectives should be broadened 
through closing a gap between theory and practice.  Pragmatist practices in 
teaching and learning have not been considered in most of the South African 
mathematics classrooms (Masilo, 2018). In addition, Masilo (2018) outlines that 
most of the researchers in South Africa recommend constructivist approaches as 
relevant strategies to overcome the challenges of positivist stances in teaching 
and learning mathematics. Nonetheless, the conventional or traditional strategy 
is the more apparent. This research avers that facilitation of learning and the 
practice of learning should be pragmatic, that is, they should be experimental, 
promote civilisation in those who learn; encourage change in social contexts; 
inspire individual or collective effort including competency to find answers to 
current contexts such as problem-solving in economic and social  milieus 
(Ozmon, 2013). This research emphasises inquiry into the figural and conceptual 
aspects of learning as shown in figure 1.  



278 
 

     

 

Figure 1: integrating the conceptual and figural aspects to formulate the 
concept image 

Figure 1 denotes that in geometric reasoning, the ideal figural concept 
corresponds with concept definition or the conceptual aspects, while the mental 
reflections with all its connotations corresponds with the concept image. The 
concept image describes the total cognitive structure that is associated with the 
concept which includes all mental pictures and associated properties and 
processes. 

Participants in this research were engaged in both authentic and guided inquiry. 
The authentic inquiry practice allows learners to generate research questions and 
apply self-guidance to advance problem solving (Lester, Mott, Robison, Rowe 
and Shores, 2013). Clark (2012) highlighted that in guided inquiry, the facilitator 
guides learners by probing to engage them in completing content related activities 
through discovery, exploration, discussions and sharing ideas.  Essentially, for 
school learners, facilitator guided inquiry is indispensable. Guided inquiry 
involves facilitator’s hints for learners to explore, discover by themselves in 
relation to the context posed; and it can ultimately contribute to authentic inquiry 
(Masilo, 2018).  In a true inquiry lesson, there is a back and forth flow of 
knowledge between the teacher and learners. It begins when the teacher poses an 
idea or concept and then asks targeted questions. This leads to learners sharing 
their ideas and asking additional questions. 

 

FIGURAL ASPECTS

- Visualisation and 
analysis

- non-critical aspects

e.g. identifying a 
shape.

CONCEPTUAL ASPECTS

- critical attributes

- concept definition

- define the boundries and 
relationships

- give special examples

CONCEPT IMAGE

- Develop a coherent way, 
that is, intergrating the 

figural attributes and the 
conceptual aspects

- Visual or mental image

- Total cognitive structure
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RESEARCH METHODOLOGY 

A qualitative in-depth case study of a Group of 48 Grade 10 learners was carried 
out. The exploratory case study was applied in order to gather more facts around 
the learners’ geometric reasoning status. This case study is basic to the 
intervention carried out with the same group and more other groups of Grade 10 
learners. The results of this case study informed the intervention in progress. 
Structured survey of content related questions was used to engage learners in a 
geometric authentic inquiry and guided inquiry processes. This case study is of 
an intrinsic nature with a single case. This case study is purported at finding the 
causal theory to construct measures to intervene in learners’ geometric reasoning 
skills. Participants who were purposefully sampled were 48 Grade 10 learners at 
the A school of the Tshwane North district. However, only 43 learners completed 
all tasks, therefore, this report is based on the performance of 43 learners. 
Learners who participate in the research project are located at schools in a village 
allocated to the Tshwane North district. Only school A was part of this research 
report. Trustworthiness is adhered to through credibility, dependability, 
transferability and confirmability.  Furthermore, ethical considerations are 
observed as this research conforms to anonymity and confidentiality. 

Research process 

Research participant were Grade 10 learners aged 14-17, with the modal age of 
15 years.  The research process involved three sessions which are a pre-activity 
or prior knowledge; facilitator-learner interaction and the post-activity. The pre-
activity was introduced for individual attention through authentic inquiry. The 
pre-activity focused on drawing the learners’ existing knowledge of figural 
concept knowledge.  Ten rows were given for learners to freely sketch figures 
that they know and show all critical aspects of the figural knowledge, that is, 
name the figure and the characteristics or properties of the stated figure. The 
learners’ prior knowledge was analysed, and results provided a confirmation of 
the level of learners’ figural concept knowledge.  

Facilitator-learner interaction involved the action of learner exploration and 
discovery where the basics of geometry were discovered. That is, finding the 
undefined terms of geometry to define what geometry is. Exploration revolved 
around utilising available textbooks and smartphones to explore and discover the 
meanings. The facilitator provided data through a hotspot as the school internet 
was not active.  Finding information and sharing ideas were the major activities 
in the facilitator-learner and learner-learner interaction sessions. Further, 
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geometric 2D shapes were explored where learners were asked to name all 
geometric figures they knew, sketch the figures, use symbols to define the figures 
and state the properties of each figure, classify the figure and determine the 
relationships of quadrilaterals. The activity occurred through the teacher guided 
inquiry. Available material like textbook and smartphones were utilised.  In 
groups learners shared ideas and completed a table where they listed different 
quadrilaterals, used symbolic descriptions and defined each shape by listing the 
properties. Relationships among quadrilaterals were explored in groups. 

After the classroom discussions, that is, after the facilitator-learner and learner-
learner interactions, a post-activity was given to individuals, the activity was 
completed in class. The post-activity tested figural concept knowledge and 
whether the concept image could be articulated.  

FINDINGS 

Three activities are reported under findings, that is, the student’s responses to 
figural aspects knowledge, conceptual aspect knowledge and the ability to 
formulate the concept image. 

Figural aspect knowledge 

Figural knowledge is essential as geometric reasoning emanates from perceiving 
a physical shape and translating it into a visual mental image. Therefore, Grade 
10 learners would need advanced figural knowledge to apply in activities 
prescribed for their level of study.  Figure 2 shows the results of prior knowledge, 
that is, knowledge acquired from lower grades. No idea shows learners who 
obtained 0 out of 10 points. Below average obtained 1-3, those who are good 
obtained 6-7 points whereas those who obtained 8-10 points are advanced in 
terms of figural knowledge. One point is obtained when a learner recalled a 
figure, is able to sketch, name it and outline the number of sides. If a learner is 
able to sketch and complete two figures, they obtain 2 point, 8 figures for 8 points. 
Learners with 0 points could not sketch, name and or outline the name of any 
shape. A full point was allocated if all three attributes were in place.    
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Figure 2: Figural concept knowledge 

The chart (figure 2) denoted that 3 learners achieved zero, they could not 
complete any figure. Six learners achieved 1-3 points; managed to complete only 
1- 3 figures, 14 learners managed to sketch 4 to 5 shapes and attached the 
attributes correctly. A total of 12 learners got 6-7 shapes correct, while 8 learners 
obtained 8-10 points. In the last category, only one learner obtained total of ten 
points, 3 obtained 9 points while 4 obtained 8. No learner could attach any 
symbolic definitions on sketched figures. Shapes correctly presented without any 
symbolic description are square, rectangle, pentagon, hexagon, free hand circle, 
trapezium, Kite, Rhombus, hexagon, heptagon, octagon and 3D cylinder and a 
polygon such as a star. Quadrilaterals were mastered more by learners. As 
majority could not get all figures right, the following errors were evident: Names 
not matching with shapes, correct and incorrect free hand sketches with names 
like octagonal, octopus, triepezium for trapezium, square named a cube, a four 
sided figure called a trinomial, cecle/cycle for a circle which appeared to be oval 
as it was drawn free hand; hectagon/hentagon for 7 sided figure, sequa for square, 
oxagon for a 6 sided figure, hydrogen for 8 sided figure, phythegoras for 6 sided 
figure. The other critical matter was the number of sides.  All 4-sided figures were 
correctly presented. There were some figures that confused learners in terms of 
sides and properties, most of which were not quadrilaterals.  Credits were given 
for spelling mistakes like sequa for square and cycle for circle as the expected 
figural aspect idea was evident. 

Conceptual aspect of the figural concept knowledge 

The conceptual aspect of the figural concept knowledge seemed to pose 
challenges to many learners. The conceptual aspect concerns the critical attributes 
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of the figural concept theory. The description of the figures through defining the 
properties left 31 learners out of 43 without any idea of what to present (figure 
2). In the authentic critical inquiry stage of the conceptual aspects, learners were 
expected to define the geometric figures they have produced by themselves in 
terms of the properties. Describing properties on a sketch in terms of a symbols 
was another expectation in addition to writing the properties to match the 
symbolic description.   Seven learners were found to know properties of one to 
three figures, three learners could write the properties of four to five 5 figures, 
one student managed to define six to seven figures in terms of properties while 
only 1 managed to describe eight to ten shapes in terms of the properties.  

Most learners could locate one or two properties of quadrilaterals, and confused 
by those of other figures, even if it is them who presented the figures. More of 
those in the zero point category responded as:  'not sure' and wrong answers such 
as, sum of angles of a rectangle =90° , sum of angles of a circle = 0, Sum of 
angles of a quad = 180° and more. Some from the no idea category did not outline 
any properties. There was no response at all on the row where they had to define 
the sketches they have presented in terms of properties.   

There is no balance between the figural aspects and the conceptual attributes. 
Conceptual aspects need attention for the progression of geometric reasoning. 
The critical attribute that would play a major role in geometric reasoning is 
lacking. Formulating the concept image is a challenge when the critical attributes 
are displaced. Advanced stages of problem solving such as proving theorems 
would not be possible if the figural concept knowledge is lacking. 

Introduction of inquiry-based learning in learning geometry 

After introducing learners to the inquiry-learning mode, they were requested to 
answer questions related to engaging in inquiry-based learning on paper. 
Thereafter a focus group interview in a form of a classroom discussion was 
conducted where individuals shared their experiences of engaging in inquiry-
based learning. Learners reflected as follows they partook in the introductory 
lessons of the inquiry-based learning mode:  
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Table 1:   Learner views of inquiry-based learning 

Are you 
comfortable 
about 
Inquiry-based 
learning? 
(Yes/No) 

Why yes or 
No? 

 

32 learners responded. 30 responded yes, while only 2 indicated that they 
are not comfortable about inquiry-based learning. The learners echoed as 
follows:  

I am not comfortable; it is sometimes better when the teacher explains 
everything in detail. Another indicated that he is not sure.   

Most of the learners who responded said that they are comfortable gave 
the following reasons:  

You can find information easily and learn new things. …because the 
teacher try his or her level best to make us understand… because it 
teaches me many things; it gives me knowledge; it helps me to search 
information and find it about mathematics… because I love finding 
information by myself and discover new things… because it helps me to 
be more independent and learn things in my own way… Because learning 
using inquiry train us to learn on our own  

Do you think 
memorization 
is the only 
way to 
examination? 

 

24 responded with a no. and 8 learners responded by a yes.  

Most of the yes learners could not specify, however, those who specified 
said: 

…because when memorising it makes things easy to learn… because 
memorising is more like reading; you just read before you write… 
because you will be able to understand and think of everything you 
knew… because it helps us to remember.  

Some of the comments from the learners who said no, are: 

…because when we cram, we usually forget afterwards,… it is about 
learning to know and  learning to pass,… because you can search 
information carefully, to understand you must know it… because 
sometimes you forget what you cram because questions can differ 

What are the 
benefits of 
learning by 
inquiry? 

 

Learners’ responses were as follows:  

…Discovering new things…You gain more knowledge…Able to get more 
information…Not sure…We learn on our own and we will have 
knowledge…Not sure…Explore and discover 

The benefits are setting your mind-set and knowledge…The benefits of 
inquiry are by focusing at class…Deepens understanding; creates a love 
of learning…To learn more; to gain more knowledge and also do things 
in my own way…Looking out of the box…Not sure…The strength to 
achieve; the ability to attend classes or school…I am able to get info from 
many websites…Not sure…You learn many things before the teacher 
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teaches you permanently… Searching and get ideas from others that know 
about what you are learning.  

Creates ownership; improves learning; …Learning and being able to 
study… I gain more knowledge because for me Geometry was harder 
before and now the teacher helped me. 

What can 
disturb you 
from 
achieving 
inquiry-based 
learning 
skills? 

 

Nothing…Data…Social media…Not sure…Sometimes not having data; 
confusion…Noise…trying to cram…Nothing can disturb me as long as I 
am focused on my studies…Nothing can disturb me...many references…To 
not understand what the statement or question is based on…Media if you 
are using your cell-phone…Reference…Not having a reading or learning 
book; not having a smart phone to research; not having data to connect to 
google…Social media like face-book, WhatsApp and Instagram…Social 
media…Lack of data to google and communicate with others...getting 
correct references…Social media… Not listening and talking during class 
or learning… More information…Sometimes I do not understand what I 
am searching and what the question asked is about… Not sure…Not 
having data…Incorrect information…It is only if I can lose my phone, it 
can make me lack information because it helps me to find information 
easily and it helps me to explore…By making noise and by not listening to 
the teacher when he/she teaches… …Sometimes I do not understand when 
I read things by myself.  

Student engagement in learning during guided inquiry sessions was good. 
Learners possess smartphones that can enable them; however, data has been a 
problem. Schools have internet access; however, it is always not active.  Learners 
realise that they can collect more information that can guide them during their 
individual study sessions through authentic inquiry sessions.  More learners are 
against rote learning which explains their challenges of acquiring knowledge and 
developing learning interest in conventional mathematics classroom settings.  

Guided inquiry activity 

The responses of learners after guided inquiry, that is, after facilitator-learner and 
learner-learner interaction were appraised through the activity that was purported 
at finding out how learners would present the visual image of geometric figures 
and on how learners would formulate the concept image after a guided inquiry 
session. In the first question, learners were presented with the concept definition 
aspects for five figures. They were supposed to respond by presenting the visual 
image using symbols to demonstrate the conceptual aspects presented. The post 
activity was supposed to appraise whether they developed in terms of figural 
understanding which appeared to be a challenge during the prior knowledge 
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accessed through the authentic inquiry. Results are based on 43 learners who 
participated in all activities.  The results are reported on tables 2 and 3.  

Table 2 Post activity - Question 1 

Complete the table. Use a sketch to match the properties with relevant quadrilaterals.  

Quadrilaterals:  Kite, Rectangle, Rhombus, Trapezium, Square; parallelogram  

 -Both pairs of 
opposite sides 
are parallel. 
-Both pairs of 
opposite sides 
are equal. 
-Both pairs of 
opposite angles 
are equal. 
-The diagonals 
bisect each 
other. 
-One pair of 
opposite sides 
are both equal 
and parallel. 

-Both pairs of 
opposite sides 
are parallel. 
-All angles are 
equal to 90° 
-Both pairs of 
opposite sides 
are equal in 
length. 
- Both pairs of 
opposite angles 
are equal. 
-Both diagonals 
bisect each 
other. 

-Both pairs of 
opposite sides 
are parallel. 
-All angles are 
equal to 90° 
-Both pairs of 
opposite sides 
are equal in 
length. 
- Both pairs of 
opposite angles 
are equal. 
-Both diagonals 
bisect each 
other. 

-Both pairs of 
opposite sides 
are parallel. 
-All angles are 
equal to 90° 
-Both pairs of 
opposite sides 
are equal in 
length. 
- Both pairs of 
opposite angles 
are equal. 
-Both diagonals 
bisect each 
other. 

Both pairs of 
opposite sides 
are parallel. 
-Both pairs of 
opposite sides 
are equal in 
length. 
-Both pairs of 
opposite angles 
are equal. 
-Both diagonals 
bisect each 
other. 
-All sides are 
equal in length. 
-The diagonals 
bisect each other 
at 90◦. 
-The diagonals 
bisect both pairs 
of opposite 
angles 

 

Figure 3: Translating conceptual attributes to figural aspects 
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Although most learners could not improve in totality, the post activity revealed 
that learners are aware of how they must do the symbolic representations as 
compared to their sketches in the prior knowledge activity. They can relate some 
properties to some in terms of visual images. A total of 16 learners could not 
interpret the properties and translate into relevant sketches (figure 3). They could 
not identify relevant figures for each given set of properties. However, 21 learners 
could match one to 2 out of five properties with figures, 4 learners could match 
3, whereas 2 learners could match 4 properties. No student managed to match all 
correctly. More guided inquiry is still necessary to equip learners with authentic 
inquiry skills for learners to improve more in terms of figural concept 
understanding.  

Question 2 of the post activity within the guided inquiry involved questions that 
were meant to appraise the formulation of the concept image through having 
acquired figural concept knowledge. Questions and performance results are 
shown in table 3 and figure 4.  

Table 3: Post activity – Question 2 

Assess whether the following statements are true or false, if the statement is false 
explain why.  

(a) A trapezium is a quadrilateral with two pairs of opposite sides that are parallel. 

(b) Both diagonals of a parallelogram bisect each other. 

(c) A rectangle is a parallelogram that has one corner angles equal to 90◦. 

(d) Two adjacent sides of a rhombus have different lengths. 

(e) The diagonals of a kite intersect at right angles. 

(f) All squares are parallelograms. 

(g) A rhombus is a kite with a pair of equal, opposite sides. 

(h) The diagonals of a parallelogram are axes of symmetry. 

(i) The diagonals of a rhombus are equal in length. 

(j) Both diagonals of a kite bisect the interior angles. 
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Figure 4: Established concept image 

In interrelating the figural and conceptual aspects, no learner was found to be in 
the category of no idea. A total of 18 learners managed to respond well to one to 
three questions; 14 managed to integrate the figural and conceptual aspects well 
in 4-5 questions while; 10 learners answered well in six to seven questions, while 
only one learner was found to be advanced, having the ability to integrate the 
figural and conceptual knowledge well to formulate the concept image.  

DISCUSSION 

Research has shown that geometric reasoning is impaired when the cognitive 
structure does not relate to a geometric concept in terms of mental pictures, 
properties and processes (Ubuz, 2004). Shapes presented without any description 
indicate that the ability to formulate mental picture is that of the visualisation 
stage with no ability to analyse and conjecture. Level of a Grade 10 learner need 
that learners should possess the figural knowledge where all non-critical aspects 
would be fully known. Further, the level of figural knowledge discussed in the 
section of the findings of the figural knowledge aspect denotes inaccurate and 
invalid names of figures. It shows that: (1) learners have ample mathematical 
vocabulary but cannot locate words correctly; and (2) learners’ mental pictures 
are dislocated as they grab every concept that comes to mind without proper 
scrutiny before usage. In this sense, learners need to refine their skills of authentic 
inquiry for them to be able to establish their concept image frame through self 
and authentic inquiry. The part of the figural aspect that learners seemed excellent 
on was locating names of figures, however, the competency is associated with the 
visualisation level which is for lower levels than their level. This clearly shows 
that efforts are needed for learners to acquire knowledge relevant to their level to 
be able to engage in geometric reasoning at their own level.   
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According to Mariotti (1995), geometrical concepts are related to images. In 
addition, Fischbein and Nachlieli (1998) highlighted that objects are represented 
by visual images and they are related to concepts because they have spatial 
properties denoting pictures of mind. Figure 4 denotes a smaller number of 
learners who have some ability to interrelate figural conceptual knowledge, that 
is, one student who is advanced and 10 who are above average. This means it is 
11 learners out of 43 who can advance geometric reasoning, meaning these are 
the learners who can embark successfully on problem-solving. More other 
learners gained some knowledge; however, they appeared to misinterpret the 
properties of diverse figures and interrelate with different figural attributes. 
Furthermore, figure 4 affirms that inquiry is needed into: (1) mastering the 
formulation of the concept image through figural concept knowledge; and (2) 
mastering the application of the concept image or visual image in problem 
solving. Application of the concept image formulated need attention as more 
learners could not apply in recognising relationships of some geometric figures 
in the post activity’s question 2.  

Learners who participated in this research are aware of their shortcomings. Most 
are against learning through memorisation, which is the common practice in most 
mathematics settings, geometry in this study (table 1). Furthermore, table 1 
reveals that learners seem to understand the essence of learning through 
exploration, discovery, sharing ideas, and seeking more knowledge through self-
regulated methods. In addition, table 1 divulges the obstacles that can hinder the 
practice of inquiry-based learning for learners to practice more of authentic 
inquiry as a way of acquiring more knowledge and information related to their 
content of study. More support is necessary to enable learners to engage in 
inquiry-based learning processes. Support in terms of data provision, 
empowerment in terms of acquiring skills to sort ample information obtained 
through diverse search engines, skills for co-operative learning; including 
discipline to focus when practicing authentic inquiry.  

This research establishes that Grade 10 learners need skills to bridge the gap 
between knowledge lost in lower grades and knowledge that need to be acquired 
at their level of study. Figure 5 outlines the possible strategy that can contribute 
towards improvement of formulation of concept image for application in 
reasoning for problem solving purposes.  
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Figure 5    Improving geometric reasoning 

CONCLUSION 

Visual images are essential and basic structures of geometric reasoning. 
However, the cognition of visual images is propelled by the understanding of 
figural concepts, that is, both figural aspects and conceptual attributes need to be 
interrelated to contribute towards the formulation of the concept image. The 
interrelation of figural and conceptual aspects requires the application of critical 
and authentic inquiry. However, learners need guidance of a facilitator who 
should direct the learning process, cognitive development process and at the same 
time equip learners with authentic inquiry-based learning skills. This research 
avers that inquiry-based learning is an essential learning skill for the improvement 
of learners’ cognition.    

RECOMMENDATIONS  

To improve learning and learner interest in mathematics and geometry, this 
research recommends that inquiry-based learning should be implemented. 
Further, to maintain inquiry-based learning relevant resources should be acquired 
by facilitators and the time frame be adjusted that it allows training of learners to 
adapt to inquiry-based learning. Learning through discovery and exploration will 
increase the chances of acquiring more knowledge to support mathematical and 
geometric reasoning.  
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The aim of this paper was to establish mathematics pre-service teachers’ views 
about the affordances of a flipped classroom (FC) towards their professional 
development (PD). For this exploratory qualitative study, written reflections of 
62 MPTs were inductively analysed. The study found that mathematics pre-
service teachers perceive a FC classroom to contribute to five areas of their PD, 
namely: 1) enculturation into the teaching practice of mathematics; 2) 
implementation of the mathematics curriculum into practice; 3) improvement of 
pedagogical content knowledge (PCK); 4) design and analysis of assessment 
activities; and 5) management of teaching in the mathematics classroom.  
 

INTRODUCTION 

Mathematics pre-service teachers (MPTs) need to be exposed to unique teaching 
approaches as part of their professional development (PD) and be technologically 
literate to in turn assist learners in their innovative thinking and knowledge 
creation (Silva, 2009). One such an approach is to flip the classroom. A flipped 
classroom (FC) offers MPTs the use of technology by means of additional online 
resource materials to study before being lectured, which could minimise lecturing 
time. 

Ample recent research on FCs (D’addato & Miller, 2016; Huber & Werner, 2016; 
Lo & Hew, 2017; Moore & Chung, 2015; Sun, Xie, & Anderman, 2018) obtained 
encouraging results regarding mathematics achievement and MPTs’ experiences, 
engagement and self-efficacy. However, it is unclear whether a FC will contribute 
to the PD of MPTs. Consequently, the aim of this paper is to establish MPTs’ 
views about the affordances of a FC for their PD in order to determine their 
learning needs for future growth. The following research questions guide this 
study: (1) What are MPTs’ views about the affordances of a FC towards their 
PD? (2) What learning needs did MPTs identify after exposure to a FC? 
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LITERATURE REVIEW 

FC, coined by Bergmann and Sams (2012), reverses the roles of the students and 
teacher-educators from lecture-based teaching to student-centred teaching, thus 
an inverted classroom (Dove & Dove, 2015). The theoretical construct of the FC 
holds that students prepare in advance for lectures and direct their own learning 
via discovery. In turn, teacher-educators transform the culture of learning during 
the lecture by involving students actively through collaborative learning 
strategies by not conducting formal lectures. While students engage with each 
other regarding subject matter content in advance, the teacher-educator assesses 
their misconceptions and revise intervention strategies during contact time, 
instead of identifying students’ shortcomings after assessment is completed. 

A FC has been attested empirically to enhance students’ performance (Rahman 
et al., 2015) and adds to positive learning experiences and perceptions about 
mathematics (Muir & Geiger, 2016). A FC creates a context for self-directed – 
and collaborative learning and information-use abilities. Moore and Chung 
(2015) argued that a FC affords students a platform to take control of their 
learning and allows them to use higher-level critical thinking skills to solve 
mathematics problems in a collaborative environment. A FC model could set an 
encouraging environment for improving mathematics learning by enhancing 
students’ confidence to execute mathematics activities, which, in turn, could lead 
to better performance. 

Although a FC minimises the amount of direct lecturing in a formal setting, it 
allows for more time to spend on learning activities outside the lecture room, thus 
self-paced learning (Moore & Chung, 2015). Teacher-educators often experience 
challenges to prepare MPTs properly for practice due to limited face-to-face 
contact time with them. MPTs can focus more on subject content when preparing 
for lectures outside the classroom without any classroom hindrances (Dove & 
Dove, 2015) such as learning theories in mathematics, beliefs about the nature of 
mathematics, and possible strategies to teach and assess fundamental concepts in 
algebra, Euclidean geometry, trigonometry, and coordinate geometry at high 
school. Subject content in electronic format is also available at any place 
whenever needed, which allows MPTs to revisit and reflect on subject content as 
often as desired. MPTs will thus come to lectures prepared and equipped with 
basic subject content knowledge to capitalise on during classroom discussions or 
group work activities. These interactions allow MPTs to receive immediate 
feedback from peers or the lecturer. As teacher-educators play a facilitation role 
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during contact time, they can mediate on a one-on-one basis and spend more time 
with MPTs (Rahman et al., 2015). 

Yet, there could be certain constraining factors, namely: 

• the first in the form of technical issues, such as limited resources, teacher 
training and internet accessibility; 

• the second being that the establishment of a FC environment could require 
more preparation time from teacher-educators to provide learning activities 
prior to, but also during lecturing time (D’addato & Miller, 2016); and 

• lastly, inevitably some MPTs will not sufficiently engage with the study 
content ahead of the educational encounter and will not reap the full 
benefits of the FC.  

Although a FC environment allows for self-paced learning, technology cannot 
substitute the role of the teacher-educators (Rahman et al., 2015). D’addato and 
Miller (2016) recently conducted research on the effect of FCs in a primary school 
in a socioeconomically disadvantaged environment in California in the United 
States in America (USA). They found that teachers’ roles changed to that of 
facilitators and Grade 4 mathematics learners benefited by taking more 
accountability for their own learning. Although parents had different views about 
flipped learning, they provided encouraging feedback regarding their children’s 
growth.  

Lo and Hew (2017) conducted research at a Hong Kong secondary school and 
revealed that a FC can improve both underperforming and high ability learners’ 
mathematics performance. However, teachers should design their FC along with 
their learners’ competencies.  

Moore and Chung (2015) found that high school mathematics learners displayed 
positive attitudes toward mathematics in a FC setting. They were also motivated 
to use web-based teaching videos to prepare for forthcoming lessons.  

Huber and Werner (2016) conducted a meta-analysis of 58 peer-reviewed studies 
on flipped learning in Science, Technology, Engineering and Mathematics 
(STEM) disciplines in higher education. They reported mostly positive findings 
in using FCs regarding achievement, perception, engagement, self-efficacy and 
graduate attributes in STEM, such as self-regulating and lifelong learning, 
teamwork and communication proficiency.  
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Sun et al. (2018) investigated flipped undergraduate mathematics courses in a 
Midwestern university in Denmark and found students’ self-efficacy in learning 
mathematics and the utilising of help seeking methods correlated positively with 
academic performance prior and during contact sessions. Students’ self-efficacy 
in cooperative learning also impacted positively on their utilisation of help 
seeking methods during contact time. However, none of these studies explored 
MPTs’ learning needs for their PD. 

RESEARCH METHODOLOGY 

This exploratory qualitative study adopted a constructivist teaching philosophy. 
By utilising a FC, MPTs had to build their own knowledge and to develop skills 
using online learning materials out of class and then engaged with peers in hands-
on activities during lectures. 

The FC was implemented for one year in a fourth-year mathematics methodology 
module at a university. The FC constituted of four phases as suggested by Lo and 
Hew (2017), as follows: 

• The activation phase occurred outside the lecturing room prior to formal 
lectures. MPTs had to do online tasks in preparation for the lecture.  

• The demonstration phase took place during contact time. MPTs had to 
share teaching strategies with their peers followed by a class discussion. 
The teacher-educator demonstrated how new strategies should be used and 
role-modelled them with the MPTs.  

• The application phase started at the end of each formal lecture. MPTs had 
to write weekly reflection reports on what they had learned and how they 
would apply their learning in practice as part of their electronic portfolios.  

• Lastly, during the integration phase, MPTs had to incorporate the learned 
strategies in their teaching during their school experience of eight weeks in 
an authentic manner. They also had to share their experiences during 
implementation of their strategies with their peers in online blogs. 

Sixty-two MPTs participated voluntarily in this research. They were all full-time 
undergraduate BEd students enrolled for a fourth-year mathematics methodology 
module. 

As part of the assessment of the module, MPTs kept online journals consisting of 
their views on their PD, which were used as data evidence in this research. MPTs 
had to write weekly short reflection entries on tasks given before and during 
lectures. These tasks included questions on their enculturation into the practices 



295 
 

of the mathematics domain, implementation of the mathematics curriculum into 
practice, assessment practices, and administration and management of teaching 
in the mathematics classroom. MPTs had to reflect on the following: (1) The areas 
in their competencies to teach that they have developed as a mathematics teacher; 
and (2) Their learning needs after being exposed to a FC. By the nature of these 
reflections, it has to be stated that subjective reporting in the form of a reflective 
journal, can be a limitation in this study, in view of students’ varying accuracy to 
read, valuate and articulate the development they underwent due to their FC 
experience. 

Data were inductively analysed utilising ATLAS ti.8. Phrases and words from the 
written reflections were labelled using open coding, after which categories were 
established and themes were derived. 

DATA ANALYSES OF RESULTS 

Seven participants’ e-portfolios could not be used for analyses: One participant’s 
electronic file was corrupted, while six participants did not reveal any information 
regarding their PD. To ensure confidentiality, participants were referred to as P1, 
P2 … Pn. P22 copied information from the internet about teaching quality and 
school leadership. This participant, as well as P44 and P59, reported only on 
subject content offered in the module. P26 noted that he is a novice teacher 
without experience and provided the outcomes of the module, which were copied 
from the learning guide for the module. P49 mentioned the assessment activities 
done for the module. Lastly, P58 provided his teaching philosophy. These MPTs 
might have not reflect on their PD as it is a time-consuming practice or actual 
learning might not have occurred. The final marks in the module for five of these 
participants, with the exception of P58, were between 35% and 55%. P58, who 
had a final mark of 73%, could have decided not to admit that he can improve, 
and therefore not reflected on his PD. Chamoso, Cáceres, and Azcárate (2021) 
also acknowledged that MPTs find it challenging to reflect deeply on their 
professional development. 

Table 1 illustrates a summary of the categories that emerged from the inductive 
analysis. The columns show the frequency (f) of statements made and the number 
of participants (N) (out of 55) per category. 
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Table 1: Categories and sub-categories on areas of PD 

Category f N = 55 

Pedagogical Content 
Knowledge (PCK) 

159 49 

Enculturation 50 31 

Assessment 54 29 

Classroom management 50 29 

Curriculum 47 21 

FINDINGS AND DISCUSSION 

Our findings are qualified by the fact that we did not conduct a comparative study, 
traditional vs FC effects, which means that not all learning and all effects can 
solely be attributed to the specific instructional strategy. In fact, it could be argued 
that some of the gains could be found within other strategies as well. What we 
report regarding the effects of the FC and the remaining needs of MPTs, should 
be viewed in relation to the instructional goals of professional development. 

Most participants (49 out of 55, i.e. 89.1%) indicated that a FC environment 
assisted them to develop PCK in mathematics, followed by enculturating them 
into the teaching practice of mathematics (31 out of 55, i.e. 56.4%). About half 
of the participants revealed that they improved in the design of assessment 
activities for mathematics (29 out of 55, i.e. 52.7%) and mathematics classroom 
management (52.7%). The aspect reported to be least developed, according to the 
participants (21 out of 55, i.e. 38.2%), was the implementation of the mathematics 
curriculum into practice. 

Improving Pedagogical Content Knowledge (PCK) in Mathematics 

Most comments made on PCK development in a FC comprised mathematics 
content. P5 acknowledged, “I have accomplished and know the nature of 
mathematics. I know how to deal with the patterns, structures and abstract models 
in real life situations”. However, participants expressed several learning needs 
regarding the development of mathematics content knowledge. P35 confessed 
that “I still need to improve my probability content knowledge … not just know 
to do it but understand it”. Lai and Hwang (2016) also revealed that a FC 
environment can enhance students’ learning of mathematics. However, there is a 
need for MPTs to develop more subject knowledge, specifically in Euclidean 
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geometry, probability and trigonometry, but also in teaching content meaningful 
way. 

MPTs made several utterances on their development of pedagogy in mathematics. 
P1 noted that being exposed to a FC he “learned many new things about the ways 
of approaching a content of mathematics, the strategies together with how to 
assess which was new to me”. According to P2: 

I am now involving myself with the methods employed in Singapore through a 
Facebook page … The group is called Maths Model Method … It is a public 
group, so I get perspectives from around the world on mathematical solutions. 

This finding is similar to Kleickmann et al. (2013) claiming that pedagogical 
knowledge in mathematics can be acquired from various sources such as notes, 
and information retrieved from the internet or modelling of experienced teachers 
outside the lecturing room and has a significant influence on effective teaching. 

Still, many participants acknowledged they must develop differentiated 
instruction strategies to accommodate learners in mathematics. P25 noted,  

I also would like to improve my teaching strategies so that I can appeal to a 
greater number of students who have different views, cultures, learning styles 
and abilities in mathematics. 

This confession implies that MPTs need to have knowledge of learners in order 
to motivate them to perform in mathematics. Aydin, Demirdogen, Nur Akin, 
Uzuntiryaki-Kondakci, and Tarkin (2015) also argued that MPTs should have a 
strong comprehension of learners’ interests and abilities as part of their PCK 
development in mathematics. 

Competence in using resources to teach mathematics comprised also few 
utterances. P29 noted:  

Resources comes in many forms which can be an image, tool, chart etc. They 
can be Human resource, Material resource or even Time as a resource. A 
human mediator as one of the resources to explain terms and explain methods 
learners should use in solving mathematical problems. Material resources to 
help learners visualize mathematics and work on what they see including 
instruments to make learning better. 

P36 added: 



298 
 

I will also create scenarios and examples in my explanation that the learner 
can relate to, especially for abstract concepts and provide visual 
representations (graphs, images, simulations) whenever possible. 

Another suggestion was made by P47: 

The resources such as a calculator/computer should be used by the learner 
through completing an educational activity that allows a learner to apply 
themselves effectively for example the use of GeoGebra to explain analytical 
geometry would be for learners to plot points on the Cartesian-plane and 
therefore joining these points using a solid line and then finding the equation 
of the resulting line. 

P37, however, argued: 

A calculator can be used by the learner through completing a 
problem/sum, however once the unknown variable is calculated, the 
learner is able to critically analyze the calculation and draw logical 
conclusions. The same concept applies for other resources such as online 
tools, videos and games. 

Nevertheless, MPTs need to develop proficiency in using technology to teach 
mathematics. P13 mentioned, “I still need to learn how to incorporate other online 
tools such as GeoGebra in class” and P3 claimed, “I must acquire skills and 
proper knowledge on how to approach mathematics lessons using ICTs”. This 
finding concurs with Pino-Fan, Assis, and Castro (2015) asserting that MPTs 
should be guided regarding knowledge about resources and assessment of the 
usefulness of resources in enhancing mathematics learning. 

Although very few comments were uttered about the value of reflection on 
mathematics learning in a FC, my observation is that there is a need for MPTs to 
develop reflection skills. According to P41: 

I have come to realize that it is important that students need to learn to 
monitor and evaluate their progress, so they become more aware of what 
they know, how they learn, and what resources they are using when they 
do mathematics.  

This finding resonates with Owston, Wideman, Murphy, and Lupshenyuk (2008) 
contending that a technology-enriched environment provides plentiful reflection 
opportunities for MPTs to consider in their own teaching of mathematics. 
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Enculturation into the teaching practice of mathematics 

Most comments about enculturation into the teaching practice of mathematics 
referred to MPTs’ identification with the mathematics profession. According to 
P4: 

The super math teacher should have the qualities of mathematician, means be 
good on the subject knowledge and on solving critical math problems, and on the 
other hand, he/she must have the qualities of being teacher, for instance possess 
the pedagogy of care. 

P67 concurred that he is “able to do mathematics; being familiar with the rules, 
theorems and jargon as well as solving problems by thinking like a 
mathematician”. 

Some utterances were made about participants’ personal development as a 
mathematics teacher. P2 claimed that a FC environment helped him “to learn 
more about myself, my true self … in facilitating the best version of me, possible, 
and by extension, the best teacher of mathematics”. P33 agreed: 

Mathematics is one of the subjects that requires one to be a constant practising 
individual, a hand on and a person who can actually relate mathematics into 
the learners’ real-life experiences. Being a teacher does not only involve 
knowing the mathematics content, but it also requires a person who can blend 
the content knowledge so that it is understandable to the recipients or the 
learners. Mathematics involves lots of calculations which requires the teacher 
to have a good relationship with colleagues because an error in mathematics 
committed by the teacher might not be seen but with the help of colleagues the 
misconceptions can be clarified.  

This finding is similar to Boz-Yaman and Tarim (2017) claiming that MPTs 
should possess “tolerance, respectfulness, being a humanist and having 
communication abilities” (p.15) if they want to become effective mathematics 
teachers. 

This finding aligns with Mizell (2010) arguing that 

Professional development is most effective when it occurs in the context of 
educators’ daily work. When learning is part of the school day, all 
educators are engaged in growth rather than learning being limited to 
those who volunteer to participate on their own (p.7). 
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Development regarding assessment 

Several comments pointed to the value of assessment in mathematics for own 
development. P23 indicated that he is 

now able to collect reliable information regarding learners’ mathematical 
growth through diagnostic assessment, baseline assessment, informal/formal 
assessment and formative assessment using different assessment instruments 
(memorandum, rubric and checklist) and suitable methods (either teacher, 
peer, self and group assessment). 

In addition, P66 acknowledged that he 

Learned that one does not only need to rely on the rubric only as an 
assessment tool but use various tools to assess for different learning. There 
are online tools and assessment forms that can help learners understand while 
enjoying the study of mathematics. 

The comments regarding developing competencies in the design and 
implementation of assessment dominated. P14 noted that he learned “to set 
assessment that more on real world than mathematics based, for instance 
authentic assessment, so that my leaners will see the importance of doing maths”. 
P18 added that he “would like to know more about the assessment standards in 
mathematics so that my assessments in the mathematics classroom can be fair, 
valid and reliable”.  

Some participants noted they developed in the area of setting assessment 
questions at different cognitive levels. P2 acknowledged: 

The key improvement for me has been in how to structure my questions in the 
mathematics classroom. Using strategies like that of Blooms taxonomy, has 
direct and focused my questioning. Bloom’s levels of questioning, moving 
from general to more abstract questions, improved my aims behind asking 
questions. 

However, P52 indicated he “still have less knowledge on how to design a final 
mathematics paper”. P67 noted: “I can still improve my knowledge regarding this 
standard as given by the feedback of the assignment (such as producing graphs in 
a analysis”. In addition, P57 acknowledged that “online teaching tools will assist 
me in designing assessment for my learners easily and the results will be easily 
analysed … but they don’t know how to use it to full potential”. This finding 
echoes with Carman (2005) admitting that assessment in mathematics is a 
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necessity in a technology-enriched environment and should comprise of 
meaningful scenarios and technical visuals and simulations to determine the 
efficiency of learning experiences. 

Classroom management 

Utterances about managing teaching in the mathematics classrooms mainly entail 
discipline. P3 admitted:  

Teaching mathematics through ICTs can also help in managing the classroom 
since learners are interested in ICT – related devices and this approach will 
keep them engaged and less disruptive. 

P41 gave detailed advice on how to manage the mathematics classroom: 

Make math interesting: In order for a student to succeed in a subject, that 
subject must engage him or her … I bring excitement and a storyline to my 
classes, using energy and enthusiasm to teach ideas while guiding students 
along a path where each new concept is a natural consequence of the previous 
and a natural precursor to the following … Make math possible … By learning 
theorems well, calculating examples that illustrate concepts, and studying 
difficult cases that need special attention, students can tackle any problem … 
Make math relevant … the ability to think rationally, to clearly organize ideas, 
and to accurately apply concepts are traits that will always have a practical 
application … Mathematics is beautiful. A well-constructed proof, a simple 
trick to solve a problem, this is the beauty of mathematics.  

Time management was also voiced as an area for PD in the mathematics 
classroom. P25 mentioned: 

I would like to learn better time management in the classroom, so that I am 
able to get through the content of the lesson without having the leave the lesson 
incomplete because my time ended before I could reach my objectives. 

A shortcoming of the FC used in this study is that it seemed not to have developed 
MPTs sufficiently to manage teaching in the mathematics classroom. Although 
classroom management was one of the learning outcomes of the module and 
discussed during lecturing time, MPTs could have provided the opportunity to 
first research best practices on classroom management before contact time or 
been exposed to videos where classroom management in a mathematics lesson is 
role-modelled. This finding is aligned with Sahin and Adigunzel (2014) arguing 
that good mathematics teachers can discipline their learners properly, while weak 
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or unexperienced teachers often experience challenges regarding classroom 
management. 

The mathematics curriculum into practice 

Utterances provided about the mathematics curriculum mainly comprised 
understanding of implementation. According to P20: 

I still need to increase ability to choose among lessons and curriculum 
materials based on the intended mathematical subject matter and the current 
understandings of the students. Thus, to be able to prepare my students to find 
every mathematics problem solving very easy for their mathematics level of 
understanding. 

P41 provided a detailed list on aspects the mathematics curriculum assisted him 
with to achieve: 

understanding on some of the mathematical concepts which are important in 
teaching mathematics … understanding of the nature of mathematics: what is 
important, how it is practiced, how mathematical validity is determined … 
understanding of the historical development of selected topics from 
mathematics … vision of good mathematics education … reflect on 
mathematics learning, and mathematics teaching that is problematic in order 
to develop an inquiry approach to and an ability to come up with solutions on 
these domains … understanding of students' mathematical thinking and 
understanding … increase insight into creating a thriving, supportive 
mathematics classroom culture.  

Other comments included alignment of lesson plans with the mathematics 
curriculum. P19 noted: 

I have developed in implementing the CAPS curriculum into practice by 
making sure that whenever I plan a lesson, the content is aligned with the CAPS 
requirement. 

This finding supports Yigit (2014) claiming that teaching mathematics by using 
technology develops MPTs’ 

knowledge of instructional strategies and representations to teach a specific 
subject, knowledge of students’ understandings, thinking, and learning, and 
knowledge of curriculum and curriculum materials (p. 31). 

Yet, MPTs’ needs raised about the mathematics curriculum comprise “its 
implementation in various contexts” (P2), alignment of lesson objectives with the 
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curriculum (P12), knowledge of the educational ends of the curriculum (P23), 
how to integrate various mathematics topics in the curriculum “to ensure deep 
understanding” (P51), and experience working with the curriculum (P11). These 
needs could only be developed if MPTs interact in “professional learning 
communities to develop teaching skills collaboratively” (P17). Owston et al. 
(2008) also revealed that a technology-enriched environment allows MPTs to 
work together in “an online community where collegial sharing and discussion 
may occur, and it offers face-to-face sessions that can strengthen community 
building” (p. 209). 

CONCLUSION 

MPTs need PD in innovative pedagogies in mathematics to support learners more 
effectively to meet the demands of a fast-changing word.  Therefore, this paper 
aimed to establish MPTs’ views about the affordances of a FC towards their PD. 
The study found that MPTs perceive a FC to afford them five areas of PD: (1) 
enculturation into the teaching practice of mathematics; (2) implementation of 
the mathematics curriculum into practice; (3) improvement of pedagogical 
content knowledge (PCK); (4) design and analyses of assessment activities; and 
(5) management of teaching in the mathematics classroom. However, these areas 
of PD foregrounded certain learning needs, which have implications for further 
training. 

First, teacher-educators should expose MPTs to more contextualised mathematics 
content, specifically in Euclidean geometry, probability and trigonometry. 
However, these needs are not directly linked to the perceived shortcomings of the 
FC but are also viewed as challenging content areas in general. Secondly, MPTs 
need to be trained on differentiated teaching strategies to accommodate learners 
from diverse backgrounds in their classrooms and to utilise technological 
resources, such as Open Educational Resources and GeoGebra, effectively in 
their classrooms. The FC should create opportunities for MPTs to reflect before, 
in and after learning episodes. To improve language proficiency, MPTs should 
be engaged in written activities and conduct more lessons in the presence of their 
peers. Teacher-educators should show MPTs how to align lesson outcomes with 
assessments, to connect formative and summative assessment, and to design 
authentic assessment activities according to different cognitive levels. MPTs 
should be equipped with strategies to manage discipline and time effectively. 
Lastly, MPTs should design lessons combining various mathematics topics from 
the curriculum, which progress according to the proposed timeframes in the 
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curriculum to ensure good time-management. However, to develop skills on how 
to utilise a FC optimally, MPTs should become part of professional learning 
communities and collaborate regularly. As educational environments, FCs in this 
case, are evolving continuously, such communities, according to Little (2020), 
could enhance mathematics teachers’ efficacy within the context of professional 
learning. 

The study contributes by establishing MPTs’ views of affordances of a FC, but 
also by identifying their learning needs for PD within a FC. A shortcoming of the 
study, however, is that only one data source was utilised, namely reflection 
reports capturing MPTs’ perceptions. A recommendation is to expand the inquiry 
by also include other data sources such as observations during enactment of the 
FC pedagogy and interviews with other teacher-educators applying such a 
pedagogy. The study was further contextualised within one module in a particular 
university. Similar studies should be conducted in other contexts and sample 
groups before generalising findings. Further empirical inquiry on the MPTs’ PD 
during their practicum training at schools, while interacting in a workplace 
context is also recommended. A longitudinal study on how MPTs utilise FC after 
entering practice would also be insightful. 
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EXPLORING GRADE 8 LEARNERS’ CONCEPTIONS OF 

NUMBER IN CONTEXT:  A DISCUSSION ON 

MATHEMATICAL DISCOURSES 

Lesego Mokotedi & Masilo France Machaba 
North West University, & University of South Africa 

This study attempted to extend the debate on the use of real-life contexts to make 
mathematics more meaningful and real in the context of literacy and reading in 
mathematics. The participants of this study were 30 Grade 8 learners in a middle 
junior secondary school in a township. The participants were purposefully 
sampled. The data were collected through a four-item questionnaire, which was 
completed by all 30 learners. The collected data was organized, coded and 
analyzed qualitatively. The findings of this study point to the usefulness of real-
life contexts as a tool that has a central role in bringing to the surface what 
learners know about numbers and how they use that knowledge to understand 
situations that call for proficiency in mathematics. The findings suggest that the 
context used (face scenario) was an effective tool in uncovering learners’ 
knowledge and understanding of numbers for some, while for others, it was found 
to be a constraining tool.  
Keywords: Literacy, reading, context, number 

INTRODUCTION 

The use of contexts in the teaching and learning of mathematics is becoming more 
pronounced given the interests of mathematical literacy (Machaba, 2017; 
Machaba & Du Plooy, 2019). The inclusion of context is premised on the idea 
that mathematics should be connected to learners' experiences in ways that are 
consistent with the demands of the real world (Boaler, 2019; Machaba & 
Mwakapenda, 2016). As educators and teacher educators who have taught 
mathematics, we have observed that learners and students are often challenged 
by the idea of connecting mathematics to real-life situations. We explored this 
idea by situating our enquiry alongside the Department of Basic Education's 
(DBE) position on the social, cultural and personal use and appreciation of 
mathematics (DBE, 2011). The purpose of the study was to investigate grade 8 
learners' understanding of numeral concepts and the kinds of relationships they 
create between numbers and the context in which numbers are used.  

As humans, we come across situations in which our knowledge of different 
symbols, words, numbers and diagrams, thus our proficiency in literacy and 
numeracy, are put into practice so that we can make sense of the world in which 
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we live (Gutstein, 2003). This is an essential tool that helps us to make sense of 
new experiences. Contexts and situations should be used to develop mathematical 
concepts, procedures and contextually driven justifications for conjectures 
obtained through inductive generalizations. This helps to demonstrate and induct 
learners into the field of mathematical applications and mathematical modelling 
(Machaba, 2017; Machaba & Du Plooy, 2019). This is because real-life contexts 
are believed to be platforms that learners can use to learn mathematics at school, 
which in turn helps them to understand real situations. However, how often are 
real-life contexts used to explore learners' understanding of numbers? This 
question forms the central concern of this study. 

As mathematics teachers, we have been concerned about learners' access to 
school mathematics have access to mathematics as it is compulsory until grade 9. 
In post-apartheid South Africa, there has been a commitment to make school 
mathematics not only more accessible but also more relevant to learners. So, the 
ability to transfer mathematical knowledge to an unfamiliar context is generally 
expected of learners. However, applying the mathematical knowledge acquired 
in school appears to be a challenge to many learners. This phenomenon has been 
attributed to the way mathematics is taught and learned in the classroom. For 
instance, Machaba (2017) have argued that mathematics is still taught in a 
traditional way with little opportunities created for learners to appreciate its use 
beyond the classroom. To a Grade 8 learner, it is essential to interpret and 
understand these issues using the language of mathematics because they are 
affected not just as learners, but as ordinary citizens as well. Understanding and 
being able to apply mathematical knowledge productively in novel situations is 
central to the idea of "reading the world using mathematics" According to the 
Curriculum Assessment Policy Statement (CAPS), (DBE, 2011). Mathematical 
problem solving enables us to understand the world and make use of that 
understanding in our daily lives. This call presents a practical challenge for 
teachers about, on the one hand, making mathematics accessible and, on the other, 
recruiting the everyday. This view is consistent with Becker view of mathematics; 
specifically, that mathematics must be connected to reality and should be seen as 
a human activity. Therefore, it should be close to children and be relevant to their 
everyday life situations (Becker, 2019). 

By engaging learners in a face scenario, the goal was to establish whether this 
approach would enable them to appreciate mathematics as a useful tool for 
interpreting the world around them. Thus, in this paper, we convey what 
knowledge and ideas have been established regarding the use of mathematics to 
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understand real-life situations. A key argument in this article is that the use of 
mathematical knowledge grade 8 learners' knowledge of numbers in unfamiliar 
situations, should be linked to the broader concern of using mathematics across a 
range of settings. We argue that not enough is known about learners' knowledge 
of numbers or how they attach meaning to counting numbers when these are 
embedded in a context. This study primarily addressed the following questions: 
a) What mathematics do learners see in the given woman's face scenario? b) How 
do learners explain, in writing, the purpose of numbers as they appear in the 
scenario? 

LITERATURE REVIEW AND THEORETICAL FRAMEWORK 

In recent years, the principle of knowledge integration has been central in 
education documentation, as well as more specific curriculum policy 
documentation that has been produced and disseminated in South Africa 
(Machaba, 2017, 2019; Machaba & Du Plooy, 2019). Several studies (Machaba, 
2017, 2019; Machaba & Du Plooy, 2019) have used real-life contexts to explore 
the notion of using mathematics knowledge to understand the everyday situations 
that learners encounter. Explorations of the idea of using mathematics have 
focused primarily on understanding situations that are centrally about problem-
solving and about discovering and proving what is true. There is, therefore, a need 
to consider the use of mathematics in the real world with specific reference to 
numbers. This study set out to answer the question: What do the responses to a 
questionnaire tell us about learners' understanding of numbers in a given context? 
Brown, Collins and Duguid (1989, p.33) point out the key features of situated 
cognition as follows, "Action is situationally grounded and is surely the central 
claim of situated cognition. It means that the potentialities for action cannot be 
fully described independently of the specific situation". Anderson, Reder, & 
Simon (1996, p.6) maintain that if knowledge is wholly tied to the context of its 
acquisition, it will not transfer to other contexts. Brown et al. (1989, p.33) concur 
as they indicate that it is possible to acquire a tool but still be unable to use it.  

A situated cognition framework (González-Davies, & Enríquez-Raído, 2016) was 
adopted due to the importance of how situations structure cognition and how 
people potentially use their accumulated experiences to make sense of what they 
encounter. Situated learning places emphasis on the mismatch between typical 
school situations and real-world situations, where mathematical knowledge is 
needed. The concept of reading is consistent with the situated framework in the 
sense that what we read and interpret depends on what and how we see things. 
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Reading 

What is reading? 

What does it mean to read?  Livingston, Klopper, Uys and Klopper (2015) defines 
"to read" as to look at and understand. Thus, one can say that understanding what 
is written or successfully interpreting a symbol, gesture or diagram comprises 
reading. In the real world, reading may be done for different reasons in different 
settings. For example, reading can be done for an academic study. This kind of 
reading is complex, as it involves certain variables.  

Reading includes various types of materials such as printed material for 
examinations, symbols such as road traffic signs, instruments such as 
thermometers, electricity meters, clock, speedometers and musical notes. Non-
verbal communication, i.e. body language, is sometimes used to communicate 
ideas or messages and can also thus be read. This means that we can read what is 
not written. The act of reading often requires that one acts afterwards, for 
example, a round, blue road sign with the number 60 on it suggests to a motorist 
that a minimum speed of 60km/h should be maintained. The symbol requires the 
motorist to respond to the message by way of adjusting their speed as required.  

It follows that there is a way observable should be communicated so that they can 
be clearly understood to avoid communication breakdown. The pedagogical 
implications of what it means to read are premised on the conviction that we read 
and understand what we encounter based on what we know. It follows that we 
cannot read a symbol, word, gesture or number if we do not know what it 
represents or communicates. This view is consistent with situated cognition 
perspectives in which it is acknowledged that to have the knowledge and to be 
able to use it are two different things. Brown et al. (1989, p. 33) express this idea 
in the following way: "Within a culture, ideas are exchanged and modified, and 
belief systems developed and appropriated through conversation and narratives." 
Reading symbols, words, numbers and diagrams first requires a reader to 
understand how and for what they are used. It is only then that the reader can look 
and understand, and perhaps act if necessary. It follows that everywhere we go, 
in one way or another, we encounter situations in which our knowledge of 
different symbols, words, number and diagrams is put into practice so that we can 
look and understand what we see to make sense of the world in which we live. 
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Reading the world using mathematics 

The term "the world" refers to the natural, social and cultural setting in which an 
individual life (Fransman & Nieuwoudt, 2008, p. 25).  Becker, 2019) states, "Our 
mathematical concepts, structures, ideas have been used as tools to organise the 
phenomena of the physical, social and mental world". In this study, the world 
should be understood as a piece of reality or a real-life situation that demands 
proficiency in literacy and numeracy for interpretation by the reader. Reading the 
world using mathematics refers to viewing mathematics as a relevant tool, 
connected to the lives and experiences of learners that they use to make sense of 
social phenomena.  

Several researchers (Gainsburg, 2008; Machaba & Mwakapenda, 2016) have 
attempted to demonstrate the idea of teaching mathematics in ways that help 
students to use their school-learned mathematics to make sense of what they 
experience outside the classroom. This feature of mathematics calls for the use of 
real-life contexts in which mathematics is embedded, thus blurring the lines 
between mathematics and real-life situations (Machaba & Mwakapemda, 2016).  

Understanding everyday situations using mathematics 

One of the reasons for studying mathematics is defined by Fransman and Masebe 
(2006, p. 59) as "to understand, predict and control". They further point out that 
we study mathematics to understand things in our environment that are important 
for daily living. The question: "Why do children need to read mathematics?" is 
concerned with what Mwakapenda (2008, p. 190) refers to as a conceptual and 
social dimension in the essence and use of mathematics. Mwakapenda (2008) 
observes that both conceptual and social connections are important in 
mathematics. Mathematics is a highly conceptual domain that consists of 
concepts that are structured in specialized ways. Thus, the process of knowing 
and understanding mathematics is also specialized. 

The ability to represent and communicate mathematics effectively hinges on 
individuals having achieved a conceptual understanding of mathematical 
concepts and procedures, and the relations between concepts and procedures 
(Mwakapenda, 2008; Malatjie & Machaba, 2019).  Conceptual tools that are 
made available through mathematics enable learners to analyse situations and 
arguments and justify critical decisions and take transformative action (DBE, 
2011). Moreover, using mathematics to understand everyday situations requires 
learners to model situations and bring to bear their mathematical knowledge.  
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RESEARCH METHODOLOGY  

As this study was exploratory and interpretative, a qualitative approach was 
utilized. The participants of this study were a single Grade 8 class of 49 learners. 
The Grade 8 learners were chosen because they had at least two years of explicit 
instruction on the number system, a branch of mathematics Due to the 
voluminous data, a methodological decision was made to focus the analysis on 
the data from the two questions (questions number 1 & 4) answered by 30 
respondents. The first author initially conducted a pilot study with learners in a 
40-minute period. The data collected in the main study was based on a four-item 
questionnaire given over a 40-minute period. This was long enough to yield the 
required data. The questions were appropriately arranged and appealing to the 
respondents (the face scenario picture was colorful). The order of questions is 
critical. therefore, it is advisable to present questions that create a favorable 
attitude before participants respond to the rest of the questions. This also allowed 
the respondents to organize their own thinking so that their answers were logical 
and objective. A case study design was used as it allowed the researchers to 
explore the learners' knowledge of numbers and hence provided insight into their 
understanding of number concepts and relationships, a key aspect of the 
requirements of the DBE (DBE, 2011).  

The idea behind face-mapping 

During the process of reading literature relevant to the study, the first author came 
across the New Visions magazine (2008) in which the face scenario was quoted. 
Face-mapping, as seen in Figure 1, utilizes demarcations with white lines and 
numbers to refer to each feature of the face, or as referred to in the field of face-
mapping, zones. For example, the forehead has two zones, namely, Zone 1 and 
Zone 3. This is traditionally carried out as an ancient Chinese practice used in 
diagnoses based on the premise of a connection between areas of the body and 
the different zones of the face. More recently, this has been used by skincare 
therapists in analyzing people's skincare needs. 

In Figure 1 below, a model of face-mapping with all 14 zones is clearly indicated. 
In any face-mapping, the numbers, as indicated in different zones, cannot be 
swapped or changed. When asked the question, what do the numbers stand for in 
the picture? The immediate and perhaps the most obvious response would be that 
numbers are there to identify the parts of the face. This type of response is likely 
to be given if the respondent is not familiar with the philosophy of face-mapping.  
However, those familiar with the philosophy of face-mapping would respond to 
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the question based on their knowledge of face-mapping. This view is in line with 
situated cognition insights as individuals use what they know to make sense of 
what they encounter (Anderson et al 1996). 

In the context of face-mapping, numbers are used to identify zones. The context 
of a face scenario became appealing for this study for its potential to present 
diverse meanings to Grade 8 learners who are also diverse. In particular, the 
scenario was intended to reveal how "this world" appealed to Grade 8 learners at 
a middle school in South Africa. It was important to investigate how the learners 
possibly read or saw "themselves" in this scenario. In this study, the criteria for 
evidence of reading the world included that learners use mathematics as a tool to 
make sense or to understand the purpose of numbers in the face scenario 
presented.  

This study involved an examination of the comments that learners made about 
what they knew about numbers. Secondly, their response to the question: "What 
is the number in the picture (woman's face)?" provided a framework for 
establishing how learners see relationships between the number and the context 
in which the number is used. A face scenario with four questions, which yielded 
qualitative data, was presented to learners to elicit these relationships. However, 
for this study, the analysis of data was based on two questions (the first and fourth 
questions), while the second and third question in the questionnaire, were used 
for another paper.   

 
Scenario Questions  

1. What do you see in the above picture? Write down as much as you can about what you see.  

2. From the picture above, choose a number that you like and say why you like the number. 
3. Write down what you know about the number you have chosen. Write as much as you like.  

4. Why is that number on the picture? 

Figure 1: The face scenario and task questions 
(Source: https://www.healthline.com/health/face-mapping.)  

https://www.healthline.com/health/face-mapping
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An important dimension to this task needs some discussion: Why use this picture 
of a numbered face in particular? The Curriculum Assessment Policy Statement 
(CAPS) (DBE, 2011) strongly emphasizes the importance of selecting contexts 
with which learners can engage in the description of numbers, various 
representation of numbers, how different numbers can be thought about, and 
building the learner's number sense, which is the foundation for further study in 
mathematics. The curriculum further articulates that an individual who has 
number sense can make mathematical judgments in novel situations. 

Qualitative analysis of the data 

The primary analysis of the data comprised going through the completed 
questionnaires collected from the learners. The first reading of the data was 
exploratory to get an overall idea of what the data offered. Subsequent readings 
allowed us to start identifying and categorizing emerging general trends. As we 
read and re-read the learners' responses, several common themes emerged. Most 
of the learners provided descriptions of what they saw in the scenario, bringing 
to the fore mathematical concepts mainly specific to the content area, number 
operation and relationships in mathematics. They also gave descriptions of their 
school-learned mathematics and their general views about what they thought 
numbers represent both within the context of the scenario and in real-life 
situations. Common themes or phrases were highlighted in different colors to 
code certain emergent trends in the data. Comments were also made on the 
transcripts relating to the highlighted keywords or phrases. For example, phrases 
were highlighted in green if they reflected school-learned mathematics. A typical 
phrase here would be: 

L2: "In this picture, I see a person's face and different numbers in her face. 
Numbers like odd numbers, even numbers, prime numbers and compound or 
composite numbers".  

Phrases were highlighted in pink if they indicated that a learner was able to 
identify the relationship between a chosen number and the specific part of the 
scenario. This was very specific to the fourth item in the questionnaire, i.e. the 
use of numbers in the real world. Examples from the data are given below: 

L6 wrote that: "5 represents a left chick in a face". 
L1: "The number is at the picture because the number is at the neck of the 
lady".  

Comments that portrayed misconceptions about numbers, little understanding of 
mathematical ideas, contradictions and weak reasoning were highlighted in 
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orange. Some learners, however, demonstrated knowledge and understanding of 
mathematical concepts and multiple representations of numbers; these comments 
were highlighted in a blue.  

RESULTS OF RESEARCH 

The purpose of this study was to investigate how learners attach meaning and 
how they make sense of numerical concepts when these are used in a real-world 
setting. The key question that framed the study was: What mathematics do 
learners read in the world? The scenario presented to the learners served as a 
fundamental tool that was not only intended to reveal their conceptions of 
numbers, but it also to reveal their surface and deeper understanding, and their 
misconceptions about numbers. 

The mathematics that learners were able to see in the scenario 

The first question, which was exploratory, was significant for learners to present 
their overall impressions about what captured their attention.  

Learners who indicated that they saw numbers 

Almost all 30 learners were able to recognize numbers, but also specified the 
kinds of numbers they saw. This is evidenced by the frequent mention of even 
numbers, natural numbers, integers, and composite numbers. This indicated that 
the learners were not only able to say what they saw but were also able to explain 
and describe it. Another observable phenomenon that is worth mentioning is how 
people see. 

As researchers, our interest was not only based on the mathematical ideas flowing 
from the learners' responses. The question also presented an opportunity to 
explore mathematical ideas and learned mathematics. This was thus an attempt to 
examine several aspects, e.g. the mathematics they saw in the scenario in a way 
that offered responses that were anticipated and in such a way that their poor 
assumptions and limited understanding of numbers were revealed. The learners' 
comments, as seen in the tables above, strongly suggest that they were taught 
aspects of content that are specific to number operations and relationships in 
mathematics. In Grade 8, this outcome specifies that a learner should be able to 
recognize, classify and represent: Integers (negative and positive whole numbers 
including zero); Decimals fractions and percentages; and Rational and irrational 
numbers. 
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The curriculum advocates that contexts should be selected wherein learners have 
to count, estimate, and calculate in a way that builds awareness of social, 
economic, cultural, political and environmental issues. It is therefore not 
surprising that most of the learners were able to recognize these numbers in the 
scenario. This was anticipated. 

L18: "I see the picture of a woman full of mathematics. I can see numbers and 
her eyes are surrounded with numbers example of the numbers: 1, 2, 3, 4, 5, 6, 
7,8, 9, 11, 12, 13, 14 this is mathematics I can see part of what I've learned, 
I've learned odd no; even no; natural number and integers". 

L18's comment, "full of mathematics," suggests that his attention was captured 
by the mathematics that he believed was demonstrated in the picture. It is also 
notable that he did not simply list the numbers that he saw but went on to list 
them numerically. This learner indicated that the numbers he saw were part of 
what he had learnt. He went on to say, "This is part of what I have learned." This 
further confirms that the learners’ comments were a revelation of their lived 
experiences.  

However, some of the comments that learners made revealed poor assumptions 
and limited understanding of natural numbers, as demonstrated by L12 below.  

L26: "I see a number, decimal number, common fraction and a girl that is smile 
and neat or nice." 

L12: "I saw different method. On the picture above, I saw number like 1 up to 
14. On the picture I saw a fraction and a fraction is shore of a whole".  

L4: "In this picture I can see many numbers different types of numbers, e.g. 
odd numbers 1, 5, 7, 9, 11 and 13 even numbers 2, 4, 6, 8, 12 and 14. And they 
can also represent whole numbers of a fraction. They can also make common 
fraction."  

Although this learner indicated that he saw fractions, he did not define them, for 
example, in the way that L22 did.  

L26: "I see a number, decimal number, common fraction and a girl that is 
smile and neat or nice." 

L19: "In this picture I see mathematics and I see numbers the numbers that 
I see is a decimal fraction not only and is something that I like a/b When I 
see number, star to now it maths the face have 1,2 the face have 
1,2,4,5,6,7,8,9,11,12,13 and 14." 
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The same dilemma is observed in the comments made by L26 and L19 above. 
The question arising from their comments is: Where in the picture do these 
learners see decimal numbers and common fractions? Unlike L12, L26 did not 
specify how she was able to identify these numbers. L19, alternatively tried to 
make a symbolic representation (a/b) of what she thought a decimal number was 
to reinforce her answer. The symbolic representation that she provided further 
confirmed her misconception about decimal numbers, common fractions and 
rational numbers. Looking at these responses, we concluded that these learners 
had certain misconceptions about numbers.  

How did the learners explain, in writing, the purpose of numbers as they 

appear in the scenario? 

Analysis of the learners' responses to Question 4 

Question 4 was stated as: "Why is the number on the picture?" This question had 
the potential to reveal how the learners related the numbers that they saw to the 
different parts of the face, and whether they were able to establish relationships 
between the demarcated parts of the face and the numbers pasted on these parts. 
The question was significant as it related to the application of theory in practice, 
i.e. to examine how learners develop an understanding of the multiple uses of 
numbers in the real world, the use of numbers to communicate mathematically, 
and the use of numbers in the development of mathematical ideas. 

The idea here was to establish whether these learners could use their school-
learned mathematics to establish connections between the number and the part of 
the face it represented. To categories the learners' responses to this question, 
either "Yes" or "No" was used. 'Yes' implied that a learner somehow indicated 
that there is a relationship between the number chosen and the part of the face. 
'No' implied that the learner did not indicate such as a relationship.  

The analysis of the reasons the learners provided for the appearance of the 
numbers on the picture revealed that a 8 out of 30 learners (n=8), 27%, observed 
that specific numbers represented specific parts of the face. The rest, 22 out of 30 
(n=22), 73%, provided reasons that did not indicate that parts of the face could 
be explained in terms of the numbers. Therefore, some learners were able to 
recognize the context in which the numbers were used, while others were unable 
to do so. It is interesting to explore possible reasons why only a few learners were 
able to explain that there is a relationship between the number that they chose and 
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the specific part of the face, while the rest could not. These two constructs 
discussed below based on the data.  

Learners' views consistent with face-mapping 

Out of eight learners whose views suggested that there was a relationship between 
the numbers and each part of the face, only two learners provided deeper insights 
that were consistent with the philosophy behind face-mapping. Their views were 
explored in relation to the face-mapping skin analysis technique as their views 
suggested that they possessed more in-depth knowledge than their writing 
suggested. This can be seen in the following excerpt:   

L21: "Because it shows the importance of a beautiful skin and it shows us how 
to treat a skin the way the skin should be. And can even know how to use 
number." 
L30: "The number is on the picture to show mathematics and to show how the 
woman's face how much healthy. And also, to show how much numbers are 
important." 

L21 made it clear that the number is on the picture because it shows the 
importance of beautiful skin, thus referring to skincare. The interpretation 
provided by this learner is partially consistent with the philosophy behind face-
mapping. We suspect that what L21 wrote about why the number is on the picture 
is what he thought and not really what he knew. Therefore, it cannot be confirmed 
or concluded that this learner possessed deeper knowledge about the picture, but 
we can say he thought deeply about it. We could therefore ask, to what extent do 
learners at this level know that a face says a lot about a person's internal or skin-
related health? 

L30 mentioned something about health in the statements that she made. We could 
interpret her response as being that the number attached to the face part is sending 
a message suggesting that the face must be healthy. Considering that the number 
she chose was five, it could be said that this learner's comment is consistent with 
face-mapping descriptions, which depict the number five as cheeks. According to 
the philosophy behind face-mapping the cheeks often give an accurate glimpse 
into any respiratory distress (i.e. smokers or people suffering from allergies 
generally experience fine, broken capillaries or congestion in this area). We can 
therefore say that this learner's response fell within the context of face-mapping. 
However, this does not imply that a conclusion can be drawn about this. Just like 
L21, we cannot conclude that this learner knew something about face-mapping, 
but it would be reasonable to say that the learner thought deeply about the picture.  
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There is, therefore, evidence in these two learners' answers that some kind of 
deeper interpretation was involved in the way they described what they saw in 
the picture as they used words such as "skin treatment" (L21) and "Health" (L30). 
This was not common amongst the other learners' answers. These learners 
provided more profound views delving into the 'why' behind skin concerns, thus 
going beyond simply reading the numbers in the given scenario. However, to say 
that they knew the complex realities of face-mapping would perhaps be putting 
words in their mouths. It should be noted that we did not anticipate that some 
learners would make comments that were related to face-mapping in such a 
precise way, as L21 and L30 did.  

Exploring the responses of six learners 

Looking at the specific 'world' presented in this scenario, we expected the learners 
to associate the specific numbers with specific parts of the face. The responses of 
six other learners reflect shared perceptions as, according to their explanations, 
the numbers that they chose represent specific parts of the face. Their attempts at 
the question can be seen in the excerpt below: 

L1 wrote that "the number is on the picture because the number is at the neck 
of the lady". 

L3: "Indicates that because it shows the forehead of the face. That is there is 
only one forehead." 

L6: "5 represent a left chick in a face."  

L11: "Because you can see a part of face like nose."  

L14: "14 is written on the neck of the lady." 

L29: "It on the picture because it is showing the nose on the woman." 

L3's view, as shown above, provides a unique view of what he thinks of the 
number that he chose. To him, the number "one" did not only represent a 
forehead, but it also sent the message that there is only one forehead on a person. 
Therefore, if we follow this learners' logic, can we say that because there is only 
one nose and one chin, we had to have the number one on these parts? There are 
at least three things here: What is read and known in addition to what is seen.  

The fact that there is only one forehead on a person is what was known to this 
learner. The number one on the forehead was what he saw and read. What was 
not known to this learner was the secrets of face-mapping, which involve the fact 
that the forehead is denoted with two numbers: one and three. This learner could 
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not read that further because the number three was hidden by the hair in the 
picture. There are, in fact, multiple truths here. One that says there is only one 
forehead on a person, the other being specific to the philosophy behind face-
mapping.  

Traditionally, this zone (the forehead) is regarded as the sister of the bladder and 
digestive system. The contrasting definitions provided by L3 versus that provided 
by face-mapping philosophy exemplify that what we know truly dictates our 
perspective of the world. There cannot be the same reality for any two or more 
observers; we thus follow the philosophy that we live in a multiverse because it 
is observer dependent. If we throw situated cognition into these orientations, we 
end up with an exciting range of possibilities when interpreting the learners' 
responses.  

DISCUSSION AND CONCLUSION 

Learners must visualize mathematics in their day-to-day encounters. It is even 
more important that learners use their school-learned mathematics to understand 
what they encounter beyond the classroom. As seen from the data analysis, 
mathematics is an important tool that can be used by learners to visualize and 
understand their everyday world. In the previous section, the analysis of the data 
raised three main issues: The mathematics that the learners were able to see in the 
scenario, the learners' written explanations of the purpose of numbers as they 
appeared in the scenario, and possible constraints involved in representing in 
words what one sees. Using relevant literature, we provided possible explanations 
for the responses that were considered to have triggered interesting issues.  

The mathematics that learners were able to see in the scenario 

Regarding learners who indicated that they saw numbers, for example, some 
learners (n=14) saw numbers first while some (n=16) saw the lady's face before 
the numbers. We say "first" because we assume that they wrote what they saw 
first. Seeing, after all, comes before words (Brown, Hewitt & Mason.,1994). This 
observation raises an important question that needs to be asked: Why did the 
learners see what they saw first?  

The Grade 8 learners were able to identify the numbers in the given scenario. 
Approximately two-fifths of the sample was able to specify the different types of 
numbers. This is confirmed by the mentioning of concepts such as prime, 
composite, odd and even numbers. The nature of the comments they made about 
mathematics revealed that the learners' responses were mainly at surface level, 
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meaning that they were able to provide interpretations about numbers that one 
could say were anticipated. It became evident that what the learners had acquired 
in the mathematics classroom had a significant influence on what they saw in the 
picture.  

The learners' perceptions were shaped by what was already known to them. This 
was evidenced by how the observables were: (1) Communicated (e. g. numbers 
were listed numerically); (2) Categorized (e .g. odd numbers were separated from 
even numbers); and (3) Conceptualized (e. g. number concepts such as integers, 
odd, even, composite and prime numbers were mentioned) (see Tables 1a and 
1b). This was an indication that they were using their school-learned knowledge 
to make sense of what they saw. It also indicated that the learners not only saw 
numbers but were able to say something more in-depth about what they saw. The 
learners, except L6, could only recognize the mathematics that was specific to 
number operations and relationships. L6 took a geometric view of the picture 
when he mentioned the concept of a polygon. Polygons are specific to the topic 
of Space and Shape in the guidance from the DBE (DBE, 2011). 

How did learners explain the purpose of numbers as they appeared in the 

scenario? 

What is the reason for learners choosing numbers but not indicating the reasons 
for their appearance in the picture?  

 Only eight learners made connections between the numbers and the parts of the 
face in the picture. What does this imply? The assumption here is that if 
mathematical concepts relate to learners' experiences, then they will be able to 
make sense of mathematical concepts. Epistemological arguments are more 
centered on mathematics itself, and where and how it is and can be used both to 
solve real-world problems and to reflect critically on the world in which we live 
(Adler et al., 2000).  

This is because we can now begin to ask: Does the fact that learners do not know 
what numbers stand for in the picture suggest what Boaler (2019) refer to as 
"rigid" knowledge that consists of essentially remembering and applying rules? 
The scenario that was presented to learners in this study was an example of a tool 
that exhibited key features of an integrative approach. However, the fact that 
many learners (22 out of 30, i.e. 73%) failed to establish connections strongly 
suggests that there are factors that constrain the practice of making connections. 
Boaler (2019) provides evidence that integration in mathematics is not simple to 
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achieve and needs to be explicitly developed through suitable classroom 
practices.  

Considering the eight learners who commented explicitly what they thought the 
numbers represented in the picture demonstrated, we can see that the use of 
contexts in mathematics is desirable. These learners used their mathematical, 
school-learned knowledge to understand what they saw. So, what does this mean 
for the 22 learners who were unable to "see" the utility of numbers in this 
scenario? Also, what does it suggest about the classroom practice to which these 
learners were accustomed? 

Gainsburg (2008) acknowledges that despite this attempt to connect classroom 
mathematics to the real-life world, students still fail to see the utility of 
mathematics (Boaler, 2019). This approach must be encouraged by a classroom 
culture in which learners are encouraged to view the procedures and concepts as 
tools that they could use and adapt. Question 4 provided opportunities for learners 
to appreciate the utility of numbers as tools that could be used to understand a 
piece of reality. However, it appeared that the knowledge they had acquired about 
numbers was completely divorced from what the majority of the learners 
encountered. The data collected revealed that these learners were taught aspects 
of mathematics content specific to Content Area, Number Operations and 
Relationships. DBE (2011) refers to the fact that the learner will be able to 
recognize, describe and represent numbers and their relationships, count, estimate 
and check with competence and confidence in solving problems. A central part 
of this outcome is for the learner to use number sense and numeration to develop 
an understanding of the multiple uses of numbers in the real world. It is further 
stated that numbers describe our world and are used to understand and make sense 
of our world. In the face scenario presented to the Grade 8 learners in this study, 
it became clear that 22 learners could not establish connections between numbers 
and the different parts of the face in the picture.   

Clearly, there is a debate in the field about the use of contexts to demystify 
mathematics and connect it to learners' experiences to enhance learning. The 
construction of bridges between school mathematics and real-life mathematics, 
where it plays an important role, has long been a topic of interest in mathematics 
education (Anderson, 1996; Boaler, 2019; Gainsburg, 2008; Mosvold, 2008). The 
analysis of the data in this study strongly suggests that the use of relevant contexts 
could also help uncover what Grade 8 learners know about numbers. The fact that 
22 learners were unable to establish a connection between the number and the 
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corresponding part of the face should not surprise us, as Brown et al. (1989) argue 
that much of what is taught in school turns out to be almost useless.  
Concepts are both situated and progressively developed. Brown et al. (1989) 
explain that it may be more useful to consider conceptual knowledge as similar, 
in some ways, to an asset or tool. Tools share several significant features with 
knowledge: They can only be fully understood through use and using them entails 
both changing the user's view of the world and adopting the belief system of the 
culture in which they are used. If knowledge is thought of as a tool, we can 
illustrate distinction between the mere acquisition of inert concepts and the 
development of useful, robust knowledge. It is, however, quite possible to acquire 
a tool and be unable to use it. Similarly, students can acquire algorithms, routines 
and decontextualized definitions that they cannot use and that, therefore, lie inert. 
This is especially the case as, although these learners were able to delve "deeper" 
into the "identities" of these numbers, they were unable to use their knowledge in 
a different context (a face scenario) to explain the purpose of the numbers in the 
picture.  

Boaler (2019) has indicated that there is a growing concern among mathematics 
educators that many students can learn mathematics for 11 years or more but are 
then completely unable to use this knowledge outside the classroom context. 
These views represent the challenges surrounding the idea of embedding 
mathematics into real-life contexts to make it more meaningful. When children 
learn mathematics at school, this might be experienced as school practice where 
the knowledge is not viewed as applicable outside the classroom.  

From the arguments above, we learn that learning in contexts not only fosters but 
can often hinder the transfer of knowledge from one situation to another. It is the 
role of classroom-type activities in school to show mathematics as a way of 
transcending the context with more general problem-solving strategies and 
structures.  

Having had a glimpse of another world-view, i.e. the use of real-life contexts to 
reveal learners' understanding of numbers, we think the ideas, beliefs and 
conceptions about numbers according to this "world" will stimulate more 
research related to the use and reading of numbers. It is important to further 
explore what learners know about numbers and how they use that knowledge to 
communicate what they encounter. In providing such revelations on both the 
mathematics and its uses and the challenges in using mathematics, we contend 
that the notion of contextualization should be explored further to reveal deeper 
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understandings of numbers, especially at the Senior Phase level of mathematics 
learning in South African classrooms.  

In this study, a structured questionnaire was used to collect data, which had its 
limitations. Future studies could consider conducting interviews to probe learners' 
understanding by asking them to articulate their thoughts regarding numbers' 
meaning in each situation. Moreover, interviews allow for immediate follow-up 
and clarification of the participants' responses. 

The use of contexts to connect mathematics to learners' experiences is desirable 
and encouraged in the National Curriculum Statement. The face scenario used in 
this study exhibited certain key features of this approach. A critical examination 
of the issues that emerged in the qualitative analysis of the data in this study seems 
to suggest that in the real world, mathematics plays an entirely different role. 
There is, therefore, a need to bridge the gaps between school mathematics and 
real-life mathematics to extend research regarding the use of numbers to express 
phenomena. The idea that knowledge is situated should be the point of departure. 
The study demonstrated that learners should be encouraged to view mathematics 
as an interesting, powerful tool that enables them to understand and describe 
phenomena, which can be achieved through suitable classroom practice.  
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GENDER-RELATED ERRORS ON GRADE 9 ALGEBRAIC 

EXPRESSIONS PERFORMANCE 

Ikaneng Motlalekgosi and Msebenzi Rabaza 
University of the Free State 

The purpose of this paper is to report gender-related errors on Grade 9 algebraic 
expressions performance made by male and female learners when simplifying the 
algebraic expressions tasks involving operations on addition and subtraction in 
one school of Taung village in Dr. Ruth Segomotsi Mompati District in the North 
West Province of South Africa. A qualitative research approach was used to 
select a case study explanatory research design to investigate learners’ errors in-
depth. A total of 12 learners, six male, and six female learners’ documents, were 
purposely selected based on the uniqueness of their errors. Male learners 
committed five errors, namely, conjoin unlike and like terms in brackets, detach 
negative sign error, conjoin adding and subtracting unlike terms before 
multiplying the terms, conjoin by adding and subtracting to get an answer, and 
the misapplication of the rules. Whereas female learners committed four errors, 
namely, order of operations error, identifying and manipulating like and unlike 
terms, changing the terms error, and misapplication of the rules. The study 
recommends that mathematics teachers need to teach learners a conceptual 
knowledge of algebra's properties to overcome learners' errors on algebraic 
expressions. 

INTRODUCTION 

Learners, both boys, and girls make errors when simplifying the algebraic 
expression tasks, including addition and subtraction operations. It is not clear 
whether errors in algebraic expressions are related to gender or not. Nevertheless, 
some researchers stressed the need to integrate gender and mathematics topics 
such as algebra in educational research (Hyde, Petersen & Linn, 2010; 
Kusumaningsih, Darhim, Herman & Turmundi, 2018). However, this study 
focuses on what errors male and female learners make when simplifying the 
algebraic expression tasks and examines whether the errors made have a specific 
pattern for males or females on the given tasks. Hence, mathematics teachers need 
to identify the errors related to gender when planning to present their lessons.  

Some studies were conducted on learners' errors on algebraic expressions (Seng, 
2010; Alattin, 2016; Ncube, 2016). The study by Seng (2010) focused on how 
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learners made errors when simplifying the algebraic expression tasks. Seng 
(2010) focused on a specific classroom and specific algebraic expression tasks. 
The tasks included operations involving addition, subtraction, and both addition 
and subtraction. The findings of these studies revealed several errors learners 
make on algebraic expressions, namely, negative error, operations error, conjoin 
error, distributive law error, and symbolic notation error. However, we sought to 
find out whether the errors on algebraic expressions are affected by gender or not.   

The male and female learners interpret and make sense of algebraic terms 
differently, and their interpretation may vary when simplifying algebraic 
expressions. However, one needs to ask himself/herself whether the errors 
learners make are unique for male and female learners or not. In contrast, Hall 
(2002) identified errors when simplifying algebraic expressions, including the 
inability to remove the brackets and the inability to use the distributive law. These 
errors were not related to male and female learners. Compared to the number of 
studies investigating gender differences in all levels from primary to the 
University on algebraic expression, relatively few studies have explored whether 
the errors on algebraic expressions differ according to males and females. Due to 
limited literature on male and female errors in algebraic expressions, this study 
sought to explore and identify the errors made by both male and female learners 
when simplifying the algebraic expression tasks.   

LITERATURE REVIEW 

Misconceptions on algebraic expression terms arise due to learners' 
misunderstanding of the order of operations, not accepting that the unlike terms 
in the arithmetic expression are not the same as in algebraic expressions. These 
misconceptions are not known about their existence on the learner's mind but seen 
as errors in the learners’ responses to a given task. Pre-service and in-service 
mathematics teachers study learners’ errors and their misconceptions in practice 
and demonstrate such knowledge about algebraic expression tasks for learners' 
understanding. While learners’ errors on algebraic expression tasks may relate to 
factors about teaching and learning, we only reviewed a limited amount of 
literature on how gender leads to errors when solving algebraic expression tasks 
due to limited literature on gender-based errors.  

Learners are introduced to arithmetic expressions in primary school grades, 
whereas algebraic expressions are then introduced during their early secondary 
grades. Also, Algebra moves learners beyond arithmetic operations to focus on 
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using symbols to represent numbers and express mathematical relationships 
(National Centre for Education Evaluation and Regional Assistance, 2015). 
Simultaneously, the Department of Basic Education (2014) states that simplifying 
and adding like terms led to many algebraic errors. However, to find more about 
arithmetic and algebra learning, Sriraman and Lee (2011) highlighted the three 
dominant discourses in arithmetic-algebra dichotomies and adopt the two 
perspectives, namely historical, didactic dilemma/distinction, historical cultural 
perspectives. Some studies contrast on what perspective between the two 
highlighted above help learners in the transition from arithmetic to algebra 
(Newton, Barbieri & Booth, 2020).   

THEORETICAL FRAMEWORK 

This study is underpinned by Sfard (1991) two conceptions, namely, procedural 
and structural conceptions. These conceptions help explain learners' errors on 
algebraic expressions tasks. Historically, procedural conceptions proceed the 
structural conceptions, whereas mathematics education starts at the structural 
level using concrete representations to introduce the structural conceptions 
(Gravemeijer, Doorman, & Drijvers, 2010). Mathematics teachers should keep in 
mind that the learners’ acquisition and conception of structural concepts such as 
expressions, equations, and functions are conceived as objects. Thus, the way 
learners operate objects that do not eliminate the continued need for procedural 
conceptions serves as the foundation for constructing structural conceptions, as 
stated by Sfard 1991 (Kieran, 2006). Nonetheless, both male and female learners 
often seem unable to apply basic algebraic concepts and skills and do not 
understand many underlying structures when solving algebraic expression tasks. 

The procedural and structural conceptions identified by Sfard (1991) relate to 
Ncube (2016) three errors identified from learners on algebraic expressions: 
multiplication of operational signs, collection of like terms, and inability to use 
distributive law. Firstly, the multiplication of operational signs refers to learners 
who tend to oversee the signs in front of the brackets.  Example 𝑥2 − (𝑥 + 2). 
The learner would add (𝑥 + 2) to get 2𝑥 then represent the answer as 𝑥2 + 2𝑥. 
Some learners would decide to introduce an = sign to make an expression and 
equation and solve (Kieran, 1997). Secondly, the collection of like terms link the 
concept of multiplication of operational signs. In the same expression such 
as 𝑥2 − (𝑥 + 2), the learner would add the terms inside the brackets, ignoring 
the unlike terms and write an answer as 3𝑥2.  
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According to (Kieran, 2004) Moving from arithmetic to algebra, there is much 
adjustment needed for the learners. However, there has been limited research on 
the transition from arithmetic to algebra in secondary schools and the transition 
from procedural to structural conception. In 2004, Kieran studied the transition 
from arithmetic to algebra, indicating that the adjustment was not easy for some 
learners. Another issue is that mathematics is hierarchical, and learners 
understand high-order concepts if they understand lower-order concepts (Samuel, 
Mulenga & Angel, 2016). Though prior knowledge is the basis for learners, they 
have to connect arithmetic expressions to algebraic expressions. Learners face 
challenges with making connections with abstract concepts such as simplifying 
expressions (Greeno, 1982). Greeno also indicated that learners lack the structural 
understanding of algebra, where they would treat algebraic terms independently 
even though they are like terms. For example, a learner would subtract 45𝑥 − 2 
to get 43𝑥. Such errors are results of lack of procedural conception of algebraic 
expressions as most learners rely more on procedural knowledge. To these 
learners, there is no difference between algebraic expressions and arithmetic 
expressions. Hence, this paper explores the gender-related errors on Grade 9 
algebraic expressions performance. In exploring the gender errors, the following 
research question as posed: 

RESEARCH QUESTION 

What are gender-related errors in learners solving grade 9 algebraic expressions? 

METHODOLOGY 

This qualitative research approach used a case study explanatory research design 
to understand male and female learners' errors when solving the algebraic 
expression tasks. Purposive sampling was used to select twelve grade 9 learners, 
six male, and six female learners’ incorrect responses to identify the specific 
errors from a rural secondary school in Taung village in the Dr. RSM District in 
the North West province.  

The learner’s questionnaire had eight items and sent it to two experts in the 
University, one teacher with her learners not participating in the study. The 
comments from the experts in the University, the teacher, and responses from the 
learners led to two items taken away and left with six items. A questionnaire was 
categorised into two sections, section A, biographical information, and section B, 
algebraic expression task, which consisted of 6 questions with a space provided 
below each question. Out of 102 learners who wrote the test, 44.1% (45 males), 
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45.1% (46 females), and 10.8% (11 learners) did not indicate the gender. The age 
of the participants was between 13-18 years. However, according to the 
Department of Education (DoE) admission policy (1998), a learner can start grade 
1 at seven years. The total percentage of learners within the appropriate age of 15 
to 16 years in grade 9 about (73 learners). The learners who were less than 15 
years may have started schooling early. At the same time, the learners who were 
above 15 years of age may have started schooling late or have repeated a grade 
in the primary or secondary grades.    

The ethical considerations were observed, the principal and the circuit manager 
granted permission to collect data in one school. Parents signed the consent forms 
permitting them to participate in the study. The lead author administered the 
questionnaire, and the time to complete the tasks was 45 minutes. Both male and 
female learners completed the questionnaire tasks on the questionnaire paper that 
the lead author issued. The conditions were the same for both male and female 
learners when they completed the tasks. The lead author collected the 
questionnaire papers after the time to complete the tasks ended. 

The participants responses were kept confidential, and pseudonyms were used to 
refer to the learner, such as learner one.  

RESULTS/FINDINGS  

Data were analysed from six male and six female scripts and discussed below to 
provide some samples of the responses. 

Gender-related errors in learners solving grade 9 algebraic expressions tasks 

The presentation of the findings is separated, starting with the male responses and 
end with the female responses to the algebraic expression tasks.  

• Male learners’ errors when solving algebraic expressions tasks 

 In both the male and female learners’ errors, there were similarities and 
differences as presented below. Below is the male learner one response to the first 
task on the list of algebraic expressions. 
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Figure 1. Male learner one response on 𝑥(𝑥 + 2) 
  

The figure above shows male learner one’s response to a given task who struggled 
to simplify the given algebraic expressions by rewriting the given task 𝑥 (𝑥 +2) 
in step 1. After that, he got an answer of 3𝑥. The error from learner one stems 
from the learner’s misunderstanding of the concept of simplification. Machaba 
and Mphuthi (2016) agree that the learner did not understand that the concept 
simplifies constructing an equivalent algebraic expression or constructing an 
algebraic identity of the given algebraic expression. Though Machaba and 
Mphuthi (2016) focused on learners not specific to gender, it could yield similar 
or different results. This finding suggests that the male learner misapplied the 
BODMAS rule. Below is the male learner two’s response to the second task on 
the list of algebraic expressions. 

 
 
 
 
 
 
Figure 2. Male learner two’s response on task −𝑥(3𝑥 + 2𝑥 − 3)  
 
The figure above shows that learner two re-wrote the given task and ignored the 
structure of an algebraic expression. This study concurs with Machaba and 
Mphuthi's (2016) findings that some learners added and subtracted the like and 
unlike terms without paying attention to the expression structure. Therefore, this 
suggests that male learner two understood the expression omitted an equal sign 
to complete it and identified the x value as an equation. Below is the male learner 
three’s responses to the third task on the list of algebraic expressions. 
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Figure 3. Male learner response on task (2𝑥2 − 4𝑥 + (𝑥2 + 4𝑥)  
 
The figure above shows that male learner three re-wrote the given algebraic 
expressions task and added and subtracted the like and unlike terms. Male learner 
three struggled to remove brackets by multiplying with the negative sign inside 
the brackets and adding and subtracting, unlike terms. The learner changed the 
signs from one term to another without using an operation to change the term. 
Similarly, Seng (2010) agrees that learners conjoin the algebraic terms in the 
brackets by misapplying the BODMAS rule of arithmetic in algebra. This finding 
suggests that the male learner had difficulty working with the like and unlike 
terms in the algebraic expression. Below is the male learner's response to the 
fourth task on the list of algebraic expressions. 

 
 

 

 
 
 
 
Figure 4. Male learner response on task (3𝑥2 − 2𝑥 − (𝑥2 − 6𝑥))  
 
Male learner four re-wrote the given algebraic expression omitted the first and 
added and subtracted the unlike terms as if the task required an arithmetic 
operation. Task 4 is calculated similarly to task 3 above, and the only difference 
is the inclusion of equal signs before each term. Seng (2010) agrees with the 
finding that learners make detachment from the negative sign error and thought 
that -6𝑥 + 3𝑥 = -9𝑥. The finding suggests that male learner four had difficulty 
removing the brackets by multiplying and adding the like terms. Below are the 
male learner five responses to the fifth task on the list of algebraic expressions. 
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Figure 5. Male learner five response on task 8𝑧𝑦2(−2𝑧𝑦 + 6𝑧2𝑦 − 10)  
 
Figure 5 shows that male learner five added and subtracted the terms inside the 
brackets and subtracted the first term in the brackets by the multiplier without 
removing the brackets. The findings are consistent with those of Seng (2010), 
who states that learners tend to conjoin the algebraic terms in brackets before 
adding or multiplying them with the brackets. Removing the brackets is the first 
step toward solving an algebraic expression. Therefore, this suggests that the 
learner cannot complete the first step in solving an algebraic expression. Below 
is the male learner's six responses to the sixth task on the list of algebraic 
expressions. 

 
 
 
 
 
 
Figure 6. Male learner six response on task 𝑥2(2𝑥𝑦 + 4𝑥 + 𝑦) 

Figure 6 shows the last task based on male learner six response. The male learner 
six added the unlike terms inside the brackets and placed the equal sign after the 
multiplier to answer. The male learner's six response shows that he lacks the 
procedural knowledge to solve algebraic expressions. The responses for learner 
six and learner five were similar. Hence, the male learners struggle to remove the 
brackets and simplify algebraic expressions.  This was also identified by Seng 
(2010) in the study of errors where the findings showed that most learners could 
not recognise like terms, invisible coefficients, which ended up with learners 
committing errors. This finding suggests that male learner six requires the 
foundational knowledge of algebra to understand the algebraic expressions. 
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Female learners’ errors when solving algebraic expressions tasks 

Below is the explanation of all the errors made by female learners from the six 
tasks completed on algebraic expressions. The female learners’ responses are 
presented and discussed on the figures 7 to 12. Below is the female learner one 
response to the first task on the list of algebraic expression. 

 
 
 
 
 
 

Figure 7. Female learner one response on 𝑥(𝑥 + 2)  
 
The female learner’s response is different from the male response in figure 1. The 
female learner one re-wrote task 1 and omitted the multiplier 𝑥 outside the 
brackets and changed the positive sign inside the brackets to have a negative sign. 
The learner did not apply the order of precedence known as BODMAS rule to 
carry out the operations. Instead, female learner one created a negative 
multiplicand error. The findings contradict the findings by Seng (2010) that 
learners committed the negative pre-multiplier error when they did not change 
the sign of the second term after multiplying out the brackets. Below is the female 
learner's response to the second task on the list of algebraic expressions. 

  
 
 
 
 
 
Figure 8. Female learner two’s response on task −𝑥(3𝑥 + 2𝑥 − 3)  
 
The female learner’s response on task 2 is different from the male learner’s 
response in figure 2. Figure 8 shows that female learner two struggled to simplify 
the given algebraic expression task. She could not identify and manipulate this 
rewrote the equation as it is in step 1. Furthermore, she could not identify and 
manipulate the unlike terms in the given algebraic expression. The findings of 
this study agree with Mphuthi and Machaba (2016) that most learners’ struggle 
with manipulations to get solutions of algebraic expressions was from their lack 
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of basic mathematical operations like (i) the meaning of brackets in an expression, 
(ii) order of operations, (iii) identification and manipulations of like and unlike 
terms and (iv) substitution in general. This finding suggests that female learner 
two lacks the knowledge of algebra to calculate step 1 of removing the brackets 
by multiplication. Below is the female learner three’s responses to the third task 
on the list of algebraic expressions. 

 
 

 
 

 

 

Figure 9: Female learner three’s response on task (2𝑥2 − 4𝑥 + (𝑥2 + 4𝑥)  
 
The female learner three responded to task 3 differently from the male learner’s 
response on task 3. Figure 9 and figure 8 responses are similarly solved. Figure 9 
shows that female learner three incorrectly rewrote the given task and add the 
coefficient 2 before the first term of the second group within a group.   This study 
concurs with Alattin (2016) that it was difficult for learners to apply algebraic 
expressions, including variables and letters, and build relations. This finding 
suggests that female learner three lacks the knowledge of the order of operations.  
Below is the female learner's response to the fourth task on the list of algebraic 
expressions. 

 
 
 
 
 
 
Figure 10. Female learner four response on task (3𝑥2 − 2𝑥 − (𝑥2 − 6𝑥))  
 
The female learner four created a different error to the male learner in figure 4 
though they struggle to remove the brackets through multiplication. Figure 10 
shows that female learner four grouped the terms with brackets different from the 
grouping given earlier to simplify the task.  She then added and subtracted the 
unlike and like terms to get an answer of 7𝑥, which is incorrect. The findings 
agree with Seng (2010) that learners lack an understanding of the algebraic 
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operation and symbolism concepts. This finding suggests that the female learner 
needs to be re-learn the application BODMAS in algebraic expressions. Below 
are the female learner's five responses to the fifth task on the list of algebraic 
expressions. 

 
 
 

 
Figure 11.  Female learner five response on task 8𝑧𝑦2(−2𝑧𝑦 + 6𝑧2𝑦 − 10)  
 
The figure shows that female learner five re-wrote the given algebraic expression 
task as it is. Then, she removed the brackets without multiplying the terms. She 
then changed the position of the terms to get an answer.  Papadopoulos and 
Gunnarsson (2020) agree with the findings that sometimes learners ignore the 
brackets, thus violating the priority of the involved operations, exhibiting 
difficulty understanding the structural role of brackets. This finding suggests that 
the female errors are related to the lack of procedural knowledge to simplify the 
algebraic expressions. Below are the female learner's six responses to the sixth 
task on the list of algebraic expressions. 

 
 
 

 
 
 
Figure 12. Female learner six response on task 𝑥2(2𝑥𝑦 + 4𝑥 + 𝑦)  

The female learners’ response in figure 12 is like the female learner response in 
figures 11, 9, and 8, which shows that most female learners struggled to remove 
the brackets and simplify the presented algebraic expressions. The female learner 
six struggled to remove the brackets and simplify the algebraic expressions. This 
finding suggests that female learner 12 lacks the knowledge of BODMAS rule, 
working with like and unlike terms when simplifying the algebraic expression. 
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DISCUSSION 

The study reported gender-related errors on Grade 9 algebraic expressions 
performance, and we gathered data from six male and six female responses on 
algebraic expression tasks. The study revealed that male learners committed five 
errors: conjoin unlike and like terms in brackets, detach negative sign error, 
conjoin adding and subtracting unlike terms before multiplying the terms, and 
conjoin adding and subtracting to get an answer, and the misapplication of the 
rules. Whereas female learners committed four errors, namely, order of 
operations error, identifying and manipulating like and unlike terms, changing 
the terms error, and misapplication of the rules. The specific errors in each male 
and female learner’s errors included the change in the position and sign of the 
terms, and this needs further investigation. The male learners' errors were the 
conjoin error by adding and subtracting unlike and like terms inside the brackets. 
The findings in this study seem to repeat Seng 2010 and Ncube's (2016) findings, 
though the findings were not related to gender. However, the findings by Seng 
(2010) identified the conjoin error of adding and subtracting the unlike terms in 
an algebraic expression, and Ncube (20116) identified three errors, namely, 
multiplication of operational signs, collection of like terms, and inability to use 
distributive law. In addition, the female learners removed the brackets by 
changing the algebraic expression term positions of the two distinct groups 
without following algebra properties. 

The limitation reported in this study is that we used the survey with six algebraic 
expression tasks to identify the errors grade 9 learners commit when solving the 
given tasks. Nonetheless, the extent to which these errors relate to the algebraic 
expression tasks is not determined. The study locates itself in one school in Taung 
village in Dr. Ruth Segomotsi Mompati District in the North West Province of 
South Africa. Hence the results could not be generalised.   

CONCLUSION 

While the findings encouraged us, we are alert not to be self-assured. This study 
provides evidence that grade 9 male and female learners can participate in a 
survey to learn from their responses on algebraic expression tasks that may help 
them understand misconceptions that lead them to different kinds of errors. 
Nevertheless, further study is needed to investigate the topic in-depth.  We 
understand that the findings of this study cannot be generalised to another grade 
9 class of male and female learners. Our analysis further points out that algebraic 
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expression errors can be avoided on both males and female learners, but this could 
not be the one way. The study raised an important question about whether the 
questionnaire helped the mathematics teachers identify gender-related errors 
when simplifying the algebraic expressions in this setting. The gender-related 
errors were meant to serve as feedback to mathematics teachers. Therefore, an 
understanding by mathematics teachers would translate into specific teaching 
approaches when teaching algebraic expressions to Grade 9 learners.  
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ANALYSING GRADE 12 MATHEMATICS EXAMINATION 

PAPERS: IMPLICATIONS FOR TEACHING AND LEARNING 

Vasuthavan Gopaul Govender  
Eastern Cape Department of Education & Nelson Mandela University  

The grade 12 examination in South Africa is regarded as a high-stakes 
examination and success in this examination opens doors to further study and 
suitable careers. Top mathematics performances in the grade 12 examination is 
likely to provide learners with access to university programmes in the Science, 
Engineering, Health Science and Commerce fields. Mathematics teachers should 
engage their learners in meaningful and structured classroom activities in order 
to draw top performances from them. This paper focuses on the analyses of the 
2019 grade 12 Mathematics exam papers by teachers in a workshop situation.  
Teachers were able to get in-depth knowledge about various aspects of the 
examination papers, including the cognitive demands of the questions. These 
examination- type questions may be adapted to questions that elicit process skills 
and develop critical and conceptual thinking skills amongst learners, during 
classroom teaching. This well-targeted intervention has the potential to impact 
positively on learner preparation for mathematics examinations and may result 
in improved learner performances in the subject   

Introduction  

According to Huckstep (2000), learners study Mathematics for a variety of 
reasons which can be broadly categorised as follows: 

• They love the subject, which results in intrinsic motivation to master 
mathematics. 

• They can use the subject in their daily lives, which means the subject has 
utilitarian value for them. Examples include financial mathematics and 
measurement.  

• Mathematics helps in the development of their intellect and thinking 
processes, thereby enabling them to develop their problem- solving 
skills.  

• They are able to use their mathematical knowledge in other related 
subjects such as Physical Sciences, Accounting, Geography and more.  

To these broad categories, we may add a pragmatic motivation, as articulated in 
the CAPS document (DBE, 2011: 10) for Mathematics in the Further Education 
and Training Phase (Grades 10 – 12). It is stated, namely, that mathematics at the 
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FET level forges the link between the Senior Phase and the Higher/Tertiary 
Education band and has the following key benefits for learners: 

• Learners acquire a functioning knowledge of mathematics that 
empowers them to make sense of their living world   

• FET mathematics gives learners access to an extended study of the 
mathematical sciences and a variety of career paths 

If learners are exposed to mathematical experiences which give them 
opportunities to develop their mathematical reasoning and creative skills, it would 
prepare them for more abstract mathematics in Higher/Tertiary Education 
institutions. These key benefits tie in with the four broad categories identified by 
Huckstep (2000). 

Mathematics in the FET comprises ten content areas (DBE, 2011:9). Table 1 and 
Table 2 show the weightings of the content areas for the two Grade 12 
mathematics examination papers (DBE, 2011:11).  

Table 1: Mathematics content areas: Paper 1 

Description Grade 12 

Algebra, equations and inequalities 25±3 
Patterns and sequences 25±3 
Finance, growth and decay 15±3 
Functions and graphs 35±3 
Differential calculus 35±3 
Probability 15±3 
Total 150 

 

Table 2: Mathematics content areas: Paper 2 

Description Grade 12 

Statistics  20±3 
Analytical geometry  40±3 
Trigonometry 40±3 
Euclidean geometry  50±3 
Total 150 

 
Each content area has been broken down into topics. The sequencing of topics 
within terms gives an idea of how content areas can be spread and re-visited 
throughout the year.  There appears to be a strong correlation between the mark 
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allocation for the different content areas and the time allocated in the annual 
teaching plan, for the topics which make up these content areas.   

The CAPS document (DBE, 2011:52) mentions both formal and informal 
assessment. While marks are not required in informal assessment, the marks of 
formal assessments provide teachers with a systematic way of evaluating how 
well learners are progressing in a grade and/or in a subject. The Grade 12 final 
examination for Mathematics is an example of a formal assessment.  

PROBLEM STATEMENT 

There has always been concern about the performance of mathematics learners in 
South Africa, especially in Grade 12, which is the exit level of formal schooling 
and which forms the basis for tertiary education. Table 3 shows the performance 
of Grade 12 mathematics learners for the years 2014 – 2018.  

Table 3: Overall achievement rates in Mathematics (DBE, 2018) 

 

Year Number 

wrote 

Number 

achieved 

at 30% 

and above 

% 

achieved 

at 30% 

and above 

Number 

achieved 

at 40% 

and above 

% 

achieved 

at 40% 

and above 

2014 225 458 120 523 53,5% 79 050 35,1% 
2015 263 903 129 481 49,1 % 84 297 31,9% 
2016 265 912 136 011 51,1 % 89 119 33,5% 
2017 245 103 127 197 51,9 % 86 096 35,1% 
2018 233 858 135 638 58,0 % 86 874 37,1% 

Following an all-time low in performance during 2015, the number of learners 
doing Mathematics reached a peak in 2016 and then dropped in the next two 
years. From a lesser number of learners, there is a slight improvement in passes 
in 2017 and more improvement in 2018.  

In the diagnostic report for Mathematics (DBE, 2018) it was reported that there 
had been an increase in the number of candidates who answered the knowledge 
and routine questions correctly. These are the first two cognitive categories in a 
mathematics assessment, the third and fourth being complex procedures and 
problem solving. This may mean that teachers and candidates have become 
familiar with the assessment of the topics in the curriculum and the degree of 
challenge expected in the examination. However, there appeared to be an issue 
with the higher order questions. 

The Association for Mathematics Education of South Africa (AMESA) has been 
involved in the review of Grade 12 Mathematics papers since 2009.  The purpose 
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of this review is to make teachers familiar with the type of questions asked in the 
papers, how these questions are asked, the mark allocation and what learners 
would be required to do in order to get the marks.  Teachers from the various 
provinces get together in groups, in a workshop situation, where the mathematics 
papers for that particular year are analysed and reviewed. These considerations, 
findings and comments are then compiled into one document which is sent to the 
Department of Basic Education (DBE). The DBE shares this document with its 
examiners and moderators as well as the external moderator, UMALUSI. The 
report may be used to guide UMALUSI and the DBE on a wide range of issues 
such as technical aspects, language, syllabus coverage and the cognitive levels of 
the questions, Reports on reviews of past papers are available on AMESA’s 
website (amesa.org.za).  This paper reports on the proceedings and outcomes of 
two such workshops, one for each Mathematics paper, where teachers were 
involved in the analyses of the Grade 12 mathematics examination papers for 
2019. 

LITERATURE REVIEW 

The nature of the Grade 12 examination: The Grade 12 examination in South 
Africa comes at the end of learners’ schooling careers and is an example of 
summative assessment. The evidence gathered from learners’ written answers or 
responses in this assessment is used to provide a report on what learning has been 
achieved by learners at this end point in the learning process (Black and Wiliam, 
2009). The Grade 12 examination is also regarded as “high-stakes”, as results 
these examinations have significant and far-reaching implications for learners’ 
opportunities after school in terms of their future careers (Howie, 2012).  The 
consequence of having a Grade12 certificate, is that it greatly enhances the 
chances of school-leavers to obtain employment and access to further studies. 
Learners may, depending on their results, study at higher education institutions 
or colleges and then go into employment. Others may go directly into 
employment. In this regard, Statistics South Africa (2016:14) reports that “those 
without matric constituted more than 58% of the unemployed among the black 
African and coloured population”. 

Examination-driven teaching: According to Julie (2013:3), examination-driven 
teaching is normally viewed as “teaching the content of previous examinations 
and anticipated questions that might crop up in an upcoming examination of the 
subject”.   
Examination-driven teaching may be termed as “teaching-to-the-test”, a practice 
which is heavily opposed by many scholars. The argument is, namely, that 
teachers limit the curriculum content to only those parts that would be asked in 
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the standard test. Teachers would then excessively repeat or drill the basic 
knowledge and skills in an isolated way, without making connections or being 
focused on true conceptual understanding.  

The final Grade 12 examination, which is the high stakes assessment in our focus, 
would then be the decisive factor for a teacher as to what, and how to teach 
concepts. The ultimate aim would be high marks, and teaching could be devoid 
of meaning. Opponents of examination-driven instruction argue that those who 
engage in it, are below-average teachers.  

Popham (2001) reports that there are no practical procedures to detect teachers 
who are using inappropriate test preparation. In his interaction with teachers who 
are under pressure to raise their students’ test marks, the vast majority had never 
considered the appropriateness of their test-preparation. After learning that 
teaching directly towards test items created invalid inferences about their students 
most teachers tended to be both surprised and dismayed. 

Julie (2013) presents an argument, however, that examination-driven teaching 
can contribute towards meaningful learning. He states that examination-like 
questions and mathematics problems that learners are exposed to during 
classroom teaching can be changed to questions that elicit process skills and 
develop critical and conceptual thinking skills. This means that teachers should 
be fully conversant with the different types of questions which appear in 
mathematics examinations so these can be used as part of their classroom 
teaching.   

Cognitive levels of Grade 12 mathematics examination papers: The Grade 12 
mathematics examination papers are set (by experts) according to certain criteria 
and cognitive levels as set out in the Subject Assessment Guidelines for 
Mathematics (DBE, 2017). Discerning the cognitive levels of mathematical 
problems is an intricate and complex endeavour and teachers may find it hard to 
set school-based assessments according to these requirements. It may be argued 
that the studying of past examination papers gives teachers a sense of the 
cognitive pitch of questions, and assists in preparing learners to not only focus on 
the first (lower) levels of cognitive demand, namely knowledge and routine 
procedures, but to also get exposed to complex procedures and problem solving.   

A summary of these levels is shown in Table 4. 
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Table 4: Cognitive levels, descriptions, weighting and approximate marks  

  
Cognitive 

level  

Description of skill to be 

demonstrated  

Weighting  Approximate 

marks in a 150-

mark paper 

Knowledge  Recall; identification of correct 
formula; use of mathematical 
facts and vocabulary; 
algorithms; estimation and 
appropriate rounding  

20% 30 marks 

Routine 
Procedures  

Proving theorems and deriving 
formulae; performing well 
known procedures; identifying 
and using formulae (after 
changing subject); similar to 
classroom problems  

35% 52-53 marks 

Complex 
procedures  

Involves complex calculations 
and higher order reasoning; 
route to solution not obvious; 
connections between different 
representations; conceptual 
understanding; integrate 
different topics   

30% 45 marks  

Problem 
Solving  

Non-routine problems; not 
necessarily difficult; involves 
higher order reasoning and 
processes; breaking down of 
problem; interpreting and 
extrapolating from solutions of 
problems (in unfamiliar 
context)  

15% 22-23 marks  

 
Table 4 provides guidance for teachers when they plan their lessons and set their 
own assessment tasks. It is important that teachers become familiar with these 
cognitive levels so that questions covering these cognitive levels may be included 
in their classroom activities.   
RESEARCH QUESTION  

In the light of the issues covered in the problem statement and a review of the 
related literature, the following research question was posed for this study: 

How can the review of Grade 12 mathematics examination papers assist teachers 
in a meaningful preparation of their learners for mathematics Paper 1 and 2? 
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To answer the research question, the following subsidiary questions were 
formulated, within the context of the research question:  

• What are the reasons for mathematics teachers attending the review of 
examination papers in a workshop setting?  

• What do these teachers expect from the workshops? 

• How did the discussions in the workshops proceed? 

• What did teachers learn from the workshops? 

• How will they use what they learnt in their planning for the following 
year(s)?  

CONCEPTUAL FRAMEWORK 

Assessment is a continuous planned process of identifying, gathering and 
interpreting information about the performance of learners, using various forms 
of assessment. It involves four steps: generating and collecting evidence of 
achievement; evaluating this evidence; recording the findings and using this 
information to understand and assist in the learner’s development to improve the 
process of learning and teaching (DBE, 2011:51).   

The CAPS document (DBE, 2011) mentions two types of mathematical 
assessment, informal and formal. Informal assessment is regarded as 
“Assessment for Learning” while formal assessment is “Assessment of 
Learning”.  The Grade 12 mathematics examinations is an example of 
“Assessment of Learning” and is the focus of this study.   

The mathematics examination guidelines for Grade 12 (DBE, 2017) discuss 
formal assessment under the following headings:  

• Format of the question papers. 
• Weighting of cognitive levels. 
• Elaboration of content for Grade 12 (from the CAPS document). 
• Acceptable reasons for Euclidean Geometry. 
• Guidelines for marking.  

These guidelines show how the different topics, which form part of the content 
areas, are assessed in the two mathematics examination papers. The writer 
believes that once teachers understand what is required in the formal assessment, 
they may teach in a focused and appropriate way and learners may start to 
experience structure and direction in their learning. This is in line with the 
argument by Julie (2013) that examination driven teaching can contribute to 
meaningful learning in mathematics. Further, learners should be exposed to past 
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years papers to become familiar with the content covered by the various questions 
as well as the difficulty levels of the questions.   

The conceptual framework of this paper is situated in the curriculum requirements 
and guidelines for the formal, summative and final assessment of Grade 12 
learners’ mathematics. 

RESEARCH METHODOLOGY 

Research approach  

This research has been done in a pragmatic way, to enhance teachers’ practice in 
mathematics teaching. It may, therefore, be characterised as a form of action 
research, where the focus is on pedagogical, curricular or instructional aspects of 
their practice, Action research, as applied to this study, is a disciplined and 
structured process of enquiry by and for practitioners, into an aspect upon which 
the researcher intends to effect improvement (Clark, Porath, Thiele and Jobe: 
2020).   

As the process of action research cannot be seen from afar, but is unfolding as it 
progresses, a pragmatic paradigm has been adopted to make provision for 
possible change and adaptation as pragmatism is oriented toward solving 
practical problems in the real world (Creswell, 2014; Hall, 2013; Shannon-Baker, 
2016: cited in Maarouf, 2019).   

In this research, the responsibility for the change and adaptation lies with the 
teacher as s/he interrogates possible ways to make classroom teaching and 
learning more meaningful and including focussed mathematics examination 
preparation with a view to improving the quality of their learners’ performances.   

Data collection and sample  

This study involved the collection of data from three sources.  

Firstly, the diagnostic report for mathematics (DBE, 2018) was examined to get 
an overview of how learners performed in the 2018 Mathematics examinations. 
This includes their ability to solve questions of differing cognitive levels as well 
as performance in certain topics. While this report is valid for the 2018 
examination, the useful information provided by these types of reports usually 
assist Mathematics teachers when they plan their classroom activities.    

Secondly, mathematics teachers were invited to participate in the review process 
of the 2019 Mathematics papers. A total of 40 teachers, grouped under two 
chairpersons, participated in the reviews, 22 in Paper 1 and 18 in Paper 2. Each 
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chairperson had to ensure that key issues were addressed within their reporting 
on the review process of the papers. These included:  

• The approaches used in workshops.   

• Description of the discussions. 

• Teacher contributions. 

• How disagreements were resolved. 

• An overall comment about the review.  

Lastly, each teacher was surveyed via a questionnaire as part of the review 
process. In this questionnaire teachers were asked to respond to the following:  

• Number of years of teaching.  
• Reason(s) for attending the review and number of years involved in the 

review. 
• Preparation for the review. 
• Discussions during the review and contributions made. 
• Innovative and difficult questions in the paper. 
• How disagreements were resolved. 
• What did they learn from the review and how this learning will assist in 

their planning for the following year?  
• Any other comments. 

20 teachers returned the questionnaires at the conclusion of the workshops (10 
for paper 1 and 10 for paper 2).  These 20 teachers participated voluntarily in this 
survey, without any objections, and constituted a “convenient” sample (Dörnyei, 
2007).  

 RESULTS 

The Diagnostic report for 2018 

The diagnostic report for 2018 (DBE, 2018) shows how learners performed in the 
various subjects, including Mathematics. It gives teachers some key pointers 
which could be used in their planning for the following academic year. The key 
trends in the mathematics report, summarised for each paper are shown here. 

• Candidates are able to work through knowledge and routine questions and 
score marks in these questions. They tend to struggle with higher level 
questions (complex procedures and problem solving). These types of 
questions call for deeper conceptual understanding. 
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• The calculator is an important tool and should be used judiciously.  It 
would appear that there is a dependence on the calculator, and this tends 
to impede conceptual understanding. 

• Many errors made by candidates emanate from a lack of basic and 
foundational knowledge, including algebraic manipulation, which are 
usually covered in the lower grades. 

• Most candidates tend to view topics in isolation. They have a challenge 
in being able to apply knowledge in one section of the work to another 
section.  

Although the diagnostic report provides mathematics teachers with valuable 
information, it can be regarded as vague and general if teachers do not scrutinise 
the papers for themselves to find examples, see for themselves and make the 
connections which may inform teaching and learning strategies in the subject. It 
is, therefore, important for mathematics teachers to know how to analyse 
examination papers in the subject. It was to this end that the review workshops, 
mentioned in this study, were arranged to assist teachers with these analyses.       

The review workshops 

Mathematics Paper 1 

The chairperson of this paper used the template supplied by AMESA. There was 
an open discussion which encouraged all participants to give their input on the 
paper. The chairperson led the discussions and also acted as the scribe. The views, 
concerns and general comments of participants were noted.  There was a cross 
section of participants, coming from quintile 1 to quintile 5 schools.  

The workshop started off with a general discussion of the paper and the overall 
impression of participants was that the paper was “challenging”. Participants 
checked and confirmed that the paper covered the content according to the CAPS 
document (see Table 1). The rest of the time was dedicated to the cognitive levels 
(difficulty levels) of each of the questions in the paper (see Table 4).  

Most of the participants contributed to the discussions and gave valuable input. 
There were, however, clear differences in the way teachers viewed the cognitive 
levels at which various questions were pitched.  Disagreements were resolved 
through consensus or splitting of the marks between levels.  Teachers had to be 
reminded about the key characteristics of levels 1 to 4 questions and to adjudicate 
levels through a well-thought out process, rather than an impression. 

The workshop was well attended (22 participants) and participants were very 
appreciative of this review workshop, especially, as it was held just after the paper 
was written. They also stated that the workshop was hugely beneficial to them 
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and that they will use what they learnt in their planning for the next academic 
year.  

Mathematics Paper 2 

The chairperson did preparatory work for the workshop by doing his own 
analyses of the paper. This was used as a starting point for the discussions of 
Mathematics Paper 2. He used a “question and answer” approach with the 18 
teachers at the workshop. This approach involved a discussion of the content 
coverage (see Table 2) and of the levels of the various questions (see Table 4). 
There were robust discussions around complex procedures (level 3) and problem 
solving (level 4) questions.  They also considered different or alternate solutions 
to the various questions. All participants agreed that the content coverage of the 
paper was in line with the CAPS document and that there were not many 
“difficult” questions.  

Although the majority of teachers tried to contribute to the discussions, not all 
were able to correctly adjudicate the degree of difficulty of a question, as the 
policy guidelines do not always provide sufficient direction for absolute 
judgements.  The memorandum presented by the chairperson appeared to be 
accepted by all participants and the allocation of cognitive levels to the various 
questions was done through consensus. Thus, there were no major disagreements 
during the discussions. There were also discussions about the acceptable reasons 
to be used in Euclidean Geometry.  

The participants for Paper 2 included seasoned teachers, those who moved over 
from IEB (Independent Examination Board) schools and those teaching Grade 12 
mathematics for the first time. They came from a cross section of schools in the 
region. It was an ideal opportunity for those involved in marking the paper at the 
end of the year to become familiar with the paper. Participants were also in 
agreement that the paper was “easier than Paper 1”.  All participants found the 
workshop beneficial and would use what they learnt in their planning of their 
mathematics teaching for the next academic year.  

The survey via questionnaires 

20 teachers completed the questionnaires. The results from the questionnaires 
have been analysed with a view to detecting trends and patterns of coherence 
(Miles and Huberman: 1994:245-246). 

Years of teaching and involvement in the grade 12 review 

The number of years of teaching of the participants and the years involved in the 
review are shown in table 5 and table 6. 

 



352 
 

Table 5: Years of teaching   

 

Years of teaching mathematics Number of participants 

Less than 5 2 
5 – 15 5 
16 – 25 4 

More than 25  9 
 

Table 6: Years involved in grade 12 reviews   

Years involved in review Number of participants 

1 4 
2 6 
3 5 
4 2 
5 3 

 

Trends from tables 5 and 6 

• The participants were very experienced with 13 of the 20 respondents 
having more than 15 years of teaching Mathematics. In fact, there were 7 
participants with 30 or more years of teaching the subject.  

• Participants’ involvement in the review varied from 1 to 5 years.  One of 
the participants was in her first year of teaching.  

Reasons for attending the Grade 12 review 

Participants gave a variety of reasons for participating in the review, as follows:  

• Being able to give their views about the examination papers and hear the 
views of others in a structured manner. 

• It contributes to their development as mathematics teachers.    
• To get an insight into the standard of the papers and plan for marking. 
• To learn about the structuring of the exam papers particularly with regards 

to the cognitive levels breakdown so this can be used when planning and 
preparing lessons. 

Preparation for the reviews 

Participants prepared for the workshops in the following ways: 
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• All worked out their own memoranda for the papers. Some tried to come 
up with their own levels for the various questions. 

• Interviewing learners to get a sense of their views of the paper. 

Expectations of teachers  

Some of the expectations of the teachers have already been covered in their 
reasons for participating in these workshops, with only new information included 
here. These were:  

• Acquire a deeper insight into the structure of Grade 12 examination 
papers such as content coverage and the standard of the paper. 

• Upgrade their skills in being able to determine cognitive levels of 
questions in examination papers. 

• Get clarity on some of the questions as well as the phrasing of the 
questions.  

• Become more equipped to pass on useful hints to learners in 2020. 
• Exchanging of ideas on the quality of the paper as well as the 

identification of unfair or innovative questions.  

Discussions in the two venues 

As stated earlier, participants were allocated to their chosen paper. The 
discussions in the two venues could be regard as robust and inclusive.  

Descriptions of these discussions follow:  

• The discussions were interactive, informative and productive. While there 
were varied opinions regarding the different levels, consensus was 
reached more often than not.    

• Participants for Paper 1 commented about the paper being very 
“challenging” because it had too many “unseen” questions which required 
learners to do a lot of “thinking”. The paper may be too “difficult” for the 
average and below average learner.  It was   different in paper 2 where 
discussions centred on the accessibility of the paper with most in 
agreement that paper 2 was more accessible to learners (when compared 
to paper 1).  

• In both groups there was a focus on the solutions to level 3 and level 4 
questions and alternative solutions to these and other questions.  
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Contributions made by participants 

Most of the participants indicated that they contributed to the discussions of their 
papers. Some of these contributions are indicated here: 

• Adding to or agreeing with the views of other participants on the difficulty 
levels of the questions.  

• Sharing ideas on how their learners approached the questions.  
• Giving alternative solutions to the ones presented by the chairperson and 

other participants.  
• In considering question 1.3 (four marks) in paper 1 which is shown in 

table 7, there was a need to take into account all multiples and powers of 
3 relevant to the question.                               

• One participant, who had previously taught at an IEB school, suggested 
the use of a method normally used in Advanced Programme Mathematics, 
for question 6.3 in paper 2 (a trigonometry graph question) where 
candidates had to determine the value for x for which PQ will be a 
maximum.  

Innovative questions 

Teachers had to identify innovative questions in the papers and give reasons for 
their choices. These questions are shown in tables 7 and 8.   

Table 7: Innovative questions: Mathematics Paper 1 

Questio

n 

Reason  

1.3 The question is innovative but not unsolvable. However, learners 
may only work with powers of 3 and leave out multiples of 3. 
Question 

 
3.2 An innovative question involving sequences and series.  

Question 

 
4.7 A question involving the transformation of a function along the x-

axis and a movement up or down.  
Question 
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5.5  The difference between two functions is given; becomes a 

solution of a quadratic equation in 2𝑥 . 
Question 

 
7.3.2 They had to determine the derivative with respect to a, which is 

not normally asked in an exam paper. 
Question 

 
8.2 The path travelled by the insect is in the form of cubic function. 

They would need to determine the relative minimum value(s) of 
the function.   
Question 

 
9.2 Learners had to make sense of the function, the first derivative 

function and the second derivative function, without actually 
drawing the three functions. 
Question 

 
 

Table 8 Innovative questions: Mathematics Paper 2 

Question Reason  

2.2 It requires insight and analyses of the frequency table; an unseen 
question. 
Question 

 
4.6 Measurement has been combined with Analytical Geometry. 

Question 

 
5.3 This involves knowledge of compound and double angles. Learners 

usually draw a right angled triangle when approaching these types of 
questions. However, this method will not work. 
Question 
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6.3 There is some integration of paper 1 (Calculus) into Trigonometry. 

However, its solution can be found fairly easily. 
Question 

 
9 Candidates have to prove that a given angle is one-quarter the angle at 

the centre of the circle. There is  quite a bit of work to be done but it 
should be manageable. 
Question 

 
 

Difficult questions 

In general, there were comments by participants that the way questions were 
asked in paper 1 tended to “interrupt” learners. Paper 2 appeared to be easier than 
Paper 1.  “Difficult” questions, as decided by participants, for each of the papers 
are shown in tables 9 and 10.  

Table 9: “Difficult” questions: Mathematics Paper 1 

Question Reason  

1.3 The question was classified in table 7 as innovative. It 
was also regarded as difficult by the teachers. However, 
learners who participate in Mathematics Olympiads 
would have little difficulty with this question. 

9 This question involved working with the original 
function as well its derivative and second derivative. The 
lack of a diagram in this question made this question 
challenging for most learners.  

10.2 This question required learners to calculate the 
probability that Ben and Anna studied on consecutive 
days. This would be regarded as difficult for learners as 
they would not know how to start with this question. 
Some may determine the sample space or use the days 
rather than the people when working out this question.   
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Table 10: “Difficult” questions: Mathematics Paper 2 

Question Reason  

3 Learners had difficulty with interpreting the diagram (a 
trapezium with quite a bit of information given) and this 
affected the way they responded to questions 3.3, 3.4 and 
3.5 

4.6 This question, shown earlier in table 8, was also 
classified as an innovative question. It required higher 
order thinking and most learners would struggle with this 
question. 

5.4.1 Learners had difficulty seeing the connection between 
the compound angle and equality to 𝑡𝑎𝑛165°. 

6.3 This was also classified as an innovative question. 
Teachers believed that this question involves the 
application of Calculus to the given graphs. However, 
differentiation of trigonometric functions is not part of 
the curriculum. So learners would have to look at the 
question in a different way. 

8 There was quite a bit work to do in this question. The 
corresponding ratios had to be calculated first before 
identifying the similar triangles and then the equal 
angles. 

 

What did teachers learn from the workshops? 

It has been reported earlier that participants in the workshops found the 
workshops beneficial and valuable learning took place in the process. These 
sentiments were also expressed in the questionnaires and a summary of these 
comments is shown here:  

• It confirmed what they as practicing teachers should know about the 
cognitive levels of questions.   

• The interpretation of the levels of questions should not be subjective and 
there should be careful analyses of such questions. 

• They know how to identify “unseen” questions and come up with possible 
strategies to solve these questions; these should also be included as part 
of their classroom activities. 

• They are able to guide learners in a more structured way by exposing them 
to a variety of questions of different cognitive levels.  
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• Teachers should explore alternate or different ways of working out 
questions.  

• They are able to use the knowledge gained to set their own tests and 
internal examinations which are cognitively balanced 

Planning for the next academic year 

There is no doubt that the holding of these review workshops has been designed 
to improve the teaching and learning of Mathematics. In this regard, participants 
indicated that they will use what they gained from these workshops in next 
academic year in the following ways: 

• They will place emphasis on basic mathematics, theory and conceptual 
understanding  

• There will be a concerted effort to make sure that all assessment tasks are 
cognitively balanced (set at the appropriate levels). 

• When planning and preparing lessons, they will work with each topic 
holistically to ensure that learners are exposed to questions of different 
cognitive levels. 

• Past year papers will be used as part of revision for the subject. This will 
give learners much needed practice in all types of questions   

• They will use error analyses to try to address learner misconceptions in 
the various topics. 

• Learners will be given strategies on how to answer examination papers 
such as working with the easier questions first and then the more difficult 
questions.   

Other comments  

A few teachers gave other comments about the workshops. These comments are 
listed here: 

• There was a concern about the “language” of Paper 1 with too many 
“unseen” and “unfamiliar” questions in the paper. This may impact 
negatively on second language learners. 

• The discussions in both groups were well managed and provided valuable 
insights to participants. 

• It was a useful professional development activity which also involved 
networking with colleagues from other schools. 
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• There was a plea for more teachers to be exposed to these discussions and 
that these types of workshops should be held regularly. 

FINDINGS 

The various data sources provided some rich data for this study which were used 
to come up with the findings. It should be noted that the data as supplied by the 
convenors of the two workshops tended to triangulate with the data from the 
survey. The findings are written with the research sub-questions in mind.  

• The Diagnostic report for Mathematics is an informative document. It 
gives an indication of how learners performed in the Mathematics 
examinations. These details, given earlier in this paper, provide teachers 
with valuable information which can be used to inform their teaching of 
Mathematics. This calls for teachers to have very intricate knowledge of 

the examination papers. The grade 12 workshops, referred to in this 
study, attempted to provide teachers with this intricate knowledge.   

• To prepare for these workshops, each participant worked out the 
memoranda for their paper, thus ensuring familiarity with the questions 
in the papers. 

• Teachers attended these workshops for a variety of reasons. The most 
common reasons cited were determining the content coverage in their 

papers, being able to assign the correct levels to the questions and 
preparing for the end of year marking session. They also attended these 
workshops with certain expectations in mind. These expectations were 
largely met with most stating that they gained a deeper insight into the 
examination papers. This included identifying innovative and difficult 

questions as well as passing on useful hints to their next group of grade 12 
learners. 

• The workshops were attended by a diverse group of junior and senior 
teachers. Not all teachers were on the same wavelength when it came to 
allocating the correct level(s) to the questions and commenting on the 
quality of the paper. However, the discussions in each venue ensured that 
there was agreement on the levels. This was also an attempt to provide 

clarity to those who were not sure about the levels.  
• The participants expressed their appreciation for the workshops, stating 

that these workshops provided them with useful hints about examination 
papers and factors to consider when teaching the subject. These included 
exposing their learners to different types of questions in their classroom 
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activities and setting balanced tests and internal examinations. There was 
also a need to explore different or alternate solutions to some of the more 
difficult questions in the papers.   Participants felt that more teachers 

should be exposed these workshops so that the overall teaching and 
learning of Mathematics improves in more schools.      

• While there are usually enough “easy” questions for learners to pass 
Mathematics examinations, learners should be able to do some of the 
higher order questions if they are to get good marks in the subject. 
However, higher order questions require insight and conceptual 
understanding. Thus, it is important for teachers to work on improving 
their learners’ insight and conceptual understanding in the various topics. 
This may be done through considering the way children learn. In this 
regard, the use Fleming’s VARK model (Fleming, 2006) would be an 
appropriate starting point.   

CONCLUSION  

As long as examinations are the main form of summative assessment in the South 
African Education system, the focus of stakeholders tends to be on learners’ 
results in these examinations.   

The concerns about learner performance in mathematics may put subject teachers 
under great pressure to get good results in the subject. This study, comprising 
both inexperienced and experienced teachers, has shown that in-depth analyses 
of mathematics examination papers may provide teachers with valuable clues, 
hints and teaching strategies when planning for teaching in the subject. These 
analyses include information about content coverage, cognitive levels of 
questions as well as “innovative” and “difficult” questions.  

Once must remember that the examinations are at the end and that all sections of 
the work must be taught prior to the writing of examinations. Thus, it is not 
advisable to teach to the examinations as learners’ mathematics development may 
be hampered and there may be gaps in their knowledge. However, examination-
type questions and other mathematics problems may be adapted for use as part of 
classroom teaching and learning. This may give learners much needed practice 
and confidence for summative assessment such as class tests, internal and 
external examination, and, possibly, lead to an improvement in learner 
performance.      
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Abstract  

It is a common practice in the 21st-century to use technology software to enhance 
learners’ performance; understanding, analytical thinking, generalization, 
abstract thinking, representation, and logical thinking in mathematics 
classrooms.  There is also evidence that that GeoGebra is a tool that has added 
value in the teaching and learning of various topics in mathematics. This paper 
reports on an exploratory qualitative study in which fourteen grade 8 
mathematics teachers from the rural schools of a district in the Eastern Cape 
Province in South Africa participated in a project aimed at creating mathematical 
learning environments through  the application of technology knowledge and 
skills while supporting and promoting the teaching and learning of mathematics. 
Using the activity theory lens, the study explored how those teachers integrate 
GeoGebra in their Mathematics lessons. Questionnaires focus group interviews 
and observations were used for data-collection. Findings revealed some teachers 
lacked confidence in the presentations using GeoGebra, experienced connectivity 
challenges and managerial prescripts to those willing to integrate GeoGebra in 
their mathematics teaching. It is therefore recommended that teachers need more 
workshops on the integration of the software in their mathematics teaching to 
enhance improved learner performance in the subject 

Keywords: GeoGebra, Technology, Connectivity, Mathematics, teaching and 
learning, software, application programs  
 
INTRODUCTION 

According to Harrel and Bynnum (2018), the integration of technology in the 
classroom is a multifarious process. This implies that although mathematics 
teachers may have access to many technology devices, there are several external 
and internal factors that affect the proper implementation of technology in 
classrooms. For example, mathematics teachers in the district in which this study 
was conducted were supplied with personal laptops and monthly data supply to 
enable them to teach the subject efficiently. Moreover, several studies (Reis & 
Ozdemir, 2010; Akkaya, Tatar, & Kaǧizmanli, 2011; Gómez-Chacón, 2011; 
Uwurukundo, Maniraho & Tusiime 2020) identify different factors related 
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successful integration of technology -assisted teaching and learning.  Those 
factors include amongst others enabled connectivity infrastructure, continuous 
professional development on technology application in mathematics teaching, 
high level of self-efficacy and teacher perceptions. Those might be some of the 
factors that contribute to the lack of technology use in mathematics teaching. 
Researchers (Thambi & Eu, 2013; Tran, Nguyen, Bui, & Phan, 2014; and 
Adegoke, 2016) assert that the GeoGebra is one of the educational software which 
has been used to enhance learners' conceptual understanding and attitudes 
towards mathematics. Moreover, according to Jusufi & Kitanov, (2019) and 
Wassie & Zergaw, (2019) GeoGebra integration in teaching-learning of 
mathematics contributes to the arousal of learners’ achievement and interest. 
GeoGebra is a mathematical software package that is user-friendly and can be 
used in the teaching of different topics in Mathematics, such as Geometry, 
Calculus, and Algebra separately. In the South African context, most schools still 
do not integrate technology into their teaching and learning environments 
(Mdlongwa, 2012). It has also been observed that most mathematics teachers still 
use the traditional teaching methods in which instruction in mathematics 
classroom is done through chalk and talk.   

Even though teachers in this transformation era are expected to be technologically 
savvy and demonstrate their ICT skills in the teaching and learning environment, 
participants in this study were found lacking in ICT application skills. For 
example, teachers and learners can use GeoGebra software to make conjectures 
and to understand how to prove geometric theorems. GeoGebra software is freely 
downloadable from the internet and is therefore available both in schools and at 
home, without any limitations (Hohenwarter & Hohenwarter, 2013).  

This paper presents an exploratory study designed to explain how the use of 
GeoGebra software can enhance the teaching of grade 8 mathematics lessons. The 
origins of the larger study, of which this study represents a small part, lie in the 
following puzzle: despite various efforts invested in professional development of 
mathematics teachers, there appears to be very little change towards the 
application of technology software to improve the teaching of mathematics. 
Consequently, performance in mathematics continues to be poor. Earlier surveys 
suggest that although there are benefits that learners gain from the use of 
technology, there are some challenges that hinder its effective use, like 
knowledge and skills, belief, time availability and engagement in its use 
(Kafyulilo, Fisser, & Voogt, 2015). The purpose of this paper is to use workshop-
based evidence, semi-structured interviews, and classroom observations to 
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address the research question: How does the use of GeoGebra enhance the 
teaching of grade 8 mathematics lessons? We will not repeat the considerable 
evidence pointing to the benefits and challenges associated with use of 
technology in mathematics teaching. Such evidence is available in abundance 
(Mdlongwa (2012); Prensky (2001); Mndzebele (2013) and Gelderblom (2014). 
What is lacking in the available literature are the new explanations of how the use 
of GeoGebra software enhances the teaching of grade 8 mathematics lessons.  

In the first part of this article we will present the mathematical software aspects 
in the teaching and learning of mathematics. Next, we will venture into the 
advantages of using the GeoGebra software in the teaching of mathematics. And 
finally, provide the evidence for understanding the effect of the integration of 
GeoGebra and the teacher’s role in the teaching of mathematics.   

The mathematical software aspects in the teaching and learning of 

mathematics 

Zulnaidi & Zamri (2017) notes that the GeoGebra is a free software that enables 
learners to easily download learning material, can be used as an alternative 
software to integrate technology in teaching and learning Mathematics, and can 
be used as a computer-based homework. Moreover, the software teaching and 
learning materials are easily accessible and extensive to assist learners in their 
learning and to help teachers in their teaching. Furthermore, the software is very 
helpful in explaining concepts and procedures through created graphics, images, 
and symbols. According to Bu, Mumba, & Alghazo (2011), the application of 
GeoGebra software would create a conducive learning environment as it is a very 
dynamic educational technology with the potential to aid learners in their 
mathematical exploration, for instance through problem solving, calculation, 
development, modelling and reflection.  Most specifically, the GeoGebra 
software can be used in schools, classrooms and any educational environment, 
with the main purpose being to help enhance learners’ knowledge of 
mathematical concepts and procedures. The researchers therefore found it 
suitable to be used in the professional development of the teachers who 
participated in this study.  

The advantages of using the GeoGebra software in the teaching of 

mathematics 

Rohani, Ahmad, & Tarmizi, (2009) suggest that technology application in 
teaching and learning Mathematics helps learners to better understand basic 
mathematical concepts and to experience intuition in solving certain 
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mathematical problems. One of the advantages of using this software is that it 
allows users to explore multiple representations of mathematics concepts. 
Researchers, Drijvers et al., (2010); Niess, (2005); Voogt et al., (2013) assert it is 
important to prepare teachers to teach mathematics using appropriate technology. 
Furthermore, integrating technology in teaching mathematics described 
technology, pedagogy, and content knowledge as a type of teachers’ knowledge 
needed for teachers to understand how to use technology effectively to teach 
specific subject matter.  GeoGebra is a powerful tool for mathematics teachers 
that allows them to create an interactive learning environment to foster 
experimental and discovery learning for learners while visually interacting with 
mat geometry, algebra, and calculus, graphing and statistics. In comparison to 
others dynamic geometry software GeoGebra has several advantages: first of all, 
it is free, next there is the support of many languages and online lessons are 
available in these languages, it can be installed in different kind of computers 
with different operating systems, and it stimulates face-to-face social interaction 
between learners that is really important in modern teaching and learning process.  

The effect of the integration of GeoGebra and the teacher’s role in the 

teaching of mathematics.  

Tomić (2013) assert that there are four aspects that mathematical software 
(including GeoGebra) can offer to the process of mathematics teaching and 
learning: (i) Multiple display options – the availability of different ways of 
displaying mathematical content, e.g. symbolic to graphic, (ii) Experimental work 
– the possibility of learners using experimentation in order to gain new 
knowledge, ideas and problem solving approaches, (iii) Elementarisation of 
mathematical methods, GeoGebra as a construction tool has all the abilities 
demanded from a suitable drawing/designing software, which is very important 
for teaching constructive geometry, and (iv) Connectivity where an opening of 
new opportunities for shared knowledge construction and for learner autonomy 
over their mathematical work and GeoGebra can be used by teachers as a 
cooperation, communication and representation tool by preparing teaching 
materials.  
Teachers in the 21st century need to undergo a paradigm shift, which would 
involve embracing the best education system yet to be experienced globally. 
Grade 8 Mathematics teachers' use of facilitation and the GeoGebra educational 
software could transform the teaching of Mathematics. Therefore, these teachers 
should be encouraged to integrate GeoGebra educational software into their 
teaching practices. This might even motivate them to explore other technological 
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devices to improve the teaching of Mathematics. However, they might be 
opposed to this, believing that technology makes teaching more difficult. 
Nevertheless, teachers need to accept that the use of technology is here to stay, 
and they must integrate it into their classroom practices before they are no longer 
employable.  

THEORETICAL FRAMEWORK 

The study used Cultural Historical Activity Theory (CHAT) to develop a view of 
pedagogy as socially situated and to conceptualize the implications of the use of 
GeoGebra software to enhance the teaching of grade 8 mathematics and 
decolonize the teaching of the subject. Owens (2017) asserts that Cultural-
historical activity theory suggests that activity results in change in identity and 
thought at the point of the observable outside activity meeting the inside mental 
activity. Roth (2012) interprets this to mean that involvement in activity that 
challenges current belief systems can result in changes to identity. Thus, given a 
culture-based activity, a teacher deconstructs the experiences of the past whether 
they are experiences from the home or from earlier schooling in order to establish 
new meaning and identity as a teacher.   

Activity theory 

  
Adapted from Engestrom, 1987  

For Hasan and Kazlauskas (2013), activity theory describes who is doing what, 
why and how. Thus, in this study, to adjust to the Covid-19 pandemic 
prescriptions, it became a drastic need for participants to deconstruct their face-
to-face usual practices and embark on the technology assisted teaching and 
learning of mathematics. Thus, the use of GeoGebra became one of the essential 
skills in the modification of the meaning in their teaching experience. According 
to Gedera (2014), activity theory is derived from socio-historical theories and 
draws heavily on Vygotsky’s concept of mediation. The activity theory was used 
as a lens to understand how Grade 8 Mathematics teachers integrate GeoGebra 
into their Mathematics lessons and how different systems interact with and 

http://www.google.co.za/url?sa=i&rct=j&q=&esrc=s&source=images&cd=&cad=rja&uact=8&ved=0ahUKEwi7_dezpr7XAhWLuhoKHeTWB7EQjRwIBw&url=http%3A%2F%2Fwww.scielo.org.za%2Fscielo.php%3Fscript%3Dsci_arttext%26pid%3DS2310-38332015000100009&psig=AOvVaw1hb0s5ULiutPxd3xYXARiu&ust=1510756769929035
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transform the teaching of Mathematics over time. The focus was on how learners 
responded to the use of this software in a technology-integrated lesson.  

Activity theory comprises the following interrelated components, which achieve 
a common goal or objective: tools, object, subject, rules, community and division 
of labor. Tools are equipment or resources that could be used to enhance teaching 
and learning, in this case it was the GeoGebra.  The subject may be regarded as a 
teacher or facilitator, who should ensure the achievement of the set outcomes. 
The object may be regarded as a learner who is supposed to be offered learning 
opportunities or the product that is supposed to be achieved. 

METHODOLOGY  

This paper reports specifically on the data collected during the third year of a 
longitudinal study aimed at exploring teachers' challenges experienced in 
teaching grade 8 geometry in 14 secondary schools in a district of Eastern Cape 
in South Africa. The study was located within an interpretivist paradigm, which 
seeks to understand the situation from the perspective of the participants (Ary, 
Jacobs and Razavieh, 2002).  A qualitative research approach was followed to 
explain how a shift from a classroom learning environment to action learning can 
promote the teaching of geometry. This paper reports on a part of the main study 
that sought to explore the use of GeoGebra dynamic geometry software by Grade 
8 Mathematics teachers in an under-resourced district in the Eastern Cape 
Province of South Africa. The research question was: How do Grade 8 
Mathematics teachers use GeoGebra software to enhance the teaching of grade 8 
Mathematics lessons? The sample comprised fourteen Grade 8 Mathematic 
teachers who responded to the questionnaires and were observed as they delivered 
their Mathematics lessons over a period of a week. First, the teachers attended a 
two-day workshop in which they were assisted on downloading the free 
GeoGebra software. Next the researchers coached them on how to use GeoGebra 
when teaching various sections of grade 8 mathematics content especially 
geometry. On the third, fourth and fifth days, the researchers took turns to visit 
each participant in their respective schools for lesson observations on application 
of skills learnt in the workshops. Those lessons were video recorded to prevent 
valuable data from being overlooked. The gathered data were analyzed through 
coding, which led to the identification of themes. The trustworthiness of this 
study was maintained through four key issues of Babbie and Mouton (2012) 
namely credibility, transferability, dependability and confirmability. 

 



369 
 

DISCUSSION AND FINDINGS  

The analysis of data brought about two themes that related to the use of GeoGebra 
software in enhancing the teaching of grade 8 mathematics. Those were: the 
challenges teachers experienced in using GeoGebra and network dependency for 
the use of GeoGebra. Each of these themes had categories that indicated how such 
use of the software either enabled or constrained the execution of Mathematics’ 
practices, interactions and relations in their classrooms. 

The challenges teachers experienced in using GeoGebra  

The findings revealed lack of confidence in using the software. This was a 
common observation especially amongst the first 6 teachers we observed after the 
workshop in which they were trained. This is evident from the following 
responses during interviews. 

T3: No ways, I am not confident at all in using this software especially for 
teaching. In essence I am not used to teaching using my computer in class.  I 
usually use the chalkboard. Yes, I downloaded the software yesterday, I practiced 
at home, but yhooo!!! Using it in class now? That will take time.  

T12: Ehee, that is something else, you know my learners know that we have 
computers all of us as teachers, but me using the computer to teach in class, that 
will take time 

T10: Yes, I downloaded the GeoGebra, I also understood everything when you 
demonstrated on the good things that the software can do, but eh eh, I’m not yet 
confident that I can use it in class to teach.  

It is evident from the above quotes that most participants could not use the 
software in class because they lacked confidence. It was necessary for them to 
adapt and change their culture of teaching. However, according to Owens (2017) 
the activity should result in change in identity which becomes evident after the 
inside mental activity meets an observable outside activity. Thus, it is necessary 
for teachers to be convinced first that using the GeoGebra or any other software 
in the mathematics classroom, not only arouse learners’ interest in the lesson, but 
also improves their understanding of the mathematical concepts. This was evident 
for example from one of the participants who said:  

T6: ‘Remember, this was my first time to learn about this software, it fascinated 
me and I spent the whole afternoon practicing how to label angles, just like you 
showed us yesterday. Yes, I know that all learners in my class are sure that ‘the 
sum of interior angles of a triangle is 180o. Thus, I thought let me investigate if 
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GeoGebra can show that’. It was so nice to instruct my learners to verify this 
information from measurements that they could see. I am confident that as time 
goes on, I am going to try other things that GeoGebra can assist me to do’ 

T6 projected three different triangles as shown in figure 1 

  
Figure 1: GeoGebra illustrations on angles of triangles 

One could conclude that T6’s involvement in the activity challenged his current 
belief systems and as a result his identity was changing (Roth, 2012).  

Connectivity 

T7 was one of those observed on the second day after the hands-on training in the 
workshop. She had this to say: 

I enjoyed everything in the workshop, and I was so happy that at last I was going 
to put my computer into use. Guess What? My joy was short lived because when 
I wanted to practice at home, I could not connect although I had data. There was 
no network at all. I then thought I would get time here after school, because here 
I can connect. I cannot be left alone here; you can see where the school is 
situated. I would not be safe with a laptop here. This has been an ongoing 
problem. The only tool that is safe for me to use so far is the chalkboard.  

T1 shared the same sentiments and said: 

You know? I have attended so many workshops including the use of GeoGebra 
lately. But it is no use, I am always experiencing problems with the network. So, 
it is not that we are not willing to use the available technology, simply because 
we cannot connect. I was so excited when the department gave us these devices 
three years ago, but I bet, its only those people who stay and teach in schools in 
town who can use them maximally, provided they are trained.   

Notably, seven of the teacher-participants indicated that their schools have data 
projectors and laptops, yet they do not use these tools in teaching and learning. 
During the observation sessions, the participants followed the traditional method 
of teaching and learning. The blackboard – as an old technological device – was 
the only teaching aid/tool that was used in the teaching and learning environment 
at all schools. 
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The schools that were visited are in remote areas of South Africa and the lack of 
ICT infrastructure at these schools hinders the integration of technology into 
teaching and learning. South African schools located in rural areas therefore miss 
out on the opportunity to benefit from new developments in the education system. 
This highlights the dilemma of the digital divide: On the one hand, the results 
revealed challenges that the teacher-participants faced in integrating GeoGebra 
into their teaching, and on the other hand, the learner-participants missed out on 
the opportunity of experiencing technology-integrated lessons. Regardless of 
their lack of access to technology resources, half of the participants were not 
adequately prepared to use ICT in their classroom activities. 

Management prescriptions in schools 

One of the participants indicated that their schools have a technological device 
called Smart Lab. This tool contained small laptops that were previously donated 
to the school.  

T9 explained: These laptops are for the use of learners and teachers involved in 
the subjects of Computer Application Technology (CAT) and Information 
Technology (IT) schools. The participants indicated that they were not allowed 
to use them as they were not CAT or IT teachers. My thinking was that during my 
mathematics period, I could ask my learners to download the GeoGebra so that 
they can play around it and discover its rich essentiality. But then the 
management said those computers were prescribed and allocated to CAT.  

In this case the mediating artefacts in the form of computer devices supplied by 
the department of education could not service the grade 8 learner using computer 
assisted learning in other subjects. Ironically the CAT teacher was also not 
working collaboratively with the other teachers for subjects like mathematics and 
science nor was he competent in those subjects. Literature reviewed for this study 
indicated that the use of computer-aided instruction in the teaching of 
mathematics improves pupils’ academic performance. But this finding concurs 
with Mdlongwa (2012) who argues that in the South African context, most 
schools still do not integrate technology into their teaching and learning 
environments. In fact, in this case the teachers were not allowed to facilitate this 
necessary integration. 

With regard to activity theory, the subjects, namely the Grade 8 Mathematics 
teachers who were supposed to have integrated GeoGebra into their Mathematics 
lessons, could not do so, both because of its unavailability at the school and their 
unfamiliarity with this tool. Thus, learners are being left behind because their 
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teachers are not engaging in the 21st-century technological space. According to 
the South African e-education policy (Department of Education, 2004), teachers 
and learners were expected to have been technologically savvy by 2013. 
According to the activity theory, the objects are Grade 8 learners who are missing 
out on the opportunity to acquire new learning strategies through GeoGebra 
software usage. Their Mathematics performance could undoubtedly be improved 
by experiencing interesting and meaningful learning using this technology/tool. 

Regarding the rules, the South African e-education policy clearly states that all 
South African teachers and learners were expected to be technologically savvy 
by 2013. Clearly, according to the results of this study, this has not been realised. 
The new SA National Curriculum Statement is technologically integrated. 
Teachers are therefore expected to be knowledgeable about when and how to 
integrate ICT in their lessons. This requires them to attend workshops on how to 
use ICT in teaching and learning. GeoGebra could have been the topic of one 
such workshop. 

The findings revealed an absence of the GeoGebra technological software in 
schools, a lack of technology resources and limited knowledge among teachers 
about how to integrate technology into their teaching. The results also showed 
that those teachers who attempted to present technology-integrated lessons 
performed poorly. 

CONCLUSION 

In this paper the author explores teachers’ integration of GeoGebra software into 
Mathematics lessons using questionnaires, non-participant observations and 
focus group interviews as data-gathering strategies. According to the South 
African e-education policy (2014), teachers are requested to employ ICT in their 
teaching and learning environments. However, the results of this study showed 
that teachers are not engaging with ICT. The data reveal that teachers in the rural 
areas are especially incompetent in ICT usage and they should regard GeoGebra 
as an enabler to enhance their teaching of Mathematics. This tool is user-friendly 
and is effective in teaching and learning Mathematics (Moses et al., 2013:4). 
Indeed, the literature has revealed that GeoGebra is suitable not only for Grade 8 
learners, but for the entire secondary school Senior Phase. Therefore, if teachers 
started using it with Grade 8 learners, it would benefit the learners’ right up until 
they finish high school. It is recommended that the department of education works 
with other departments to ensure that there is connectivity even in rural areas.  
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BUILDING PARENTAL COMMUNICATION SYSTEMS AND 

GRADE 2 MATHEMATICS HOMEWORK PRAXIS IN RURAL 

SCHOOLS: A BASELINE STUDY 

Kimberley Porteus, and Nicky Roberts 
University of Fort Hare and University of Johannesburg 

 

Covid-19 has shed light on the importance of the culture and systems of 
communication and support between primary school teachers and parents, 
especially in reference to learning. The motivation behind this study was to build 
knowledge of what works to support parent-teacher communication and 
mathematics homework in six rural schools in the Eastern Cape during Covid-
19. This paper reports on the baseline data collected via parent and teacher 
questionnaires and parent focus groups, relating to practices and beliefs 
(encompassing relationships and agency) of parents and teachers relating to 
Grade 2 mathematics homework. These methods draw upon education design 
research, where teachers come together with education design specialists to 
design, test, and further refine systems and tools to address a problem in a context 
with very few known solutions. The results show the diversity of ‘the parent’, the 
availability of mobile phones which can send and receive SMS, the emergence of 
phones which can send and receive WhatsApp, as well as the significant efforts 
necessary to establish simple communication systems between teachers and 
parents. This paper has relevance to teachers and project designers seeking to 
support remote learning, which draws on local resources and makes use of 
modest technology resources such as print and feature mobile phones. 

KEYWORDS: parent-teacher communication, mathematics homework, early 
grades, South Africa, rural schools 

 

INTRODUCTION 

Most children in South Africa do not learn to work fluently with whole numbers 
in the early grades of schooling. Educational analysts describe the patterns of 
performance of the system as bimodal, whereby two worlds of public education 
exist precariously within one nation (van der Berg, 2008; Taylor and Yu, 2011; 
van der Berg et al, 2016). Spaull and Kotze (2015) found that the learning deficit 
between the poorest 60% of children and the wealthiest 20% of children is 
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approximately three grade levels by Grade 3 and increases as learners move 
through the system. Our work overtime has emphasized the terminology of these 
two worlds (Ramadiro & Porteus, 2017; Mostert (2020). We refer to most schools 
in the system as mainstream schools.  These are no-fee schools where children 
and teachers speak an African language, with often no learners who speak English 
at home.  In terms of its sheer scale, the mainstream school should present the 
system with a normative frame for thinking.  We refer to the quintile of schools 
that primarily serve learners from middle- and upper-class households, fee paying 
schools where a critical percentage of learners speak English at home. 

Covid-19 shed light on the value of the culture and systems of communication 
and support between early grade schoolteachers and parents in privileged schools. 
Across decades, privileged schools have developed the culture and administrative 
systems (currently leveraging e-mail and WhatsApp) through which to create 
instruction-oriented relationships between teachers and parents, often supporting 
a practice of modest home-based mathematics practice. Under Covid-19, these 
systems were used to pivot in support of home-based learning. For the 
mainstream schools, especially those in deep rural communities, these systems 
and cultures of communication between teachers and parents, and especially in 
relationship to mathematics homework, were limited or non-existent. 

The work of Ramadiro and Porteus (2017) suggests that the problem behind the 
problem in education is a knowledge project that in the end is not accountable to 
mainstream schools. Over time, mainstream schools have been provided with 
solutions and ideas largely emanating out of the context of privileged schools; the 
ideas rarely sustain themselves or thrive. Our conceptual frame for improving 
performance in mainstream classrooms is not to simply apply solutions from 
privileged contexts, but rather build knowledge and practice accountable to the 
contingencies of mainstream classrooms.  

There is clear evidence that there is a paucity of knowledge of what works and 
how to make schools work better in rural contexts. Hazel, Spencer-Smith and 
Roberts (2019) report lower intervention impact on Grade R mathematics 
outcomes when comparing an urban to a rural district in the relatively affluent 
province of the Western Cape. The Early Grade Reading Study (EGRS) targeting 
mainstream schools in the early grades, found that there was no measurable 
impacts of all three intervention models (training, coaching and parent 
intervention) in rural communities, acknowledging “we may need to approach 
interventions in rural areas differently” (p. 4).  
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The study is located within a larger study architecture, working with rural schools 
across time to develop solutions accountable to the day to day realities of 
mainstream rural schools, known as the Magic Classroom Collective. This 
exploratory design study emerged in response to the emergence of Covid-19. It 
sought to develop knowledge of “what is possible” and “what works” for 
facilitating Grade 2 mathematics homework in rural community contexts under 
Covid-19, leveraging off mobile phone communication systems.  This paper 
presents the findings of the study’s baseline period. 

THEORETICAL FRAMEWORK  

Across the world, there has been a growing recognition and interest in the impact 
of parental involvement on educational performance. Wilder (2014) synthesized 
nine meta-analyses that examined this impact, largely located in more developed 
national contexts. The study found a positive correlation between parental 
involvement and educational achievement, across grades and community 
contexts. The study found that the impact of parental involvement was highest 
when defined as parental expectations for achievement – parental involvement 
that in the end improved a parents’ relationship and expectation of their child’s 
educational performance. When parental involvement was narrowly defined as 
“homework assistance,” the result of the studies was more inconsistent. These 
findings are primarily drawn from meta-studies conducted in the United States 
and other highly developed contexts, where the function and culture of homework 
is vastly different. Further, the meta-review did not focus on either the early 
grades or mathematics specifically. 

While there has been important research on notions of parental involvement in 
education in South Africa (Mncube, 2010; Singh, Mokodi, & Msila, 2004), much 
of the focus has been on secondary schooling, on parental involvement in issues 
of school governance, with limited work undertaken in the context of rural school 
communities. Bojuwoye and Narain (2008) established a positive association 
between parental involvement and academic performance in South Africa in the 
context of secondary schooling.  

The Early Grade Reading Study has included a focus on parent involvement as a 
potential intervention, compared to interventions involving coaching and teacher 
training (Department of Basic Education, 2017). They found that their 
intervention into improving parent involvement – when offered in isolation – had 
the smallest impact on learning attainment. There are three pertinent findings 
related to the parent intervention itself, where the EGRS study noted (1) that 
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parents from resource poor environments have different views on their role in 
supporting their child’s learning (2) that this findings matters (in that negative 
views correlate with poorer learner outcomes) and (3) that the parent 
interventions that made a difference were ‘low tech’ such as reading to a child, 
and being aware of what is being done in school, which is cost effective.  

Building off Wilder’s (2014 work, to the extent that we are interested in animating 
homework, the short-term goal is less about improving mathematics performance, 
and more about building the relationships between parents, teachers and learners. 
Homework praxis in the early grades in rural communities may be 
counterproductive, unless we can find mechanisms through which homework 
systems elevate local relationships and expectations.  

The theory of change that was developed to guide this study is presented in Figure 
1. The theory suggests that the most immediate goal must be the provision of 
experiences whereby teachers and parents see themselves and their children as 
both capable and mutually supportive. The theory suggests that enough of these 
experiences has the capacity to transform attitudes, beliefs and practices, which 
under the right conditions can improve relationships (between teachers, parents 
and children) and agency (improved sense of capacity and autonomy of teachers, 
parents and children.) 

 
Figure 1: Theory of change 

RESEARCH DESIGN 

The study included three schools in the rural villages of Mbizana and three 
schools in the rural villages of Mqanduli in the Eastern Cape. These are relatively 
small schools, with only one school having two classrooms per grade. The 
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average learner: teacher ratio was 1:44 (with a range between 55 and 33.) The 
study sample include a total of 55 teachers, and 262 Grade 2 learners and their 
parents or caregivers. 

The targeted schools already received support in the form of high-quality 
structured instructional materials, teacher training and school-based coaching 
(the core elements of the education triple cocktail (Fleisch, 2018)), as part of a 
wider education design research programme known as the Magic Classroom 
Collective (Ramadiro and Porteus, 2017 & 2018.) The notion of Grade 2 
mathematics homework was not an entirely new concept to parents and teachers 
in the study. In the second semester of 2020, schools were provided with 
“homework workbooks” in mathematics for foundation phase learners. Schools 
distributed workbooks (to varying degrees), asking parents to do their best to 
support their children to complete 2 pages of mathematics per school day. 

Research questions 

We present findings from the baseline study, guided by the following questions:  

1. What are the baseline practices with reference to parental support of 
structured Grade 2 mathematics homework? 
2. What are the baseline attitudes and beliefs about parental involvement in 
mathematics homework (amongst teachers and parents)? 
3. What mobile phone communication options could be harnessed by teachers 
to reach most parents? 
These questions were answered in order to inform the design principles which 
would be applied for the development of Grade 2 mathematics homework 
materials and related communication systems, which may be considered 
workable in rural school community contexts.  

Methods 

The baseline study encompassed three data collection activities: a teacher 
questionnaire administered across all 6 schools; a parent questionnaire 
administered across two schools; and a follow up parent focus group from the 
same two schools. All three instruments attended to practices, attitudes and 
beliefs which included an explicit focus on relationships and agency (also as 
outlined in the theory of change). 
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Teacher and parent questionnaires 

Teachers in six schools, completed an 8-page baseline questionnaire, including 
highly structured (Likert scale), semi-structured questions, and open-ended 
questions. The teacher questionnaire was in English. The teacher survey includes 
multiple open-ended questions. The validity of the Likert scale questions was 
improved by relating each set with an open-ended question, making teachers’ 
discourses more transparent (Yin, 2011). One of the key open-ended questions 
was designed to reflect on the teachers’ perceptions of parental involvement. 
Teachers were asked to describe parents in their classroom to someone who is 
unfamiliar with their community 

The parent questionnaire was much shorter. Teachers in the two schools, 
distributed a 2-page printed handout to Grade 2 children, who took it home and 
asked their parents to complete it, and then returned it to the teacher. The 
questionnaire included informed consent, asked for phone numbers, inquired 
about the functionality of phones, and presented parents with Likert scale 
statements. The questionnaires were developed in English, translated into 
isiXhosa; the questionnaire presented items in both languages. 

Building on prior work conducted for an SMS communication system for parents 
in low resource communities (Roberts, Mostert and Plaatjies, 2021), Likert scale 
statements (ranging from strongly agree, agree, disagree to strongly disagree) 
were posed relating to the practices, beliefs, relationships, and agency.  

Analysis 

The term ‘parent’ was used broadly to encompass grandparents, siblings and 
guardians All 67 parent surveys were completed by female parents or caregivers. 
43% of survey respondents classified themselves as “mother,” and 30% as 
grandparent. 21% of surveys did not have this question answered – fewer people 
completed this question than many others. None of the surveys were completed 
by fathers. The return and participation rates in each data collection activity were 
as follows: 

Table 2: Response rates  

 Number of 

schools 

Population Sample of 

data  

Return rate 

Teacher questionnaire  6 56 56 100% 
Parent questionnaire 2 91 67 74% 
Parent focus group 2 2 focus groups 

10 parents each 
17 85% 
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The data from the closed questions and Likert scale statements in both 
questionnaires was analysed quantitatively using Excel. The frequency of 
response to each statement was calculated and the proportions of responses to 
each statement were plotted as a stacked bar graph. A green-red colour coding 
was applied to allow for contrasts between each response: 

Strongly agree Agree Disagree Strongly disagree 

The strength of the Likert scale statements was in the comparison between 
statements, where relative strength of agreement or disagreement across the 
statements and between the two audiences could be discerned.  

The qualitative data was captured question by question for each questionnaire. 
Where responses were obtained in isiXhosa these were translated into English. 
The focus group discussions were recorded and transcribed in isiXhosa. The 
transcriptions were then translated into English. All the qualitative data was 
analysed through inductive coding (Chandra & Shang, 2019), and relative 
frequency of themes were reported on.  

Ethical considerations 

All participation in the research was voluntary, involved informed consent, and 
participants could withdraw from the research at any point.  

Findings 

The discussion of findings is structured in relation to the three research questions: 
practice, attitudes and beliefs (which encompass relationships and agency) and 
options for using mobile phones to support parent-teacher communication. 

Practices 

• Before Covid-19 

The Grade 2 teachers (n = 55) indicated that they already had an established 
practice of giving learners homework prior to the COVID-19 lock down, 
reflecting the intervention of the 95% indicated giving homework at least weekly, 
68% indicating that homework was given more than 3 times per week. They 
reported that homework was evenly distributed between mathematics (43%) and 
home language (42%) and a smaller proportion (15%) of homework given for 
English First Additional Language). Most teachers (85%) thought that giving 
homework to Grade 2 learners was a good idea. 
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The teachers indicated that their most common way of communicating with 
parents was via a written message sent with the child (41%). Teachers indicated 
using a verbal message sent via the child (24%) or using their phone (22%), with 
a significant minority (9%) reported that they made use of community word of 
mouth or flyers to communicate with parents. Most teachers (69%) reported 
having a face-to-face school parent meeting once a term, and that class level 
parent meetings were also once a term. 21% of teachers indicated that class level 
parent meetings were held more than once per term. Most teachers (89%) also 
indicated that they had called at least some parents to one-on-one meetings. The 
teachers reported limited phone communication with parents prior to Covid-19, 
with most teachers reporting this once per term (47%) or monthly (24%). Most 
teachers (49%) had never sent an SMS to a parent, with 33% indicating that they 
had sent an SMS once per term.  

The discussion in the parent focus group, suggested that teachers may be over-
stating their communication with parents. Of the 17 parents in the focus group 
only 2 parents had spoken with a teacher about their child’s progress in school, 
the rest had not had any communication with teachers about their child’s progress. 
None of the 17 parents had spoken to the teacher over the phone, received an 
SMS or received a WhatsApp message.  

• During Covid-19 

With the coming of Covid-19 in 2020, schools were closed for prolonged periods. 
From June, mathematics homework books were distributed to homes and parents 
were encouraged to support their children to complete 2 pages on each school day 
of the week.  

During the lock down period, all but two of the 51 (93%) teachers who received 
the homework books distributed them to learners. The teachers reported 
communicating with parents to support the learners (with 51% of teachers 
describing their parent communication as ‘a lot’, and a further 36% describing it 
as ‘some’).  

Parents were unanimous (100%) that the experience of engaging with their child 
to do homework was positive. Almost all (over 95%) agreed or strongly agreed 
that their child wanted them to help with homework. However, the majority of 
parents (over 80%) acknowledged that it was difficult to get their child to do 
homework. 
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Parents 

 
Teacher
s 

 
Figure 1:  Practices under lockdown 

Some of the themes emerging through focus group discussion were parents’ 
special interest and comfort with applied mathematics (such as time and 
measurement), and their lack of experience but interest in attempting to play 
mathematics games. They were particularly comfortable with mathematics 
homework in the form of traditional “sums;” a few struggled more when 
mathematics problems were framed differently (for example, shading in tens and 
ones for a 2-digit number.) 

Most teachers (between 70 – 90%) indicated that learners returned their 
homework books. Teachers raised two main concerns about homework under 
Covid-19. They were concerned that many parents had completed the homework 
themselves. A few were concerned that some parents pushed children too hard. 
Rather than completing 2 pages per day, some children completed the full-term 
workbook within a few weeks. 

Beliefs 

Parents have the strongest positive opinions about their children and mathematics, 
in terms of their expected future success in mathematics; they affirmed the 
proposition that ‘my child is good at maths’.  

Parents have mixed opinions about whether Grade 2 children should do 
homework (with over 65% agreeing with this statement). Almost half of the 
parents believe that they ‘are not good at maths’. Most parents (80%) think that 
parents should assist with homework. 

0% 10% 20% 30% 40% 50% 60% 70% 80% 90% 100%

It was a positive experience to support my child
with maths homework

It is difficult to get my child to do homework.

My child wants me to help him/her with
homework.

Most learners bring back their homework

Workbooks don’t come back from learners

Strongly agree Agree Disagree Strongly disagree
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Parents 

 
Teachers 

 
Figure 3: Beliefs about mathematics and homework 

Teachers’ beliefs were also generally positive. Most teachers (over 80%) agree 
that rural parents care about education. There are more mixed belief about rural 
parents’ ability to assist learners with mathematics homework (with a sizable 60% 
concerned that parents may not be capable as a result of little schooling). Most 
teachers (over 60%) consider rural parents to be interested in supporting learners 
with homework.  

Relationships  

We explored teachers’ and parents’ perceptions of their roles and relationships 
with each other. 

Parents 

 
Teachers 

 
Figure 4: Perceptions of relationships 

The parents agreed most strongly that ‘teachers respect parents’. The majority of 
parents (over 65%) felt that the teachers were giving parents lots of work. There 
was the most divergent opinions on ‘teaching maths to my child is mainly the job 
of the teacher’ (while the majority agreed with this, more than 45% of parents 

0% 20% 40% 60% 80% 100%

I think my child will do well in maths at…

My child is good at maths.

I think children in Grade 2 should do…

I am not good at maths.

I do not think you should ask parents to…

Rural parents are not very interested in…

Rural parents have little schooling and so…

Rural parents care about education.

0% 10% 20% 30% 40% 50% 60% 70% 80% 90%100%

Teachers respect parents.

Teachers are giving parents a lot of work

Teaching maths to my child is mainly the job…

Parents support learning at home

Teachers have good relationships with parents

There is tension between parents and school
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disagreed). In the focus groups, 13 out of 17 (76%) of parents said that they 
thought the experience had improved their relationship with their child. 70% of 
parents indicated that they had encountered “problems.” Of the parents who had 
encountered problems, only one turned to the teacher for assistance (by phoning.) 
The others sought assistance from a neighbour or learner in higher grades.  

Most teachers (over 90%) reported having positive relationships with parents. 
Most teachers (more than 80%) disagreed that there was tension between parents 
and the school and agreed that parents support learning at home. 

Teachers were asked to describe parents in their classroom to someone who is 
unfamiliar with their community in an open-ended question. Table 2 presents 
results and indicative quotes from teachers. 45% of teachers’ discourse about 
parents was relatively positive; 30% of teachers’ discourse about parents was 
relatively negative. 25% of teachers were more nuanced in their answers, 
indicating that some parents were supportive and capable, and others were less 
so. This group of teachers were especially concerned about the capacity of 
grandparents to support Grade 2 mathematics homework. 

Table 2: Teachers’ descriptions of parents to an outsider 

Theme  Exemplar % 

Positive 
Assessment 
of Attitude, 
Capacity 
and Beliefs 
of Parents 

Parents show respect all the time and xa into bengayazi malunga nokufunda 
komntwana bayayibuza. Most learners bahlala nooMakhulu babo bodwa 
kodwa bayeza bazobuza xa bengaqondi bacele namacebo ukwenzela 
bancedise abantwana bayalangazelela abantwana babo bafunde. 
[Parents show respect all the time and when they don't understand something 
about their learners' work they ask. Most learners live with their 
grandparents alone but they come and ask when they don't understand and 
they ask for advices so that they can help their children, they are keen for 
their children to learn]. 

45% 

Negative 
Assessment 
of Attitude, 
Capacity 
and Beliefs 
of Parents 

Kunzima ukufundisa ezilalini kuba abazali babantwana abayihoyanga 
imfundo yabantwana abancinci ufika beyidela, umzkl ucele ukuba 
nentlanganiso nabo, soze baphumelele bonke, ngelixa uzakubachazela 
ngendlela abaqhuba ngayo abantwana esikolweni nomakwenziwe ngabazali 
ukuncedisa abantwana babo. 
[It's hard to teach in the rural areas because parents don't care about their 
children's education, they undermine the education of little children, for 
example when you ask for meetings with them, they all miss the meetings 
even when you what to tell them about their children's progress and how 
they must be helped by the parents.] 

30% 

Some 
Parents Care 
/ Some Do 

There were two sub-groups. The first subgroup group replied that some 
parents care and are supportive, and some parents are not: 25% 
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Not; Some 
Parents Can 
Support / 
Some 
Cannot 

• “Some of the parents are interested in their children’s education such 
that they come to school to find out about the progress of their children. 
They also attend parents’ meetings pertaining to learning but there are 
those who don't care.” 

The second subgroup spoke to their specific concern about the low capacity 
of grandparents to support home-based learning. Exemplars of each of these 
subgroups are: 
• “Most of the learners are staying with their grandparent, and their 

grandparent are old, they can’t really take care of their grandchild and 
also as we know most of them didn’t go to school, so it become a big 
challenge when they have to help them with home works.” 

 

Agency 

Most parents (over 95%) agree or strongly agree that they are able to assist with 
their child’s mathematics homework, with most (over 75%) indicating that they 
have time to help their child with homework. There were mixed reactions to the 
extent to which they tried to support with schoolwork at home during Covid-19 
with over 50% disagreeing that they had tried to support their children. 

Parent
s 

 
Figure 5: Parents’ agency 

Mobile phone communication options 

The teachers have access to a range of mobile devices which could theoretically 
be used for parent communication: 95% report having a mobile phone, 85% 
having a laptop (but only 51% indicating that they have an email address). Most 
teachers have a smart phone (with Internet access); 80% report using a 
multimedia text messaging service (WhatsApp), and 76% indicating that their 
mobile phone can take video recordings. 

The technology profile of parents is very different. Just over 85% of parents 
indicated that they had a mobile phone (58 of 67). A further 4 parents indicated 
that they had a mobile phone they could use in the household. The type of mobile 
phone was more likely to be a feature phone (without Internet access) as just over 

0% 20% 40% 60% 80% 100%

I am able to assist my child with maths homework.

I tried to support my child with school work at…

I do not have time to help my child with…
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90% of parents indicated that the phone they were using could receive SMS’s, 
(only a third of which could also send and receive WhatsApp messages).  

Teacher access to, and maintenance of, a database or repository of parent mobile 
phone numbers emerged as a serious problem. While 85% of teachers indicated 
that they had the phone numbers of parents, of these teachers 45% indicated that 
these lists were dated and incomplete. The parent phone numbers were also not 
in any electronic or centralized school system.  

The mathematics coach in each cluster worked with teachers to build an updated 
list of parent phone numbers, through which to build a bulk SMS system. While 
they had expected this to be a relatively straight forward task, it proved to be 
much more difficult. In both schools, some parent phone numbers were collected 
by the school when learners register for Grade R but are not updated. Due to the 
high frequency of sim swaps, these numbers were largely outdated. Teachers’ 
own systems of gathering phone numbers was restricted to a few numbers on their 
phone. The teachers had no experience of keeping updated lists or spreadsheets. 
Numbers were gathered through administering the parent survey. The 
mathematics coaches captured mobile numbers into spreadsheets. 

In the focus groups, parents discussed and liked the idea of receiving messages 
from teachers by SMS. Most parents in the focus group recommended messages 
be sent twice a week. 

DISCUSSION 

The baseline experience of this study reinforced some starting points for this work 
and pointed to a number of key design principles. We are still on a learning 
journey, distinguishing the forest from the trees.  We highlight five key lessons. 

Rural parents 

There is no homogenous notion of “parent” in the rural context. Some children 
stay with their biological parents; many stays with grandparents and other 
relatives.   Parents or caregivers come from different generations, with different 
relationships with parenting and schooling. Some parents say they have time to 
support their children with homework, others do not. Homework systems must 
work with rather than against a fluid understanding of parenting. 

Positive starting point 

Both parents and teachers in this baseline study presented themselves as relatively 
positive about the capacity and interest of parents to support Grade 2 mathematics 
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homework. However, their “positive” response was often tentative – agreeing 
rather than strongly agreeing.  

When reflecting on the unplanned homework workbooks distributed in 2020, 
most parents considered it to be a relatively positive experience, with most 
parents saying that it improved their relationship with their children. Their 
assessment of this experience of supporting homework was more positive than 
their beliefs about homework. Parents largely talk about their relationship with 
teachers in positive terms. While most teachers considered parents to be 
interested and capable of supporting homework, a significant number of teachers 
were either more negative or concerned about rural parents’ interest and capacity. 

Asking parents to support early grade homework does not necessarily improve 
relationships; it is highly likely to make relationships more difficult. While 
participating parents characterized their 2020 experience of supporting 
homework in strikingly positive terms, they acknowledged the difficulty of 
getting children to do homework. 

Parent and teacher communications 

There are long-serving systems of communication between teachers and parents, 
that rely both on sending verbal messages home with learners, community fliers, 
and word of mouth. That said, the culture of teacher and parent communication 
about learning are relatively undeveloped, whereby teachers and parents appear 
to communicate mostly in the context of children who are failing, where teachers 
and parents come into more conflict.  Both parents and teachers were interested 
in the idea of using an SMS system to communicate more, especially in regard to 
homework.  Most parents have access to a mobile phone that receives SMS’s.  

The culture, systems and administrative capacity required to establish a seamless 
SMS communication system with parents are not available in these rural schools.  

Mathematics homework design principles 

Based on these findings, we identified seven design principles to inform the type 
of intervention appropriate for the theory of change. 

1. Make use of a low technology intervention encompassing both structured 
printed homework materials, and a simple SMS communication system between 
parents and teachers,  
2. The role of parents must provide parents with a sense of agency, 
competence and respect in front of their children. The assumptions for parental 
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support of homework must work within current parenting cultures rather than 
seek to disrupt or significantly extend existing parenting cultures.  
3. Mathematics homework is designed for purposes of practice and build 
fluency and to establish a positive home-based ritual for home learning, and not 
to teach concepts that a child has not already been taught.  
4. As such, homework materials must not require high levels of interpretation, 
and leverage off more traditional and well-known forms of mathematical practice 
(including “sums.”). The main role of parents is to oversee daily rituals of 
practice, rather than to become teachers.  
5. Resource-free mathematics fluency games, should be carefully trialed, 
noting parents’ interest.  We understand that this type of activity often falls 
outside of current parenting practice, and thus will be approached critically.  
6. Mathematics homework should focus on areas where parents and learners 
appear to gravitate including applied contexts such as measurement as well as 
work with shape and space.  
7. The mathematics homework materials should mediate against parents 
asking children to do too much homework at any one time. As such the printed 
materials will be organized into 8-page mathematics booklets, distributed for 
work across one week. 

CONCLUSION  

The Covid-19 period has exposed and deepened the painful divide in schooling 
in the country. And yet, all crises have their opportunities. The groundswell of 
interest, from both teachers and parents about how to support some home-based 
formal learning in the early grades may provide an opportunity to reconfigure the 
relationship between the home and school in rural communities.  

The Covid-19 period is likely to put greater emphasis on both educational and 
mobile technologies to support learning, as well as enhancements to home-based 
learning. The study affirms a critical approach to both the notion of homework 
and the use of mobile technologies; their value must be assessed by their ability 
to build relationships and agency.  This study provides some valuable insights 
about how to build solutions that utilise local resources, relationships, capacities 
and culture, with the goal of improving agency and relationships amongst 
teachers and parents into the future.   
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THE INFLUENCE OF WORDING IN A MATHEMATICS 

ASSESSMENT ACTIVITY ON PERFORMANCE 

Erica Spangenberg 
University of Johannesburg 

 

Few studies focus on the way in which assessment tasks are being structured, 
specifically pertaining to the use of language in assessment tasks to develop a 
growth mindset in learners. Therefore, this paper aimed to report on the influence 
of wording in a mathematics assessment activity on learners’ performance. A 
quasi-experimental design collecting quantitative data from assessment activities 
of 51 Grade 9 learners, was adopted. Twenty-four learners participated in a 
growth mindset assessment and 27 learners in a traditional assessment. Although 
the average difference in marks in an assessment encouraging a growth mindset 
was slightly higher than that in a traditional assessment, it was not significant. 
Assessment, despite wording, provides information regarding learners’ actual 
performance in mathematics and not into their motivation of learning 
mathematics.  
INTRODUCTION 

Poor learner achievement in mathematics is a global concern. Although the 
results of the 2015 Trends in International Mathematics and Science Study 
(TIMSS) report showed more improvements than declines across international 
benchmarks, the results are still not desirable. Eighty-four percent of the 
participating learners were able to achieve the low benchmark, indicating that 
they have some knowledge of whole numbers and basic graphs, but only 26% of 
the participating learners were able to achieve the high benchmark and 5% the 
advanced benchmark (Mullis, Martin, Foy, & Hooper, 2016). 

One factor that contributes to the issue of poor results could be the reliance on 
large volumes of summative assessments, particularly high-stakes tests and 
examinations, to determine learners’ achievement in mathematics (Department of 
Basic Education, 2015). These traditional tests are unfortunately not necessarily 
designed in a way that would best assess learners’ understanding of mathematical 
concepts (Mutodi, 2016). The way in which teachers approach assessment, the 
structure of assessment activities and the way in which success and failure are 
reported in schools communicate strong messages to learners about their own 
learning as well as the nature of learning in general (Masters, 2013). 
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Similar to other countries such as the United States of America and England, 
perceptions about learning in South Africa, which is the context of this study, are 
predominantly fixed. Dweck (2013) showed that learners adopt a growth mindset 
when they believe that the brain can grow and change by means of exercise and 
therefore intelligence is not static. In contrast, learners adopt a fixed mindset 
when they believe that people are either smart or they are not. By bombarding 
learners with assessment, which is not necessarily designed to truly reflect their 
mathematical understanding, many learners draw the conclusion that some 
learners are intelligent or gifted, while others are not. For example, when learners 
are continuously faced with short, closed questions which have very clear right 
or wrong answers and they frequently get the wrong answers, it usually becomes 
very challenging for them to believe that their continued efforts will result in 
achievement (Boaler, 2013). Therefore, this paper argues that the development of 
growth mindsets in learners by designing assessment to support this type of 
mindset should be an aspiration for all stakeholders in education. 

Several researchers have considered how a growth mindset in learners may be 
encouraged by means of feedback (Dweck, 2013; Boyd, 2014). Also, as learners 
with a growth mindset show improved achievement, growth mindset 
interventions are needed (Blackwell, Trzesniewski, & Dweck, 2013). However, 
very little research on the design of the actual assessment task exist. According 
to Masters (2013), very few researchers question the way in which formal 
assessment tasks are being structured. To be more specific, there seems to be a 
lack of research regarding the use of language in assessment tasks as a means to 
develop a growth mindset in learners. Therefore, this paper reports on a study 
examining the influence of wording in a mathematics assessment activity 
foregrounding a growth mindset on learners’ performance. 

LITERATURE REVIEW 

Notions of assessment 

Assessment is generally defined as any activity designed to gather information 
about the knowledge, attitudes or skills of individual learners or a group of 
learners (Kellaghan & Greaney, 2001). Thus, assessment should take into account 
mathematical dispositions by valuing problem-solving, modelling and reasoning 
(Suurtamm et al., 2016). Moreover, Black and Wiliam (2009) argued that 
assessment is grounded in three key processes of teaching and learning, namely 
determining where learners are in their learning, establishing where learners are 
going and deciding how to support learners in getting there. Assessment, for this 
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paper is defined as planned activities designed by teachers to collect information 
about the performance of individual learners. The purpose of the planned 
activities is to establish learners’ levels of achievement and provide a way 
forward for the teacher to support the learners. Although much of the discussion 
in this paper is geared towards formal classroom assessment, the researcher is of 
the opinion that it is equally important for the findings to be extended to informal 
assessment. 

Both formal and informal assessment serves various functions and the way in 
which assessment is designed, depends on what information is to be collected. 
Large-scale assessments inform systems and are mainly used to judge the 
effectiveness of the education system. These types of assessment usually take the 
form of national or provincial assessments, but could also take the form of 
international assessments (Suurtamm et al., 2016). Classroom assessment collects 
information and provides feedback to support individual learners and to improve 
the individual teacher’s practice. These assessments are usually selected, and 
often designed, by the teacher to ensure that they are most effectively aligned to 
what learners have been learning (Suurtamm et al., 2016). 

Stiggins (2002) argued that it is the way in which assessment takes place in 
education systems across the world that is harmful to the learners. Assessment is 
currently aimed at improving the efforts of learners, rather than encouraging 
learners to develop the desire and ability to learn. This results in many learners 
being left behind because they give up in hopelessness (Stiggins, 2002). 
Similarly, Dweck (2013) argued that there is definite evidence showing that 
learners’ mindsets influence their achievement in mathematics. In fact, not only 
can mindsets predict achievement of learners over time, but interventions to 
change learner mindsets can improve their achievement. Therefore, 
understanding learner mindsets in relation to assessment is important. Not only is 
it crucial to understand why learners perform the way they do in assessment but 
understanding learner mindsets will also be a valuable resource to improve 
learners’ performance in assessments. 

Learner mindsets: Growth and/or fixed 

Learner mindsets are the way in which learners perceive their abilities and are 
crucial to their motivation and achievement. Research has found that if learner 
mindsets are changed, learners’ achievement could be boosted (Dweck, 2013). 
Dweck (2013) summarised these beliefs as growth and fixed mindsets, which are 
grounded on two implicit self-theories, namely, Incremental and Entity. When 
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learners develop a growth mindset, they believe that intelligence can be 
developed, because the brain can grow from exercise. On the other hand, learners 
with a fixed mindset believe that individuals are either intelligent or they are not. 
Moreover, Dweck (2013) claimed that learner mindsets are capable of change and 
thus learners are able to develop a growth mindset in any given area. 

Boaler (2013) suggested that an awareness that ability can be developed has 
important implications for teaching, as teachers and schools are constantly 
communicating messages to learners about learning. Therefore, in order to 
commit to communicating and developing a growth mindset, all aspects of 
teaching need to be evaluated. However, creating a growth mindset climate is 
challenging and extends far beyond teachers merely understanding what growth 
mindsets are and communicating it to their learners verbally or through actions. 

Dweck and Yeager (2019) particularly warned teachers against three common 
mistakes made in the effort to develop a growth mindset in classrooms. The first 
is equating a growth mindset with effort. They argued that this approach could 
leave learners feeling incompetent when their lack of progress is accepted. 
Instead, the key role of good strategies, mentorship connections and access to 
resources should be acknowledged. The second is introducing learners to a 
growth mindset and then expecting them to do the rest, while nothing in the 
classroom changes to support the development in mindset. This approach will 
largely be met with failure. Finally, assuming a growth mindset means all learners 
are the same and current achievement levels can be ignored. This will usually 
leave gifted learners unchallenged. These pitfalls were considered when 
conducting research for this paper. 

RESEARCH METHODOLOGY 

This exploratory study adopted a quasi-experimental design and employed a 
quantitative research method. Fifty-one participants from two Grade 9 classes 
from a high school in South Africa, conveniently sampled, participated voluntary. 
There ages ranged between 14 and 16 years. Thirty participants (58.8%) were 
female, 20 (39.2%) male, and one (2.0%) chose not to disclose his/her gender. 
Four ethnic groups were included, namely 11 Asian (21.6%), 12 Black African 
(23.5%), two Coloured (3.9%), 24 White (47.1%) and two (3.9%) who chose not 
to share their ethnic group. 

All participants completed the same traditional pre-assessment activity and 
engaged in an identical lesson on the Theorem of Pythagoras. Then, 24 
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participants from one Grade 9 class (experimental group) participated in a growth 
mindset assessment activity as a post-assessment activity, while 27 participants 
from the other Grade 9 class (control group) did a traditional assessment activity 
similar to the pre-assessment activity. The wording of the growth mindset 
assessment activity differed from the traditional assessment activity, but the 
problems and marking guidelines of both assessment activities were the same, to 
ensure that the level of difficulty remains constant. 

The mathematics pre-assessment activity established participants’ prior 
knowledge on the Theorem of Pythagoras and was set and marked in the format 
of a traditional assessment. The activity’s questions were sourced from exemplar 
Grade 9 examination papers. There were four questions similar to the traditional 
post-assessment activity illustrated in Table 1. 

The mathematics post-assessment activity for both the experimental and control 
groups had alike questions with a total mark allocation of 20, but the wording 
differed for the two groups as illustrated in Table 1. 

Table 1: Extracts of the questions in the traditional and mindset post-

assessment activities 

Questions Traditional Mindset 

Question 1 In Δ𝐷𝐸𝐹, �̂�= 90°. Calculate the length 
of the third side of Δ𝐷𝐸𝐹 if d = 3 cm 
and f  = 4 cm 

As a competent person, I will imagine a right-
angled triangle. The triangle can be any size 
or drawn in any way I choose. I will label the 
triangle Δ𝐷𝐸𝐹, so that �̂� = 90°. If I am given 
the lengths of two of the sides of the triangle 
respectively as 3 cm and 4 cm, I will be able 
to find the length of third side as follows. 

Question 2 In Δ𝐴𝐵𝐶, 𝐴𝐵 = 15, 𝐵𝐶 = 9 and 𝐴𝐶 = 
12 and in Δ𝐴𝐶𝐷, 𝐴𝐷 = 13 

 

Show that Δ𝐴𝐵𝐶 is right-angled at 𝐶1̂ 

I am considering Δ𝐴𝐵𝐶 below. I notice that 
𝐴𝐵 = 15, 𝐵𝐶 = 9 and 𝐴𝐶 = 12 and in Δ𝐴𝐶𝐷, 
𝐴𝐷 = 13 

 

My friend says that Δ𝐴𝐵𝐶 is right-angled at 
𝐶1̂. My view on my friend’s answer is… 
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Question 3 Find the lengths of the diagonals of the 
following kite 

 

As a geometry expert, I know the properties 
of quadrilaterals, which I investigated earlier 
this year. I am able to find the lengths of the 
diagonals of the following kite. 

 

Question 4 Pallets of cement are transported in a 
truck-trailer to a construction site. 

 

A fork-lifter is used to load the cement 
pallets onto the truck-trailer. The 
cement pallets are placed 3 meters 
from the truck trailer (B to C) on the 
floor. Point A is 3.4 meters from the 
floor (C) on which the pallets are 
placed before they were picked up by 
the fork-lifter. Calculate the height to 
which the cement pallet on the fork-
lifter should be elevated before it is 
loaded on the truck-trailer. 

I am a fork-lifter driver at builders’ supplies 
store. I transport pallets of cement in a truck-
trailer to construction sites.  

 

I use the fork-lifter to load the cement pallets 
onto the truck-trailer. I place the cement 
pallets 3 meters from the truck trailer (B to C) 
on the floor. Point A is 3.4 meters from the 
floor (C) on which I place the pallets before I 
pick them up with the fork-lifter. I will show 
how I calculate the height to which I need to 
elevate the cement pallet on the fork-lifter 
before it is loaded on the truck-trailer. 

 

The assessment activities were marked according to a memorandum. The marks 
were captured on an Excel spreadsheet, and descriptively analysed with an 
ANOVA analysis of variance. 

Validity was ensured by aligning the data collection instrument with the research 
question and through peer review of the instruments. The time allowed to 
complete the activities and the time of day were kept as consistent as the context 
permitted. The contents of the assessment activities were familiar to the 
participants as they had encountered in previous formative and summative 
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assessments. The ethical committee of the university overseeing the study granted 
ethical clearance for this study, as well as the Gauteng Department of Education. 
The researcher complied with all prescribed ethical measures. 

DATA ANALYSES 

The pre- and post-assessment activities were marked according to a 
memorandum. The assessment activities counted out of 20 marks each. The 
marks of learners were captured on an Excel spreadsheet, where after the precise 
means (average) for the pre-assessment (X1) and the post-assessment (X2) and the 
standard deviation (SD) for both assessments were calculated. The standard 
deviation is a measure on how spread out the marks are. These results were 
descriptively analysed as represented in Table 2. 

Table 2: Descriptive statistics pertaining to the results in the pre- and post-

assessment activities of the experimental and control group 

Group Pre-assessment Post-assessment Average difference 

 X1 SD X2 SD  

Experimental 15.7 
(78.3%) 

5.23 15.5 
(77.3%) 

4.98 0.21 

Control 14.2 
(71.0%) 

5.53 14.2 
(71.0%) 

5.60 0.60 

X, means; SD, standard deviation 

The difference in mean and standard deviation of the pre-test and post-test were 
analysed with a one-way repeated measures analysis of variance (ANOVA 
analysis) as illustrated in Table 3. The effect was determined by the difference 
between the average scores in the pre-assessment activity and the post-assessment 
activity. A level of significance of 0.05 was assumed using the statistical analysis 
software SPSS version 26. 

Table 3: Difference in mean and standard deviation of pre- and post-

assessment activity 

Group N = 51 Mean Standard 
Deviation 

F df 

Experimental 24 0.21 2.340 
0.043 0.837 

Control 27 0.00 4.412 
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DISCUSSION OF RESULTS 

The interpretation of data should be interpreted as preliminary trends. From the 
data in Table 2, the difference in the average mark obtained in the pre- assessment 
activity of the experimental group was 15.7 (78.3%), which is slightly higher than 
the average mark obtained in the pre-assessment activity by the control group 
(14.2; 71.0%). There was a very small decrease between the average mark 
obtained by the experimental group from the pre-assessment activity (15.7; 
78.3%) to the post-assessment activity (15.5; 77.3%), while the average marks 
obtained by the control group in the pre- and post-assessment activity were the 
same (14.2; 71.0%). However, the average difference in the marks of the pre- and 
post-assessment activity for the experimental group was 0.21 (1.04%), while it 
was 0.60 (3.0%) for the control group. This finding indicates that although the 
difference was a bit smaller for the experimental group, very few participants 
obtained lower marks in the post- assessment activity than in the pre- assessment 
activity for both groups. 

For the experimental group, the standard deviation of the marks obtained 
respectively in the pre- and post-assessment activities were 5.23 and 4.98, which 
indicate that the marks obtained in the post-assessment activity were less widely 
spread around the mean than the data obtained in the pre-test. On contrary, for 
the control group, the standard deviations of the marks respectively in the pre- 
and post-assessment activity were 5.53 and 5.60. Thus, the marks in the post-
assessment activity were slightly more widely spread around the mean than those 
in the post-assessment activity. 

Although there is a very small difference between the marks obtained by the two 
groups, the analysis of variance showed no significant difference between the 
participants’ performance in assessment activities encouraging a growth mindset 
and those set in a traditional fashion, F(1.49) = 0.043, p = .837, ƞp

2 = 0.010. This 
finding, on one hand, is in agreement to Stiggins (2002) arguing that assessment 
is aimed at increasing anxiety in learners, which leads to many learners simply 
becoming despondent, instead of these tasks motivating and supporting learning. 
On the other hand, this finding diverges from Boaler (2013) claiming that the 
mindset messages communicated through assessment tasks bear consequences to 
the performance of learners and, therefore, assessment tasks should be more open 
and offer opportunities for learning. Thus, from the findings, it can be deduced 
that wording used in assessment activities to develop growth mindsets in learners 
fails to contribute to improved performance as proposed by Dweck (2013). Any 
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assessment activity, despite how it is worded, provides information regarding 
learners’ actual performance in their learning of mathematics and not insight into 
their motivation of learning. 

CONCLUSION 

The way in which teachers approach assessment activities communicate strong 
messages to learners about their learning, as well as the nature of learning in 
mathematics. Many learners may adopt the belief that some individuals are 
naturally intelligent in mathematics, while others are not. 

The purpose of the paper was to examine the influence of wording in a 
mathematics assessment activity foregrounding a growth mindset on the 
performance of learners. The findings in this paper revealed that although the 
average difference in the marks in an assessment activity emphasising a growth 
mindset was slightly higher than that a traditional assessment activity, the 
difference was not significant. 

Bearing in mind the limited nature of this study, the findings should be 
corroborated through broader longitudinal studies with participants from more 
diverse demographic backgrounds. The mindsets of learners prior and after 
assessments need to be established. The way in which assessment activities are 
structured should be diversified to be accessible to all learners, also in terms of 
language proficiency. Further research could include an inquiry into learners’ 
experiences while engaging with assessment activities. 

In conclusion, the current structure of assessment activities in mathematics does 
not appear to be accessible to all learners and many of these assessment activities 
are structured in a traditional manner. When learners are then perpetually 
challenged by these activities, they may become despondent and mostly 
extrinsically motivated, which could lead to them developing fixed mindsets. 
Although this study has not provided alternatives to the current structure of 
assessment activities, it has established an important opportunity for further 
research which may ultimately address the global concern of poor assessment 
results in mathematics. 
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THE TRANSITION FROM PRIMARY SCHOOL TO HIGH 

SCHOOL: A SURVEY OF TOP MATHEMATICS LEARNERS 

Vasuthavan Gopaul Govender  
Eastern Cape Department of Education & Nelson Mandela University  

The transition from primary school to high school is an important part of a 
learners’ schooling career, in South Africa and other countries, as it is 
accompanied by various social and educational changes.  One of the key subjects 
affected by this transition is Mathematics. This small- scale study, of grade 8 and 
9 mathematics learners, examines how these learners were able to manage this 
transition without it having a major impact on their mathematics results. These 
learners provided some rich data with which the writer was able to work. The 
findings, written with the research sub-questions in mind, and the 
recommendations emanating from this study offers suggestions to schools and 
education districts on how best to address this important transition in learners’ 
educational lives, especially in a key subject like Mathematics. 

INTRODUCTION  

The South African Education system comprises four phases. These, together with 
the grades, are shown in table 1: 

Table 1:  South African Education Phases and grades (DBE, 2011) 

Phase Grades 

Foundation Phase  R – 3 
Intermediate Phase 4 – 6 
Senior Phase 7 –  9 
Further Education and Training Phase 10 – 12 

In terms of school classification, primary school usually ends at grade 7, which 
is first year of the senior phase. High or secondary school starts in grade 8, the 
second year of the senior phase. 

The mathematics curriculum for senior phase comprises the content areas: 

• Numbers, Operations and Relationships 
• Patterns, Functions and Algebra 
• Space and Shape (Geometry) 
• Measurement  
• Data Handling (DBE, 2011, p. 9)                                               
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The weighting of mathematics content areas (Table 2) serves two purposes:  

• It gives guidance on the time needed to adequately address the content 
within each content area.  

• It also gives guidance on the spread of content in the examinations. 
(DBE, 2011, p. 11) 

Table 2: Weighting of content areas 

Content Area Grade 7 Grade 8 Grade 9 

Numbers, Operations and Relationships 30% 25% 15% 
Patterns, Functions and Algebra 25% 30% 35% 
Space and Shape (Geometry) 25% 25% 30% 
Measurement 10% 10% 10% 
Data Handling 10% 10% 10% 
 100% 100% 100% 

 

The following trends are observed in table 2: 

• Numbers, Operations and Relationships reduces slightly in grade 8 and 
even further in grade 9 

• Patterns, Functions and Algebra increases gradually in grades 8 and 9 
• Space and Shape is the same in grades 7 and 8 and then increases slightly 

in grade 9 
• The weightings of Measurement and Data Handling remain the same in 

grades 7, 8 and 9  
From the analyses of the trends in table 2, it would seem that there is a gradual 
increase in the difficulty of the work in the senior phase.   

PROBLEM STATEMENT 

It is expected that the work done in mathematics in grade 7 will build on what 
was done in grade 6 and form a foundation for mathematics in grades 8 and 9. 
However, this is not necessarily the case. Table 3 shows the June 2019 results of 
learners in Mathematics in a particular school district in South Africa.  

Table 3: June Performance in Mathematics: 2019 

Level Percentage Grade 6 Grade 7 Grade 8 Grade 9 

1 below 30% 2783 2386 8895 8281 
2 30% - 39 % 1834 2118 3537 3122 
3 40% - 49% 6223 6506 3279 2484 



407 
 

4 50% - 59% 3946 3694 1713 1239 
5 60% - 69% 2703 2240 997 748 
6 70% - 79% 1667 1298 559 512 
7 80% - 100% 1298 929 454 475 
Total  20434 19171 19434 16821 

  (Personal communication via Data Driven Districts, 21 July 2019) 

Trends from table 3 

• It is noticeable that there are significant increases in the number of learners 
achieving level 1 and 2 in grades 8 and 9 (with huge increases in level 1). 

• At all other levels the numbers in grade 8 and 9 are decreasing; with less 
than half of learners scoring at level 4 and above (compared grade 7). 

• More learners are obtaining level 1 in grade 6 (when compared to grade 7). 
There are increases in level 2 and 3 in grade 7 (compared to grade 6). But 
the numbers for level 4 to 7 in grade 7, drop by a few hundred per level. 

• Overall, the total numbers in grade 7 and 8 are similar; but there is a drop 
of about 2600 from grade 8 to grade 9; likewise, there is drop of over 1000 
from grade 6 to grade 7.    

Although the data above is from one education district, these issues of poor 
mathematics learner performance as children move from primary school to high 
school are likely to occur in most (if not all) education districts in South Africa.          

As stated earlier, the work done in grade 8 and 9 mathematics should build on 
what has been learnt in grade 7. Unfortunately, the results in grade 8 and 9 paint 
a different picture. While there are similarities in performance at most levels in 
grade 6 and 7, there are significant differences in grades 8 and 9. In a South 
African context, grade 7 forms part of the primary school while grade 8 is part of 
the high school.  Thus, these differences in the mathematics marks at the end of 
grade 7 and just 6 months later in grade 8 may be attributed to the transition from 
primary to high school.   

LITERATURE REVIEW 

The transition from primary school to high school should be an important 
milestone in learners’ educational lives. However, Griebel and Niesel (2004), 
cited in Griebel and Berwanger (2006), report that about half of the children make 
the transition without appreciable problems with others finding the move stressful 
and challenging.  
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A Norwegian study by Strand (2019) examined how grade 8 learners in one high 
school experienced the transition from a primary school to this school socially, 
academically, emotionally and personally. Learners were required to handle 
multiple changes at the same time. Most learners found the transition in terms of 
social issues to be quite positive. They found the new school environment to be 
familiar and safe and were appreciative of the roles played by their teachers in 
this regard. The learners also identified several changes regarding academic 
expectations, which resulted in a new and more demanding learning culture. 

One of the subjects affected by the transition from primary school to high school 
is mathematics.  Paul (2014) investigated this transition from both a learner and 
teacher perspective in the Limpopo province of South Africa. His study addressed 
learners’ experiences in five strands of transitions: adaptation, pedagogy, 
curriculum content, achievement and school intervention structures.  He found 
that learners experience major challenges in this transition and took time to adapt 
to high school Mathematics and other subjects. Some learners’ interest and liking 
for mathematics decreased during this transition period. In this regard, the 
changes in mathematics teaching and learning resulted in limited engagement 
with the subject and a drop in academic achievement. This performance dip was 
either temporary or permanent, depending on the school and support to learners.   

Paul (2014) stated that any transition support programmes must take the concerns 
of learners into account and there should be measures in place to sustain learners’ 
academic progress in this crucial period and made the following suggestions: 

• Teachers should strive to work on building sound and positive academic 
relationships with the learners. This would be, knowing how children 
learn, and having strong content knowledge.  

• He recommended the continued use of hands-on activities and concrete 
materials in grades 8 and 9 when learners are still making the transition 
from a concrete-manipulative state to abstract thought, to counter learners’ 
disengagement with mathematics which he attributed to a lack of 
appropriately qualified mathematics teachers.  

Mudaly and Sukdeo (2015) did similar research in the Kwa-Zulu Natal province 
of South Africa.  Some of their findings and recommendations are indicated here: 

• Teachers within schools, generally, do not communicate with each other 
about the mathematics taught, the types of learners they have and possible 
collaboration in their work.  
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• Further, high school teachers do not all make the effort to meet with their 
primary school counterparts. This may possibly contribute to learners’ 
decline in mathematics performance when they get to high school. 

• Greater cooperation between primary and high school teachers may make 
a difference to the learners’ mathematics performance in high school. 

• Learners, in their study, commented about changes in teaching 
methodology, from drill and memorization to that of attempting to attain 
understanding and this impacted on their performance.  It was suggested 
that discussions across the primary - high school divide may be useful in 
eradicating the sudden change in teaching methodology. 

• The uncoordinated move from primary school to high school may 
contribute to a learner’s negative self-image in respect of mathematics.  

A study by Prendergast, Harbison, O'Meara and Cantley (2019), interrogated 
mathematics teachers’ perspectives on barriers to a successful transition from 
primary school to high school, in an Irish context.  They found the following:  

• There is a lack of continuity between the primary and high school 
mathematics curriculum. 

• The teaching approaches used by primary school teachers were different 
from that of high school teachers. 

• High school teachers complained about learners’ lack of basic knowledge. 
Learners were least prepared for algebra, despite it being part of the 
primary school mathematics curriculum.  

• Teachers suggested that there should be more communication between 
primary school and high school mathematics teachers in order to bridge 
the gap. 

• It was also suggested that there be CPD (Continuous Professional 
Development) programmes for mathematics teachers, with attendees from 
both sets of schools. 

Some key issues were covered in the literature review for this study. These issues 
may be summarised as follows: 

• The transition from primary school to high school affects learners in 
several countries, including South Africa. 

• This transition tends to impact on learner performance in high school, 
especially in a subject like Mathematics. The demands on learners doing 
mathematics in the first year of high school increases appreciably. This 
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may result in a drop in learner performance which could be temporary or 
permanent, depending on the type of support given.  

• There appears to be lack of continuity between the content being taught in 
the primary school and that of the high school. High school teachers 
complained about learners’ lack of the basics and being ill-prepared for 
high school mathematics with the algebra section of the work singled out 
by some teachers in Ireland.  

• High school mathematics teachers also use different teaching approaches 
and learners tend to struggle with these approaches. It has been suggested 
that teachers, especially in the first two years of high school, use hands-on 
activities and concrete materials in grades 8 and 9 to ease learners into 
high school mathematics. This calls for collaboration between primary 
school and high school teachers, something which is lacking at present.  

• Education departments should consider arranging joint CPD (Continuous 
Professional Development) programmes, for both primary and high school 
mathematics teachers, where issues such as content, teaching approaches, 
understanding how children learn mathematics, etc. are covered.   

RESEARCH QUESTIONS 

In the light of the problem statement and the literature review, the following 
research question was posed for this study: 

How do mathematics learners of above average ability negotiate the transition 
from primary school to high school?   

The following sub-questions were formulated, following the research question: 

• What are some of the issues which learners face when going to high school 
and how does it affect their performance in mathematics? 

• How do learners compare their mathematical experiences in grades 8 and 
9 with that of grade 7? 

• What ratings do learners give themselves in the various mathematics topics 
and how do these ratings compare to their actual performance in 
mathematics?  

• How do learners view mathematics as a school subject and why do they 
participate in Mathematics Olympiads/competitions?  

SAMPLE 

30 learners from various schools in an urban area of the Eastern Cape constituted 
the sample for this small-scale study. 13 were in grade 8 and 17 in grade 9. These 



411 
 

learners were part of the local junior team involved in preparations for the South 
African Mathematics Team competition and were readily available to participate 
in this study and thus, constituted a “convenient” sample (Dörnyei, 2007). 

These learners were usually the better mathematics learners in grades 8 and 9 at 
their schools. They had been in primary school in the recent past and would be 
able to accurately reflect on how they negotiated the transition from primary 
school to high school.  

CONCEPTUAL FRAMEWORK  

The transition between primary and high school comprises two key features 
which are relevant to this study, the transition and the experience of learners. 

Transitions are complex processes of changes within the individual, embedded in 
communication with his/her social environment. Transitions are phases of life 
associated with heightened demands and changing environments which mean an 
accumulation of stress factors (Welzer, 1993).  An example of a transition is the 
move from one educational institution to another.  

The transition in this study is the move from primary school to high school.  While 
this transition can be thought of as a physical relocation, it is important for 
learners to be able to adapt to the demands of the new school environment.  

The transition process is accompanied by challenges on the individual level such 
as identity, emotions and ability, on the interactional level such as the loss of old 
friendships and forming new ones as well as new social roles as well as on the 
environmental level which involves new surroundings, curricula, and learning 
experiences. 

To contextualise the experience of the learners from primary to high school, it is 
important to consider the following six propositions of Experiential Learning 
Theory (ELT) as outlined in Kolb and Kolb (2011).  

1. Learning is best conceived as a process, not in terms of outcomes. 
2. All learning is re-learning facilitated by a process that draws out the 

learners’ beliefs and ideas about a topic so that they can be examined, 
tested and integrated with new, more refined ideas. 

3. Learning requires the resolution of conflicts between dialectically opposed 
modes of adaptation to the world. 

4. Learning is a holistic process of adaptation. 
5. Learning results from synergetic person-environment transactions. 
6. Learning is the process of creating knowledge.  
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From the above, propositions 1, 2, 4 and 5 are relevant to this study as these 
interrogate learners’ experiences in the following ways:  

• The move from primary school to high school is a process and involves 
learners adapting to a new learning environment (propositions 1, 4, 5). 

• Learners move to high school having a certain level of knowledge and 
skills which may form the basis of acquiring new knowledge and skills 
(proposition 2). 

 Thus, an appropriate framework in which to locate this study is “Mathematics 
learners’ experiences of the transition from primary to high school”  

RESEARCH METHODOLOGY 

Since the views and experiences of the learners with regard to their transition 
from primary school to high school were the objects of this research, the research 
was mainly qualitative in nature (Hatch, 2002).  Quantitative data in the form of 
the learners’ mathematics marks in the June examination and previous end of year 
examination, as well as their ratings in the various mathematics topics/content 
areas was also collected was also collected in this study.   

DATA SOURCES 

Data for this study was collected from the following sources: 

• The Curriculum and Assessment Policy Statement (CAPS) document for 
Senior Phase mathematics. 

• Survey of learners via questionnaires. 
 CAPS document for Senior Phase Mathematics 

The writer compiled detailed analyses of the CAPS document for senior phase 
mathematics.  The analyses included the following:  

• A summary of the Mathematics content prescribed for grades 7 and 8   
• The level of difficulty of the content as learners progress from grade 7 

through to grade 8 
• New content covered as learners progress from grade 7 through to grade 8  

The survey of learners via a questionnaire 

Learners were surveyed via a questionnaire.  The questionnaire required learners 
to respond to the following issues: 

• Their views of mathematics as a school subject. 
• Issues experienced as a result of the transition from primary school to high 

school, including its impact on mathematics. 
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• Possible support to assist learners with the transition. 
• Learners’ comparisons of their mathematics experiences in grade 7 with 

that of grades 8/9 
• Learner views on their preparation for mathematics in the FET. 
• Their rating in different mathematics content areas/topics and their 

examination mark for mathematics in their last two examinations (June 
2019 and November 2018). 

• Their reasons for participation in mathematics Olympiad/competitions and 
the number of years of participation.   

RESULTS  

Analyses of the CAPS document for Senior Phase Mathematics 

Numbers, Operations and Relationships consist of the following sub-sections:  
Whole numbers, Exponents, Integers, Common fractions and Decimal fractions. 
The topics to be covered in these sub-sections are the same in both grade 7 and 8. 
The only difference occurs in Common fractions where learners must “order, 
compare and simplify fractions” in grade 7 but not in grade 8 

Patterns, Functions and Algebra consist of the sub-sections:  Numeric and 
geometric patterns, Functions and relationships, Algebraic expressions, 
Algebraic equations and Graphs.  There are two clear differences in grade 8 (when 
compared to grade 7).  Firstly, learners have to “expand and simplify algebraic 
expressions” in grade 8 and secondly, they work with “equations” rather than 
number sentences in grade 8 

Space and Shape (Geometry) consists of 2D shapes, 3D objects, Straight lines, 
Transformation geometry and Construction of geometric figures. Straight lines 
are covered in grade 7 and this is built upon in grade 8 where learners work with 
angle relationships and solve problems.  Constructions are covered in both grade 
7 and 8; in grade 7 they must measure angles while in grade 8 they investigate 
properties of geometric figures.   

Measurement focuses on area and perimeter of 2D shapes, surface area and 
volume of 3D objects and the Theorem of Pythagoras.  Area and perimeter are 
covered in both grade 7 and 8. However, circles and the Theorem of Pythagoras 
are only introduced in grade 8 

For Data Handling, similar work is covered in grades 7 and 8. The additional 
concepts or topics covered in grade 8 are stated below:   

• Learners must work with and report on the role of the extreme data points.  
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• When analysing data learners should also consider samples and 
populations, dispersion of data and error and bias in data    

• Relative frequency for a series of trials based on probability and the 
comparison of relative frequency with probability  

Trends from these analyses 

• Due to the repetition of concepts and topics in grades 7 and 8, there should 
be enough opportunities for grade 8 teachers to revise key grade 7 concepts 
and topics before introducing new concepts/topics. 

• The new concepts and topics in grade 8 do not appear to be too difficult for 
learners. 

• However, much will depend on whether the grade 8 mathematics teacher 
is able to build on and consolidate what children have learnt in grade 7 and 
ease them into the grade 8 concepts and topics.  

Data emerging from the questionnaire 

In writing up the data from the questionnaires, the writer has focussed on trends 
and patterns of coherence (Miles and Huberman, 1994:245-246) 

Learners’ views of Mathematics as a school subject 

Both grade 8 and grade 9 learners gave similar views on the subject. They 
acknowledged the importance of mathematics as a school subject and loved the 
challenges posed by mathematics even though some found the subject “boring” 
at times. It was also “easy and fun” as well as “complicating and intricate”. Grade 
9 learners went further by commenting that it was a very interesting subject which 
brought out their problem solving skills and supported them  in  other subjects 
such Accounting (part of Economic and Management Sciences) and Natural 
Sciences.  These learners also reported that not all of their classmates shared these 
views of mathematics.   

Issues in the transition from primary school to high school  

Only 3 learners did not appear to have any issues with their transition from 
primary school to high school. Interestingly, all 3 were in grade 9.  Some of the 
issues mentioned by the others were: 

• Their friends went to different high schools and they had to make new 
friends in a school that was much bigger, having more learners and more 
teachers.   

• In a space of a year, they went from a senior learner (in grade 7) to a junior 
learner (in grade 8). While some of the older learners in high school 
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supported them in grade 8, there were others who tried to take advantage 
of them.   

• The volume of work increased appreciably in grade 8 and there was more 
homework; this called for more discipline on their part. 

• Their teachers used different teaching approaches/methodologies when 
compared to their grade 7 teachers. 

Impact of these issues on Mathematics 

18 learners (8 grade 8 and 10 grade 9 learners) indicated that the primary –high 
school transition did not affect the way they performed in the subject. They stated 
that: 

• They would focus on their work in class and try not to fall behind. They 
completed all their mathematics homework, and this kept them on track.  

• They made sure that they adapted to their teacher’s way of teaching 
mathematics. 

The remaining learners in the sample (5 grade 8 and 7 grade 9) outlined some 
issues which did have an impact on their mathematics performances.  These were: 

• Some learners’ marks dropped in the first few months in grade 8 but they 
were able to recover by June. 

• They had to deal with coping with an extra workload and the fast-paced 
teaching.  However, they realised that they had to become more serious 
and put in extra effort if they were to be succeed in mathematics 

Possible strategies to bridge the primary school – high school divide  

Learners came up with the following strategies which could be used by schools 
to ease learners into high school and high school Mathematics.   

• There should be an organised welcome function for grade 8 learners where 
they are orientated to the workings of high school. 

• There should be revision and consolidation of primary school mathematics 
in the first few weeks of grade 8. 

• They observed that the learning environment is different in the high school 
when compared to the primary school. High school teachers tended to use 
more abstract and complex ways of teaching mathematics. They felt that 
these teachers should rethink this approach and use methods which are 
easily understood by learners.  In this regard, they should collaborate with 
their primary school colleagues for assistance. 
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•  There was a need for more detailed explanations by high school teachers 
as grade 8 learners are still developing and may not have the necessary 
mathematical background to work on their own. 

• During the year, there should be a structured programme of support classes 
for learners who are struggling in mathematics. 

Grade comparisons  

Learners had to compare their grade 7 experiences with those in grades 8 and 9 
according to certain criteria. These are shown below:  

• Mathematics content: There was more content in grades 8 and 9 and this 
content was harder than that of grade 7. In this regard, learners also 
mentioned the additional work that had to be done in Algebra and 
Euclidean Geometry.  

• Mathematics teaching: There was better teaching in grade 7 with the 
focus on making learning “interesting” and “fun” for learners. Grade 8 and 
9 teachers were usually “not that good” and taught at a faster pace, possibly 
because of the additional work done in these grades.  

• Learning mathematics: There was more to learn in grades 8 and 9 and 
learners had to go over their work daily to keep up. Some of these learners 
felt that their teachers did not give “detailed explanations” and this affected 
their learning of mathematics. 

• Classwork and homework: In grade 7, they had classwork and homework 
daily but were able to complete most of the work at school. This was not 
the case in grades 8 and 9 where they had to take work home. 

•  Tests and examinations: In grade 7 tests and examinations were 
invariably easy and did not take long to complete. However, in grades 8 
and 9, there was a combination of easy and difficult questions in these tasks 
which took longer to complete, due to the increased content coverage.     

Preparation for Mathematics in grades 10 - 12  

Learners had to indicate whether the mathematics they did in their grade 8 and 9 
classes would give them adequate preparation for mathematics in grades 10 – 12.   

• All grade 8 learners, except one, indicated that they were happy that the 
mathematics they did in grade 8 would prepare them adequately for the 
later grades. The only exception was one learner, who indicated that the 
mathematics in grade 8 was “not difficult” and was not sure about it being 
adequate for future grades. Interestingly, most of these grade 8 learners had 
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already made up their minds about their career choices. These included 
careers in the medical, science and commerce fields. 

• All grade 9 learners expressed similar views to their grade 8 counterparts. 
They also made up their minds about their career choices in the medical, 
science and commerce fields. A few learners were keen on taking on 
becoming mathematicians or actuaries. 

Learner marks and ratings 

Learners had to indicate their last two mathematics examination marks in the 
survey, June 2019 and November 2018.  They also had to give a rating (out of 
10) for each grade 8/9 topic or content area.  These were plotted on graphs using 
excel spread sheets:   

 

Figure 1: Learners’ grade 8 June mathematics mark versus their grade 7 final 
mathematics mark (13 learners) 

There is a strong correlation between these two sets of marks. The equation of the 
straight line is y = 0,9256 x which shows that the June mark is approximately 
92,56%   of the previous December mark.  The drop in learners’ marks appears 
to be negligible and they continued to perform well in mathematics.  
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Figure 2: Learners’ grade 8 June mathematics mark versus their rating (13 
learners) 

Their ratings in the various topics/content areas marks appear to be slightly higher 
than their June marks. The equation of the straight line (y = 0,9203 x) shows a 
strong correlation between the two sets of values and shows that these learners 
were confident about their ability in mathematics.  

 

Figure 3: Learners’ grade 9 June mathematics mark versus their grade 8 final 
mathematics mark (17 learners) 

There is a strong correlation between the two sets of marks. The graph also shows 
a slight drop in marks with the equation of the line  y = 0,8931x showing that the 
June mark is approximately 89,31% of the previous December exam mark.  Thus, 
notwithstanding a slight drop in marks, learners continued with their top 
performance in mathematics. 
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Figure 4: Learners’ grade 9 June mark versus their rating (17 learners) 

Their ratings in the various topics/content areas marks appear to be slightly higher 
than their June marks. The equation of the straight line (y = 0,8838 x) also shows 
a strong correlation between the two sets of values. This, once again, bears 
testimony to the high calibre of learners participating in this study. 

Learner participation in Mathematics Olympiads and competitions 

Grade 8 learners provided the following reasons for participating in Mathematics 
Olympiads and competitions: 

• They were encouraged by their teachers who noticed their “mathematical 
talent”.  

•  They liked the challenges posed by these competitions.  
• It enabled them to realise that there was more to mathematics than “just 

what they do in class”. 
• These competitions allowed them to “expand” their mathematical abilities. 

Table 4 shows the number of years which these grade 8 learners have been 
participating in Mathematics Olympiads and competitions: 

Table 4: Grade 8 participation in mathematics olympiads/competitions  

Years Number of learners 

1  7 
2 1 
3 1 
4 1 
5 3 
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Trends from table 4 

• Seven grade 8 learners indicated that this was the first year that they 
participated in Mathematics Olympiads/competitions. This coincided with 
their first year in high school. 

• The remaining six learners had some experience of these competitions in 
the primary school. There of these learners have been participating for five 
years, meaning that their first year of participating was in grade 4. 

Grade 9 learners expressed similar sentiments as the grade 8 learners for 
participating in Mathematics Olympiads and competitions such as “teacher 
encouragement”; “challenges posed by competitions”; “more to Mathematics 
than what was done in class” and “expanding mathematical abilities”.  The 
following additional comments were given by the grade 9 learners: 

• They enjoyed the thinking involved and exposure to new methods of 
solving problems. 

• It helped them test their “mathematical limits” and to see mathematics in a 
new light. 

• It helped them with ‘Advanced Programme” mathematics as well as school 
mathematics.  

• It looked good on their CVs. 
• Participation in team competitions was “fun” and enabled them to meet 

new like-minded people. 
Table 5: Grade 9 participation in mathematics olympiads/competitions  

Years Number of learners 

1  7 
2 5 
3 -- 
4 2 
5 2 
6 1 

 

Trends from table 5 

• 12 of the learners have been participating for 1 or 2 years. This means that 
they have only started participating in competitions in high school. 
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•  The other five grade 9 learners had some primary school experience in 
competitions with one learner having participated since grade 4, giving this 
learner an impressive six years of participation. 

Findings  

This small-scale study has produced some rich data which are used to come up 
with the findings. These findings are written within the context of the research 
sub-questions. 

  Issues in the transition from primary school to high school    

• Social issues: The transition from primary school to high school was an 
important milestone in the learners’ schooling careers.  While the learners 
in this study looked forward to going to high school, there were some 
associated challenges. High school was bigger in many instances: more 
learners, more classrooms and more teachers.  Some of their friends from 
primary school went to other high schools. Thus, they had to adapt to the 
new surroundings and make new friends. They also had to adjust to being 
junior learners (having been senior learners in primary school). This had 
both positive and negative connotations. These experiences appear to be 
similar to the learners in the Norwegian study by Strand (2019).   

• Mathematics content: The senior phase CAPS document shows there is 
a gradual increase in the number of topics as from grade 7 to grade 9. Thus, 
it came as no surprise when learners confirmed this trend by indicating 
that they had to deal with more topics in grade 8. Some were very specific 
by stating the work had become difficult by mentioning they had to do 
more Algebra (in line with Prendergast, Harbison, O'Meara and Cantley:  
2019), and Geometry in grades 8 and 9.   

• Teaching and learning: One complaint from learners were the type of 
teaching they were subjected to in grade 8. Teachers used methods which 
learners were not familiar with and tended to teach at a much faster pace. 
These findings on teaching approaches appear to be in line with Mudaly 
and Sukdeo’s (2015) findings.  However, unlike the learners in Paul’s 
(2014) study, learners in this study were able to adapt more quickly to high 
school mathematics teaching and learning as borne out by their 
outstanding mathematics results in high school.  

• Classwork/homework: The quantity of classwork and homework also 
increased in high school.  For these learners to maintain their high level of 
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performance in mathematics, they had to be disciplined, complete all their 
classwork and homework and do daily revision.    

• Tests and examinations: Learners reported on differences in the way they 
were assessed in tests and examinations in high schools. Tests and 
examinations were more balanced in high school with a mix of easy, 
medium and difficult items.  This was in sharp contrast to tests and 
examinations in grade 7 which learners regarded as being “easy”.  

Examination marks and ratings 

There was a strong correlation between learners June mathematics examination 
mark and their mathematics mark at the end of the previous year.  In this regard, 
grade 8 learners’ June mathematics marks correlated well with their final grade 7 
mathematics marks; the grade 9 learners’ June mathematics marks correlated well 
with their final grade 8 mathematics marks. This would suggest that their 
mathematics marks held up well in high school.  

Learners’ ratings across the mathematics content areas appeared to have validity 
as there was also a strong correlation between these grade 8 and 9 learners’ own 
ratings and their mathematics performance in the June 2019 examination.  

These correlations show that the learners in this study were very confident in their 
mathematical abilities and had experienced their transition to high school without 
any major impact on their mathematics results.  

Mathematics as a school subject and participation in Mathematics 

Olympiads/competitions 

Learners expressed very positive views about Mathematics as a school subject. 
For them it was an interesting subject which brought out their problem-solving 
skills to the fore. They realised that the volume of work in high school was much 
greater than that of primary school and they had to adapt accordingly.   

However, these learners were looking for more challenges in mathematics which 
they found in Mathematics Olympiads.  19 of the learners started participating, 
for the first time, in Mathematics Olympiads when they got to high school. The 
other eleven had some experience of Mathematics Olympiads in the primary 
school with four participating as early as the fourth grade.     

Both grade 8 and grade 9 learners expressed similar sentiments for participating 
in Mathematics Olympiads and competitions. Some of these were:   
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“teachers’ encouragement”; “challenges posed by competitions”; 
“more to Mathematics than what was done in class” and “expanding 
mathematical abilities”.   

The following additional comments were given by the grade 9 learners: 

• They enjoyed the thinking involved and exposure to new methods of 
solving problems. 

• It helped them test their “mathematical limits” and to see the subject 
in a new light. 

• It gave assisted them with their school mathematics as well as 
‘Advanced Programme Mathematics” which some had started in 
their grade 9 year.  

• It enriched their school experiences and would look good on their 
CVs. 

• They stated that participation in team competitions was “fun” and it 
enabled them to meet new like-minded people. 

RECOMMENDATIONS  

Using the literature survey and the findings of this study, it is now possible to 
come up with some recommendations regarding the transition from primary 
school to high school:  

• There should be regular communication between high schools and their 
feeder primary schools to enable a coordinated transition. 

• An organised structured orientation programme for grade 8 learners 
would enable them to become familiar with the social, educational and 
other issues associated with high school. 

• There should be a special focus on schools to monitor the teaching and 
learning of mathematics in both grades 7 and grade 8. Although there 
are several common topics in both these grades, it would appear that 
learners go to grade 8 without having done some of these topics. It should 
also become a norm that the first two or three weeks of high school be 
used for consolidation of key mathematics concepts and topics (from 
primary school) before starting with grade 8 work.  

• Grade 8 teachers need support on how to use simple, learner friendly 

teaching strategies (like what primary school teachers use) to be able 
mediate mathematical concepts and content to their learners. 



424 
 

• The importance of classwork and homework to consolidate mathematics 
learning can never be underestimated. Learners in the study knew that 
completing all their classwork and homework would go a long way in 
ensuring that they performed at the highest levels in mathematics.  

• Children become aware of the importance of mathematics from primary 
school and those who excel in the subject are likely to participate in 

Mathematics competitions. It is important for high schools to make note 
of these top mathematics learners in their feeder schools so their talent 
could be nurtured further. Learners participate in Mathematics 
competitions for several reasons such as the challenge posed by such 
competitions and the development of their problem-solving skills. 
Although some learners, in this study, only started with this participation 
in high school, all 30 learners were likely to continue with this 

participation right through high school.  This would probably impact 

positively on their school mathematics results and future careers.  
CONCLUSION  

The transition from primary school to high school is an international problem and 
has major implications for the teaching and learning of mathematics at the 
beginning of high school. This study, consisting of a small sample of top 
mathematics learners, highlighted some of the issues associated with this 
transition. 

Despite these issues, these learners were able to successfully negotiate this 
transition.  It may be argued that these were top mathematics learners and one 
would expect them to do so. In this regard, questions may be asked of how other 
learners attempt to manage, what appears to be, a difficult phase in their lives.   

Through careful analyses of the issues and the subsequent findings of this study, 
the writer was able to come up with appropriate recommendations which schools 
may use to help all learners negotiate this difficult transition. Learners may 
develop a love for mathematics in the primary school and it is important that the 
move to high school does not impact negatively on their love for the subject.  

A successful transition to high school mathematics may auger well for their 
mathematics results in subsequent grades and, as seen from this study, 
participation in Mathematics Olympiads by top learners has also become 
mandatory.  Top school mathematics performances and exposure to problem 
solving through Mathematics Olympiads may increase the chances of learners 
pursuing high level, scarce skills careers.      



425 
 

REFERENCES   

Department of Basic Education (DBE). (2011). National Curriculum Statement 
(NCS). Curriculum and Assessment Policy Statement (CAPS). Senior Phase. 
Grades 7 - 9. Mathematics. Government Printing Works. Pretoria 

Dörnyei, Z. (2007). Research methods in applied linguistics. New York: Oxford 
University Press 

Griebel, W. & Berwanger, D. (2006). Transition from primary school to 
secondary school in Germany. International Journal of Transitions in 
Childhood, (2). https://www.researchgate.net/publication/228512704  

Hatch, J. A. (2002). Doing qualitative research in education settings. Albany: 
State University of New York Press 

Haynes, C. (2007). Experiential learning: Learning by doing .  
http://adulteducation.wikibook.us/index.php?title=Experiential_Learning_-
_Learning_by_Doing 

Kolb, A. V.  &  Kolb, D. A. (2011). Experiential learning theory: A dynamic, 
holistic approach to management learning, education and development.  
https://www.researchgate.net/publication/267974468 

Miles, M. B., & Huberman, A. M. (1994). Qualitative Data Analysis, 2nd Ed., 
245 – 246. Newbury Park, CA: Sage. 

Mudaly, V. & Sukhdeo, S (2015). Mathematics learning in the midst of school 
transition from primary to secondary school. International Journal of 
Education Sciences, 11(3), 244 – 252. 

Paul, M. (2014). Managing the transition from Primary school Mathematicsto 
secondary school mathematics: Teachers’ and learners’ perspectives. 
Mediterranean Journal of Soicial Sciences, 5(25).  

Prendergast, M.,  Harbison, L.,  O'Meara, M.,  and Cantley, I. ( 2019).  Bridging 
the primary to secondary school Mathematics divide: Teachers' perspectives. 
Issues in Educational Research.   
https://www.researchgate.net/publication/330514697.  

Strand, G. M. (2019). Experiencing the transition to lower secondary school: 
Students’ voices.  International Journal for Education Research, (97), 13 – 21. 

https://www.researchgate.net/publication/228512704
http://adulteducation.wikibook.us/index.php?title=Experiential_Learning_-_Learning_by_Doing
http://adulteducation.wikibook.us/index.php?title=Experiential_Learning_-_Learning_by_Doing
https://www.researchgate.net/publication/267974468
https://www.researchgate.net/publication/330514697


426 
 

ENHANCING CONCEPTUAL UNDERSTANDING OF CIRCLE 

MEASUREMENT: ONLINE INTERVENTION OF THE 

GEOMETRY APP 

Nts’asa Lisema 
Lesotho China Fellowship Collegiate 

This paper reports on an investigation of students’ conceptual understanding of 
circle measures relating to perimeter and area. A qualitative illustrative case 
study approach was followed, with the participation of 30 students and three 
teachers from three schools in Mafeteng, Lesotho. Collection of data was based 
on the investigative task given to the students then analysed and interpreted using 
an insight algebraic framework. The findings revealed that many students had 
procedural rather than conceptual understanding. Crucially, the use of a 
geometry app did not only assist comprehension but ignited independent learning 
and improved problem-solving skills. 
Key Words: conceptual and procedural understanding; circle measures; 
geometry app. 
  
INTRODUCTION 

Lesotho is currently undergoing a phase of curriculum revamp and some topics 
are brought forward to the lower grades, so both teachers and learners are having 
to adapt. Ansell (2002) argued that while curriculum reforms in Lesotho were 
intended to address the limitations of colonial education most of those in the 
curriculum structure still mimicked its key aspects. Covid-19 has affected many 
normal practices, including teaching and learning of mathematics around the 
world. A major challenge to secondary education in Lesotho has been in the area 
of teaching mathematics, exacerbated by school closures during the global 
pandemic. Despite not having any confirmed cases at the time, Prime Minister 
Thabane announced a state of emergency on 18 March 2020, in anticipation of 
infections spreading to the country. In line with most other countries, some 
businesses and institutions were temporarily closed, and movement of persons 
restricted; however, the measures were insufficient to prevent entry and spread of 
the coronavirus. Schools had to resort to other forms of teaching, which would 
involve many parents having to find money to buy cellular telephones or laptop 
computers so that learners could be online to access internet lessons. Mathematics 
teachers had to focus on means of ensuring the basics were imparted if there was 
to be a stronger foundation to learning.  
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Unfortunately, in Lesotho, with the onset of lockdown, schools were only above 
a month away from reopening after the long summer holidays. Among the new 
restrictions was one on the number of people in the same area, which led to 
premature closure of schools and other learning institutions. A direct and 
immediate response by the government, the aim was to protect all learners and 
teachers from possible risks of the virus spreading through sharing learning 
materials and touching surfaces. As Sintema (2020) acknowledged, schools were 
liable to the spread of the virus, so most students or learners were required to be 
isolated in their homes. Despite this, teaching and learning had to continue, so 
forms of online media were employed, in most cases mobile telephones as the 
cheapest devices available. 

With technology increasingly impacting most areas of life, the education sector 
witnessed a paradigm shift (Perienen, 2020), and as UNESCO Director General 
Azoulay (2020) observed, such disruption to education is unprecedented. The 
academic calendar has been thrown into a state of disarray with most schools, 
from basic to tertiary, have closed and returned learners home to their parents and 
self-isolation. According to World Bank data of April 2020, the pandemic has left 
more than 1.5 billion children out of school with more than 85% countries 
mandating school closures. Low-income and Fragile, Conflict and Violence 
(FCV) affected environments often lack widespread connectivity and are 
deploying alternative EdTech solutions such as radio. Lesotho, as a low-income 
country, rests just below 30% of the data usage or Internet penetration rates, 
which poses a greater threat as the education system is made to adapt to using the 
Internet. This is exacerbated as rural schools are observed to suffer most due to 
poor accessibility to cellular, radio, and television services. Due to poverty most 
learners are destitute, and parents are slowly becoming parsimonious towards 
education. Despite the efforts by the ministry to have lessons on national TV and 
radio, not all grades are catered for and the time slots are not clear or consistent.              

RESEARCH QUESTIONS 

Significantly, this paper investigates how the intervention of the Geometry App 
impacts out-of-school teaching and learning of mathematics specifically on circle 
measures. Due to their age, learners admire technology and innovation so mobile 
phones are no exception and having to use them academically enlivens 
independent learning. Most schools prohibit use of mobile phones and 
unfortunately the pandemic has led to dramatic changes in the mind-set of 
educators. It was therefore imperative that this paper explore the impact of using 
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Geometry App on learners’ conceptual understanding of circle measures. This 
initiative was overseen by the extensive research question: 
What is the role of Geometry App in improving conceptual understanding of 
circle measure?  

LITERATURE REVIEW 

The world is experiencing a major shift in educational practices under the 
umbrella of an Information Communication and Technology (ICT) enabled 
learning environment. Many studies have shown that the use of ICT in the 
teaching of Mathematics tend to improve learning, motivate and engage learners, 
promote collaboration, foster enquiry and exploration, and create a new learner-
centred learning culture (Ng, 2005). Mobile phones are not just technological 
platforms but also greatly prized by learners, arousing interest and participation.  

Teaching of mathematics should be more involving and closer to reality so that it 
makes mathematical sense to the learners and the concept area and volume not 
just defined for the sake of routine calculations based on the formula. According 
to Whitebread (2005), emergent measurement encourages children to develop an 
understanding of measurement by using it for their own purposes, talking about 
their measurement processes in ways which make sense to them, and becoming 
more aware of their own measurement thinking. This further explains that the 
teaching should make connections with the reality and will assist in the 
visualisation and correct use of the unit of measurement. Learners’ solution 
strategies or working habitually avoid use of units either because they are unsure 
of the unit or because they do not want to confuse themselves. This may however 
come from the teaching tips as some teachers do advise learners to omit the units.  

The understanding of a concept can be classified as either conceptual or 
procedural, and the orientation of any mathematics teaching strategy can be 
towards competing conceptual and procedural knowledge or interaction between 
elements of the two. Rittle et al. (2002) recommend that research in mathematics 
education focus on the conceptual knowledge orientation of teaching strategies. 
The knowledge attained is an outcome of some reasoning approaches that should 
be used in solving a mathematical problem, but this becomes a major concern in 
the teaching of mathematics in Lesotho, especially when there is no classroom 
interaction. Teaching tasks should be designed such that they ignite not only 
manipulation of the variables but also make mathematical connections to real life. 
It is imperative to correct the teaching methods and strategies that critically 
inform how to deal with learners’ mistakes. Boaler (2013) suggests that an 
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important and powerful aspect of teachers’ practice concerns the ways in which 
they treat mistakes in mathematics classrooms. Students need to move from 
viewing mistakes as learning failures to seeing them as learning achievements. 
Mistakes show that students have tried and highlight focus points for learning, 
while repeated tasks perfect and improve reconsideration of solution strategies.  

ONLINE TEACHING AND LEARNING OF MATHEMATICS  

The global pandemic has reshaped human interactions, while lockdown and 
social distancing have impacted teaching, with learners missing classes. Various 
researchers have confirmed that most measures against the spread of the virus are 
ensuring social distancing, self-isolation, and prohibition of people gathering in 
large numbers (Krishnakumar & Rana, 2020). For the current paper, mobile 
learning is defined as the ability to learn anywhere at any time facilitated by 
mobile devices (Traxler, 2009). Compared to laptops and computer workstations, 
mobile devices are cheaper, more portable, and physically less obtrusive, 
especially during collaborative work. Their popularity has prompted education 
reformers to highlight mobile technologies as vehicles suitable for transforming 
education and learning for the 21st century (Allen, 2011). 

In trying to expound on understanding of the angle measure, Moore (2012) 
explains that one approach that avoids a divide in angle measure meanings is to 
develop angle measures, regardless of a unit, as representative of the same 
quantitative relationship. This can be accomplished by conceiving angle measure 
as the process of determining the fractional amount of a circle’s circumference 
subtended by an angle, provided that the circle is centred at the vertex of the angle 
(Thompson, 2008). An angle that measures 1° subtends 1/360 of the 
circumference of any circle centred at the vertex of the angle. Learners should be 
able to understand the concept angle as distance between two straight edges as 
opposed to just a figure.  

Mathematics is considered a challenging discipline to learn through online 
interactive programmes (Trenholm, Alcock & Robinson, 2015), yet efforts are 
being made to foster mathematical literacy through them. According to Foster 
(2018), there is increased interest in creating ways to support the mastery of 
mathematical procedures via interactive programmes. The National Association 
of Mathematics Advisors (NAMA) (2016) and National Centre for Excellence in 
the Teaching of Mathematics (2016) stress that practicing mathematical 
procedures online can serve as a route to developing both procedural and 
conceptual understanding. It therefore means continued practices on online 
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interactive programmes can enhance deep mathematical thinking and 
simultaneously address misconceptions and errors during the solution strategy. 
An online platform allows numerous trials which are vital for repeated activity 
that enhances understanding and self-checking. 

THE CIRCLE MEASURES  

The circle is defined in 2D orientation and comprises several dimensions and 
portions. It is therefore important to identify the required measure and relate it to 
the formula. In order to enhance understanding on circle measure it is imperative 
to identify parts of the circle.   

 
Figure 1:Parts of a circle 

Centre: a fixed point from which the distance to the closed curve forming the 
circle is measured.  

- Radius: a distance from the centre to the curve which makes the circle.  

- Circumference: distance measured around the curve which makes the circle.  

- Arc: a piece of the curve which makes the circle.  

- Sector: region enclosed between a chord and two radii at either end of arc.  

- Chord: a straight line drawn across a circle. The diameter is the longest chord. 

- Segment: region enclosed between a chord and one of the arcs joining the 
ends of that chord. 

 

As stipulated in the Lesotho General Certificate of Secondary Education 
(LGCSE) Mathematics syllabus (2017), learners should solve problems involving 
the circumference, area of circle, arc length, sector area as fractions of the 
circumference, and area of a circle. From this it can be deduced that there is a 
need for teaching to relate sector as part of the whole. This is vital to enforce 
conceptual understanding. In attempting questions involving circle measurement 
it is imperative to identify parts involved in a question, as this will directly inform 
the formula and the units to use. Symbol sense refers to students’ ability to solve 
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problems using mathematics and formulate and interpret solutions, and to their 
manipulative skills (Pierce & Stacey, 2001). This connects the learners’ solution 
strategy with what is required so that a question on area is not regarded to take 
units such as cm or 𝑐𝑚3, but rather as a product of two measures in 2D, hence 
attaining a square unit. Calculations should depict proper knowledge as well as 
the degree of accuracy of the solution. Classroom tasks should give a stage for 
formulae derivation as opposed to imposing procedural manipulation. Learners 
need to be scaffolded when making connections and handling variables 
competently.  

FORMULAE DERIVATION  

To understand formulae derivation a shape with a known area formula is used, so 
the entire circle is cut into several sectors then joined to make a straight edge 
shape. The dissected polygons form numerous isosceles triangles which are 
arranged to form a quadrilateral. The congruent isosceles triangles make the 
opposite sides equal, hence this quadrilateral is a parallelogram.  

     
Figure 2: Illustrative diagram for formula derivation  

As the number of sides of the polygon increases so does the number of triangles. 
This makes the height of the parallelogram slowly equal the radius of the circle. 
Simultaneously, the base of each triangle joins up to slowly be close to half the 
circumference. Thus, for a circle of radius 𝑟 and parallelogram of base 𝑏 and 
height ℎ the following holds: 𝐴 = 𝑏ℎ =

1

2
𝐶 × 𝑟 =

1

2
× (𝜋𝑑) × 𝑟 

=
1

2
× (𝜋 × 2 × 𝑟) × 𝑟 =

1

2
× 2 × 𝜋 × 𝑟2 = 𝜋𝑟2.   

During the study the learners were given the following links for further 
independent reading:  

https://youtu.be/zADj0k0waFY 

https://youtu.be/YokKp3pwVFc  

https://youtu.be/HE12r4vCwII  

These were vital in developing and deriving the formulae as opposed to direct 
substitution without making mathematical connections. It also explains that 

https://youtu.be/zADj0k0waFY
https://youtu.be/YokKp3pwVFc
https://youtu.be/HE12r4vCwII
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learners were able to view the video links several times for more understanding. 
Students’ learning depends on the teaching strategy. When taught concepts by 
rules they are not afforded the opportunity to construct a conceptual foundation 
for understanding. Rules can facilitate conceptual understanding if they are used 
relationally, but experience has shown that most teachers use them instrumentally 
and as a result student fail to relate the concepts. If rules are handled relationally, 
they facilitate conceptualisation, more than when they are used instrumentally. 
Such instructional strategies usually divorce the classroom concept from real life 
and make the concept difficult to comprehend. As a result, it is important to 
engage learners in fact-finding in mathematics.  

USING APP GEOMETRY 

In order to understand the features of the App, screenshots (SS) were taken to 
show various App features and functions. However, for the purpose of the paper, 
only options that relate to the circle are explained.  

            
Figure 3: Screenshots showing what the Geometry App features 

The App has several features which engage the user through several mathematical 
exploration and integration. SS1 shows different calculations that could be made 
using the App. This includes parameters like 𝑟, 𝑑, 𝑙, 𝑝, 𝑐, ℎ and 𝛼. Here it can be 
seen that different portions of the circle and formulae to use are given. This helps 
learners identify what is given against what is required so that the correct 
approach is taken. In some cases, an alternative formula is given and this ignites 
interest from the learners as to why such works. For instance, learners are used to 
the formula 𝜃

360
𝜋𝑑 =

𝜃

360
𝜋 × 2𝑟 since 𝑑 = 2𝑟. As seen from SS2, 𝑎×𝜋×𝑟

180
 is given 

as a simplified version after using 2 as factor of 360. Working with simplified 
expressions is vital in not only easing the tedious calculations but also for making 
mathematical connections.  
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Figure 4: Screenshots showing what the Geometry App features 

Using SS3, learners can select precisely what they need to include in their solution 
strategy. Several parameters are involved in the circle measure and this indirectly 
informs and integrates the concept “subject of the formula”, in which variables 
can be rearranged to a desired measure. The “book-like” icon links the user to the 
Internet, where a summary about the circle is given and further reading can be 
done. On SS4 there is re-set icon which allows the user to restart or make new 
calculations. The bar can then be pressed and adjusted to change settings on the 
value of 𝜋 and decide whether the App can show or not show the working. This 
is crucial in that upon picking the information the learner can check individual 
working and the accuracy of the final answer. The other option is that the user 
can work independently and later compare the solution displayed on using the 
App. A full display of the solution is more like a step-by-step explanation for 
checking. According to Jacobs (2005), such explanations enable students to 
recognise and correct errors as well as to build confidence when they give a valid 
response. Learners have an opportunity to try many similar exercises as well as 
more challenging ones. 

THEORETICAL FRAMEWORK 

To ensure that learners comprehend circle measurement, compatible teaching and 
learning that scaffolds them develop visual skills. An Algebraic Insight 
framework fortifies this initiative and probably holds since learning mathematics 
correlates to learning language and mathematical language enforces the use of 
symbols, constants, manipulation and representation. Ball, Pierce and Stacey 
(2001) purport that the framework entails algebraic expectations and ability to 
link representations, with recognition of conventions, basic properties and 
identification of structure. They further attest that for students to understand and 
master mathematics they need to know the meaning of symbols, and the 
properties and order of operations. This explains that proper visual skills, correct 
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thinking and method will lead to the expected solution strategy. Learners will 
selectively dissect the circle in accordance with what they need in their solution. 
On numerous formulae regarding the circle, the Algebraic Insight framework is 
vital in helping improve mathematical skills hence handle variable with ease.  

RESEARCH METHODOLOGY 

The research reported in this paper used a qualitative case study approach. 
Merriam (2009) refers to qualitative researchers as researchers who want to 
understand how their participants make sense of their experiences in social and 
cultural contexts. For this initiative, to investigate learners’ conceptual 
understanding of circle measurement, the researcher used an investigative task 
then brought in an online intervention of the Geometry App. It must be noted that 
the word “task” as used here refers to an explicit directive which requests learners 
to solve or give an account of it. Tasks were marked and screenshots (images) 
taken then sorted according to the themes. The selected tasks were sent to the 
respective teachers after which telephone call interviews were made to find 
insight into learners’ solution strategy. Telephone calls were used as a precaution 
to keep all parties at the required social distancing rule for the pandemic. 

PARTICIPANTS 

Three schools based in Mafeteng were randomly selected and from each school 
10 Grade 9 learners were randomly selected. A teacher from each school was also 
chosen by default from the mere position of teaching Grade 9 mathematics. Of 
the participants, teachers were central agents in making school mathematics 
relevant to out of school activities as they directed students’ activities and 
privileged the techniques and resources (Kendal & Stacey, 2001). Teachers were 
needed to find possible teaching strategies which could be traced from any 
learners’ solution strategy. It must be noted that from the anticipated 30 learners 
that only 26 were able to complete and submit the tasks. For reasons more related 
to telephone problems, school 2 (SC2) and school 3 (SC3) had one and three 
learners quitting the initiative respectively.    

DATA COLLECTION AND REPRESENTATION 

The entire study was based on the academic use of mobile phones to enhance 
conceptual understanding of circle measure using the Geometry App. However, 
for the purpose of the study, the brand name of the learners’ mobile phones was 
not a concern, rather its ability to open and read documents in word and pdf 
formats as well as using YouTube. Other concerns were camera properties, 
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internal storage and screen dimensions. These were considered vital since they 
contribute immensely to the effective daily use, especially with downloads and 
viewing videos. Data was collected using a questionnaire, online investigative 
task (assessment form) and interviews with the teachers for further enquiries 
based on learners’ solution strategy. The questionnaire was given at the initial 
stages of the study to tease out phone features and access to data and computers. 
Both teachers and learners were given two weeks to learn and use the Geometry 
App, followed by two assessment tasks testing learners’ understanding of circle 
measure. The questions used in this study were such that Bloom’s Taxonomy was 
considered, meaning the level of difficulty was observed.  

Task 1 concept: length of sector 

1. OAB is a sector of a circle, centre O, radius 11 cm and 𝐴�̂�𝐵 = 134°. 

   
(i) Calculate the length of the arc AB.    

 [2] 

(ii) Calculate the shortest distance from O to the line AB.  
 [2] 

Task 2 concept: area of sector     

2. The diagram shows a sector of a circle of radius 8 cm and angle 70°. 

 
(a) Calculate the shaded area.                   [4] 

(b) A piece of chocolate is in the shape of prism with the shaded area from 
part (a) being its cross section. 

The rectangular base of the chocolate is 16 cm by 𝑥cm. 

The piece of chocolate is to be placed in a box which is cuboid of size 16 
cm by 𝑥 cm by 1.5 cm. 
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(i) Show that the chocolate will fit inside the box.        [3] 

(ii) These boxes are to be packed in cartons in the shape of a 
cuboid. The size of each carton is 48 cm by 4𝑥 cm by 24 cm. 

Find the maximum number of boxes that can be packed inside one 
carton.         [2] 

The two tasks given integrated into other learning areas. Teachers were given the 
tasks to see what students were doing and were requested to make marking 
memoranda. Solutions were then compared and thoroughly discussed for 
common ground. To obtain communication with the participants, WhatsApp 
group named “Grade 9 Math” was created as the cheapest mode to disseminate 
tasks at agreed time slots. All learners in each of the three schools and teachers 
were coded, the tasks were marked and sorted according to the themes that 
emerged. Such themes included wrong approach, errors made, units, and the 
degree of accuracy. The following coding was used to identify learners, teachers 
and themes: 𝑙1for learner 1, 𝑇1 for teacher 1, 𝐶𝑠 for correct solution, 𝑊𝑠 for wrong 
solution, 𝐸𝑚 for error made, 𝑃𝑟 for premature rounding and 𝑊𝑢 for wrong units. 
Further clarity was made via teacher interviews in addressing themes. Such an 
interview was held after the teacher was sent the chosen script with themes and 
had assimilated the solution strategy.   

RESULTS AND DISCUSSIONS 

Results of the study were discussed and analysed contextually through the 
empirical data obtained from investigative tasks, questionnaire and teacher 
interviews. The study set out to investigate learners’ conceptual understanding of 
the circle measure using Geometry App. Results portray that the App did not only 
assist learners’ comprehension of the concept but has also increased desire to 
engage in other learning areas as the App has various topics. Precisely, there were 
fewer cases of concern on accuracy and correct formula used. It therefore showed 
that, gradually, the features of the App had abetted learners to improve their visual 
skills and integration into other learning areas. However, there were concerns 
over some poor cameras to capture the solution as well as low memory which 
prohibited storage of some educational files. In some areas there were reports of 
poor networks, leading to late online submissions or failure to submit at all.  
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 MOBILE PHONE QUALITIES  

The mobile phone features so needed were camera, internal storage and screen 
area. These were vital to see if the phone can cope with daily reading text, 
watching videos, downloading and taking pictures. The table gives a reflection of 
learners’ mobile phone features, quality and corresponding frequencies. 

Table 1: Learners’ Mobile Phone Qualities and other devices 

Mobile phone features                               Frequency  
Operating system Android 29 

IOS 1 
Camera 
specifications  

  2 MP 5 
  5 MP 10 
13 MP 10 
16 MP 5 

Storage    8 GB 13 
16 GB 12 
32 GB 3 
64 GB 2 

Screen area in inches 4 ≤ 𝐴

≤ 5.5 
24 

6 ≤ 𝐴 ≤ 7 6 
Access to other 
devices 

Laptop 6 
Desktop 3 
IPad 7 

          

The specifications and capabilities of a mobile phone are important as they enable 
the user to capture and/or send tasks that are clear and easy to mark. Therefore, 
the number of megapixels determines in part the resolution of the image it 
captures. The more megapixels the higher the resolution, and as result the larger 
or clearer the prints. From the results, it can be deduced that majority of learners 
had very poor phone cameras and this was made worse by the screen areas which 
hindered reading of the notes or watching videos. Unfortunately, four of the six 
learners who left the participating group at a later stage were having either very 
low internal storage and/or poor camera as they repeatedly failed to submit. It can 
also be seen that a minority had other electronic devices that could help at home, 
leaving the others to rely solely on the phones. 



438 
 

INVESTIGATIVE TASK 1  

Some pictures from learners were too poor to be used for discussion and analysis. 
From the original source they looked blurry and therefore it would be futile to 
share with a third party. Learners’ responses were selected according to themes 
seen from their solution strategy. The results were generally discussed with no 
focus on schools since the purpose was not to compare performance per school.  
The questions were taken from past examination papers to avoid either under-
assessment. 

Table 2: Task 1 Learner performance, themes, corresponding frequencies  

                                              𝐶𝑠  𝑊𝑠 𝐸𝑚 𝑃𝑟        𝑊𝑢  

(i) 20 2 4 2 6 

(ii) 10 16 8 17 11 
One of the emerging factors was premature rounding which affected the accuracy 
of many correct solution strategies, which was disappointing and perpetuated by 
calculation errors. Learners were tempted into pre-mature rounding due to 
decimal answers obtained.  

Thinking processes for the solution options:  

(i) Length of arc:  

• remove the chord AB  

• take out the portion needed; take correct formula; substitute 
the values and evaluate  

  134

360
× 𝜋 × 11 × 11 = 25.726 ….. 25.7cm (3 s.f.) 

 
(ii) the concept “shortest distance” : 

• ignites a right-angled triangle so the mnemonic SOHCAHTOA is ideal. 

• make a sketch and take dimensions  
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Method 1: Using shape (a): let the wanted distance be 𝑑 

cosine ratio: 𝑐𝑜𝑠 67° =
𝑑

11
  then 𝑑 = 11 𝑐𝑜𝑠 67° = 4.298 which is 4.30 (3 sf) 

Method 2 Using (b): using sine ratio: 

• the angle is extended to get exterior angle 46° and complete the rectangle 
to have 900 so 46

2
= 23𝑜   

• 𝑠𝑖𝑛 23° =
𝒅

11
  then  𝑑 = 11 × 𝑠𝑖𝑛 23° = 4.299 which leads to 4.30 

Method 3: cosine formula and sine formula: 𝑎2 = 𝑏2 + 𝑐2 − 2𝑏𝑐𝐶𝑜𝑠𝐴 and 𝐴 =
1

2
𝑎𝑏𝑠𝑖𝑛𝐶… useful to those learners who go around (rather longer method)  

• this formula gives a shortcut to area of triangle where height is not known 

• the reverse of the whole thing by using 1

2
𝑏ℎ =

1

2
𝑎𝑏𝑠𝑖𝑛𝐶 so ℎ = 𝑎𝑠𝑖𝑛 𝐶 

• You will need correct length of 𝐴𝐵 as base in (i). 

𝐴𝑟𝑒𝑎𝑂𝐴𝐵 =
1

2
× 11 × 11 × 𝑠𝑖𝑛 134° = 43.52 𝑐𝑚2  

So 𝐴𝐵 = 20.25 using cosine formula check that 25.726 is used not 
25.7(rounded figure). 

1

2
× 25.726 × 𝑑 = 43.52 so 𝑑 =

43.52 × 2

20.25
= 4.29827 cm leading to 

4.30 cm (3 sf). 

DISCUSSIONS: LEARNERS’ SOLUTION STRATEGIES AND 

TEACHER INTERVIEWS 

𝑙17 solution strategy 
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This is investigative task 1 part (ii) in which upon dividing the angle by 2,𝑙17 tried 
the concept ratio to find the unknown side and one could assume this emanated 
from the sine formula. This was not expected, especially after obtaining other 
questions correct. 𝑙17 then went on to use the Pythagoras theorem in which the 
distance 11 was incorrectly taken as hypotenuse.   

In response to the learner’s solution, 𝑇2 said, “This learner confused the 
sine formula as used in proportion of sides and angles. This is seen when the 
cross-multiplication was used to determine the unknown side. The use of 
Pythagoras theorem only showed that the learner saw arc length as the distance 
to chord AB, and this is wrong”. When pressed further on how often such kind of 
errors arose, 𝑇2 agreed that, “these are quite frequent, we teach these learners how 
to avoid mistakes but mistakes keep on coming”.  

𝑙12 solution strategy and the hint 

  
Similarly, after obtaining part (i) correct despite failing the accuracy, 𝑙22 
approached (b) Using Pythagoras theorem by taking half of AB to get 12.9. This 
showed lack of understanding since the figure 25.7 is the length of arc 𝐴𝐵 not the 
length of chord 𝐴𝐵. This did not only depict lack of visual skills but went further 
to expose the misconception in obtaining the negative value upon using the 
theorem. It was even worse to see the square root taken by simply ignoring the 
negative. In addition, 𝑇3 was surprised that the learner brought the idea of 
negative value to the theorem. When asked, “Where do you think the use of 
negative sign come from?” 𝑇3 said, “looking at the introduced negative 1, I think 
the learner wanted to cancel the obtained −45.41 knowing that it was not 
acceptable. I strongly believe that the learner recalled that the square root of a 
negative number is undefined under real number system.”    

INVESTIGATIVE TASK 2 

This task was chosen and motivated by one of the objectives as stated in LGCSE 
(2017) which emphasises that learners should be able to, “solve problems 
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involving the surface area and volume of cuboid, cylinder and triangular prism”. 
It integrated various concepts that ignited problem solving.   

Table 3: Task 2 Learner performance, themes’ corresponding frequencies  

 𝐶𝑠 𝑊𝑠 𝐸𝑚 𝑃𝑟 𝑊𝑠 

a) 21 5 5 18 14 

b) (i) 0 26 20 10 12 

    (ii) 3 23 20 0 11 
 
No learner was able to get everything correct in this task. The last five marks were 
out of reach and it showed that the question was on an advanced thinking level. 
There is normally a problem in a “show” question and learners find it difficult to 
make mathematical justification. Despite this poor performance, learners were 
able to recognise sequential trends but had very low reasoning skills, even to those 
who were able to obtain correct figures. The critical issue here is that the teaching 
itself did not equip learners with reasoning skills, because the task was more of 
justification than manipulation of the formula.  

 

Thinking process: teaching ideas to enhance conceptual understanding  

(i) Identify this as a frame: Area of something in a bigger thing 

✓ Pick a correct formula for each case: Area of a sector 

✓ 𝐴𝑟𝑒𝑎𝑠𝑒𝑐𝑡𝑜𝑟 =
𝑡ℎ𝑒𝑡𝑎

360
× 𝜋𝑟2 vs area of a non-right triangle 1

2
× 𝑎𝑏 ×

𝑠𝑖𝑛 𝐶   

✓ Choose the correct calculator mode … Degree mode.  

✓ Choose the correct preferably the calculator 𝜋 or 3.142 and NOT 22

7
. 

✓ Avoid premature rounding … final answer be in 3 significant 
figures.     
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𝐴 =
70

360
× 𝜋 × 82 −

1

2
× 82 × 𝑠𝑖𝑛 70° = 39.0954 − 30.070 = 9.02543 𝑐𝑚2. 

This finally gives 9.03 𝑐𝑚2(3 s.f.) and NOT 9.0 or 9. 

 

(ii) Note that this question relies on the first diagram, where main focus 
should be on the whole sector 

       
check also that 

✓ On prism 16 will fit 16 on the box and 𝑥 on the prism will fit 𝑥 on 
the box. 

✓ Learners need to work on more significant figures for accurate 
answer. 

✓ This is a “show” question so show all steps and be convincing.    

 

So, find ℎ to fit ℎ = 1.5 cm and this will only hold if ℎ1 ≥ ℎ2. Meaning it should 
be less or equal to 1.5 cm. 

Solution b (i): using the right-angled triangle and taking e cosine ratio: 
𝑐𝑜𝑠 35 =

ℎ

8
;   

ℎ = 8 𝑐𝑜𝑠 35 = 6.553 m. 

ℎ = 8 − 6.553 = 1.446 which leads to ℎ = 1.45 cm which is less than 1.5 cm 
hence will fit inside the box. 

 (ii) The question is looking for volume concept   

✓ Get formula for the box; 𝑙𝑤ℎ 

Solution b(ii) : 𝑉𝑐𝑎𝑟𝑡𝑜𝑛

𝑉𝑏𝑜𝑥
=

48 × 4𝑥 × 24

16 × 𝑥 × 1.5
=

4608

24
= 192. 

MISCONCEPTIONS OR ERRORS 

✓ Picking the correct formula: 1
2

𝑎𝑏𝑠𝑖𝑛𝐶 vs 1
2

𝑎𝑏𝑐𝑜𝑠𝐶 
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✓ Calculator errors … double check if calculation make sense 

✓ Issues of area vs perimeter: arc length vs sector area 

𝑙5 solution strategy 

 

 
𝑙5 had everything wrong but there are some things to pick up from the solution 
strategy. The use of 𝑠𝑖𝑛 70 × 8 meant that the sector was treated as a right-angled 
triangle without bisecting the angle 70° so that a triginometric approach would 
be used. It was astonishing to see the cone and the concept “area of the curved 
surface” used. It was however confirming that 𝑙5 treated this concept as cone. 
Practically it shows that skills that draw the only needed portions of the shape are 
in deficit and 𝑙5 failed to connect the segment to the 3D object. 

In trying to obtain further understanding from 𝑇1, “Sir, there is nothing correct 
from this learner. What do you think happened?” In reply,𝑇1 purported that “this 
shows that there is lack of information from this learner and a lot of 
misconceptions. I do not know how looking at the nature of the question a cone 
could came up. This is even made worse using 𝜋𝑟𝑙 which concludes that this was 
fully considered as a cone”. But the learner also used the sine ratio without a 
right-angled triangle, begging the question as to what teaching could possibly 
ignite this? 𝑇2 argued that the teaching did involve learners into fact-finding, but 
sometimes learners were not ready. This is a sign of low motivation level among 
learners. They wrote just for the sake of it, or rather they had low motivation 
levels to keep up with the pace.     

𝑙10 solution strategy  

  
There was an algebraic method seen from 𝑙10 as seen from having the first 
solution strategy correct. This proves that there are concepts that connect with 
finding the formula and using it. However, 𝑙10failed to make a mathematical 
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connection by dissecting the figure and linking to the solid so that the concept of 
volume was picked. 𝑙10 was so inclined to the use of the formula, which also 
confirms lack of conceptual understanding of the circle measures and not 
comprehending the learning assessment objective.  

𝑙10 answered most questions correctly but one that was wrong was on what he 
thought had happened in the solution, to which he replied, “This is the main 
problem. Learners find it difficult to get to the application level. The question 
wanted a shift away from the normal use of sectors into solids and this was rather 
tough”. This shows teaching that does not involve all levels of learner 
development, as they need to be taught in such a way that involves making 
connections with the real world to enhance conceptual understanding. 
Scaffolding was needed to help them go beyond the application level. It must be 
noted that, despite this failure to have explicit working, majority were able to 
annotate and identify what was required but got stuck along the way. This is 
exactly what was learnt using the Geometry App in terms of listing what is given 
and what is wanted before beginning the solution.  

IMPLICATIONS FOR TEACHING 

Investigative task 1  

This task was chosen to connect circle measure to trigonometry and various 
thinking lines were expected to be shown by learners in their solution strategy. 
Looking at part (ii), the teaching should connect topics and try to employ various 
methods. In this part, about three methods were possible for the solution, which 
further implies that the learner-centred type of class is ideal for brainstorming 
some of these thinking lines that enhance visual skills and conceptual 
understanding. Such approaches make flexible learners who can apply a wide 
range of methods in mathematics.  

Investigative task 2  

This task was motivated by integration of circle concept into other learning areas. 
The teaching should shift away from just the use of the correct formula, and 
punching the figures, to making connections to build ideas. This strongly suggests 
that the teaching should help bond mathematical concepts with real-life and 
modelling situations. Teaching and learning of mathematics should discourage 
procedural understanding and instead foster conceptual understanding. There is a 
need to expose learners to situations that require “show or prove”. Such teaching 
will equip learners with a solid mathematical background, so they are able to 
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reason for and justify their responses. As driven by the purpose of the study, 
teaching should foster conceptual learning of circle measure, and as such the 
actual teaching should help learners dissect shapes into usable chunks of 
information.   

CONCLUSION 

It is vital to embark on the teaching that enhances conceptual understanding of 
the circle measures. The teaching should not only make connections with real life 
but also with other topics. Such topics are solids, trigonometry, formulae and 
sequences, as seen in investigative task 2 part (ii) in which various connections 
were needed. The aim of the study was to investigate the conceptual 
understanding of circle measure among the Grade 9 learners using the Geometry 
App as online intervention. The results of the initiative were however not 
appealing to a large extent but can be considered promising. Many learners still 
possess very low to no visual skills and such skills are vital in developing a 3D 
eye. The ability to see in 3 dimensions is important in sequencing the 
mathematical ideas and thus help learners to identify the regions within the shape. 
The research question for this study was answered but there were challenges in 
maintaining the quality of responses among the learners. The outcome puts 
forward that, despite 20 out of 26 learners having very good overall performance, 
there were some conceptual concerns over some of their solution strategies. Most 
failed to give a convincing working on questions that were beyond the application 
level. There are various suspected reasons for this poor show, in this regard. 
Almost all the schools in Lesotho prohibit use of mobile phones but the pandemic 
has taught schools to reconsider this policy. The new focus should then be the 
positive side of the story which allows learners to use mathematical Apps in the 
classrooms to improve the accuracy, formulae and learning without limits. As a 
result, mobile phones should be permitted for use in schools to aid teaching and 
learning. This will not only be a change of method but driving desire to do 
mathematics. Schools should rather put in place strong regulations against misuse 
of such devices for learners   

When learners are not able to reach to the analysis and create levels it mostly 
implies that the teaching was not compatible, and learners failed to make 
mathematical connections. This could be in the thinking processes or making 
links with other topics. Lastly, in the case of the teachers, the purpose was rather 
achieved not simply for the mathematical procedures but more for developing 
interest in mathematics as well as making justifications for learners’ solution 
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strategies. There is a positive correlation on the academic use of mobile phones 
and learners’ wish to explore more on the other educational Apps. In conclusion, 
further study on the online interactive applications will put more focus on finding 
the specific elements that can be generalised to be enhancing conceptual 
understanding. The researcher would like to see the initial teaching using the App 
before the actual classroom teaching, so the interaction focuses on the specifics 
that foster conceptual understanding.  
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PRE-SERVICE TEACHERS' CONSTRUCTION OF THE 

APPLICATION OF FIRST-ORDER DIFFERENTIAL 

EQUATIONS THROUGH TASK-BASED INTERVIEWS 

Benjamin Tatira 
Walter Sisulu University 

Word problems in differential equations pose interpretational difficulties to 
calculus students. The study purpose was to explore education students’ 
understanding in learning the application of first-order differential equations in 
population and interest growths using the Action-Process-Object-Schema theory. 
After traditional lectures in differential equations, a purposive sample of eleven 
pre-service teachers studying for an education degree was selected. Data were 
collected by means of task-based interviews. The results revealed that students 
operated at all levels of the Action-Process-Object-Schema mental structures. 
However, most students operated in the Action conception and few students 
attained the Object conception in understanding the application of differential 
equations. Students need adequate understanding of the Process and Object, 
which represent higher-order thinking skills in their preparation to be high 
school teachers. 

INTRODUCTION 

Many laws that underlie the behaviour of the natural world are relations that 
involve the rates of change whereat things happen (Yitayew & Ketema, 2020). 
When formulated mathematically, these relations and the rates of change become 
equations and derivatives respectively (Logan, 2017). This leads to a description 
of diverse physical systems by these mathematical structures which are called 
differential equations (DEs). A DE is an equation for a function that relates the 
values of the function to the values of its derivatives. In essence, it is an equation 
involving an unknown function and includes at least one derivative of an 
unknown function. The derivative may be of any order and there may be several 
derivatives present in a given equation. The idea of the application of DEs has 
been used to understand and solve real-world problems for millennia (Bibi, 
Zamri, Abedalaziz & Ahmad, 2017).  

First-order DEs are equations that contain only the first derivatives, and these 
arise from different applications in many fields of study like economics, physics, 
biology and engineering (Hassan & Zakari, 2018). In calculus, students engage 
in different types of contexts which could be modelled by DEs, which include 
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population growths, radioactive decays and annuities. However, formulating DEs 
to real-world problems has not always been easy for students. Essentially, 
students have to identify the real-world problem that needs to be solved and then 
based on some assumptions, they develop a mathematical model that translates 
the problem into a mathematical statement. Thereafter, a student has to solve the 
DE and interpret the results. 

South African students encounter DEs first time at university. Before that, 
students go as far as solving general word problems only, usually by means of 
linear equations. Textual descriptions of situations within which questions are 
contextualised is what we call word problems (Adu, Assuah & Asiedu-Addo, 
2015). Word problem solving has been a major part of school and college 
mathematics, which promotes the much-desired connection between abstract 
mathematics and its application to natural phenomena (Angateeah, 2017). 
Students are therefore required to ‘undress’ word problems and solve them. 
Common challenges to the teaching and learning of word problems surface as 
students fail to decode textual problems into relevant mathematical form. To 
substantiate this point, Adu, Assuah and Asiedu-Addo (2015) examined students’ 
errors in the process of solving linear equation word problems by administering 
a diagnostic test to a sample of form 2 students in Ghana. Their study revealed 
that students were lost in translation as a result of misunderstanding basic terms 
used in the word problem. More especially, they could not interpret the question 
and to represent terms by variables. 

The approach to solving application problems in DEs is more or less the same as 
in word problems. This creates an uneasy situation where students cannot explain 
or solve word problems in DEs. To corroborate that learning of word problems 
in DEs is a challenge, Bibi, Ahmad, Shahid, Zamri and Abedalaziz (2020) sought 
to determine whether conceptualising the application of DEs is challenging or 
not. Questionnaires were administered to university students in Pakistan. The 
results of that study indicated that solving of non-routine DEs is difficult and 
command high-level of conceptual understanding, relative to other topics in 
calculus.  

Students’ success in modelling of first order DEs rests in correct translation 
between the words and the mathematics. Investigating student difficulties in 
interpreting first-order DEs was the goal of a study by Rowland and Jovanoski 
(2004) in Australia. In that study, a diagnostic test, examination questions and 
follow-up interviews were used to gather data in a sample of first-year 
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undergraduate students’ understanding of solving modelling contexts. The results 
indicated that students have inadequate conceptualisation concerning functions 
that give rise to quantities that need to be determined, as well as the equations of 
the quantities of the given rates of change. Hence, instructors should help students 
to interpret and solve modelling problems. Furthermore, many authors have 
attempted to show the significance of the application of DEs as a mathematical 
model in biological or economic problems (Hassan & Zakari, 2018; Yitayew & 
Ketema, 2020; Zakari & Hassan, 2019).  

I have established above that real-life problems requiring use of DEs seem to be 
harder for many students to translate into mathematical form than most problems 
met heretofore. Probing students’ conceptual understanding of the application of 
first order DEs is neither straightforward nor easy, which calls for use of various 
techniques (Rowland & Jovanoski, 2004). The aim of this study was to explore 
education students’ mental constructions in the application of first order DEs in 
population and interest growths. Hence, the study purpose was to explore 
education students’ understanding of the application of first order DEs using the 
Action-Process-Object-Schema (APOS) theory.  The research question I sought 
to answer was what mental structures of DEs schema may be constructed by 
students to understand DEs in the context of word problems. 

One way to know the nature and extent of students’ difficulties is by looking at 
their mental construction when solving problems (Prawoto, Hartono & Fardah, 
2018). Hence, the articulation of how to solve the application of DEs might be 
developed across different concepts is the domain of the APOS theory (Czocher, 
Tague & Baker, 2013). APOS provides a framework to structure and analyse data 
for this study. It is a theory hinged on Piaget’s philosophy about the cognitive 
development of students. In this theory, students first understand a mathematical 
concept as an Action, to be performed by performing procedures on memorised 
facts and formulae. Given the model 𝑑𝑁

𝑑𝑡
= 𝑘𝑁, students can solve it by separating 

the variables to obtain the formula 𝑁(𝑡) = 𝑁0𝑒𝑘𝑡. If provided with some known 
quantities, students can substitute and obtain the unknown quantity. Actions are 
interiorised into Processes when students can perform procedures mentally and 
speak of results without doing the Action. With good process conception, students 
can just start at the result 𝑁(𝑡) = 𝑁0𝑒𝑘𝑡 without formulating the first-order DE 
first. The aforementioned equation is the exponential growth equation, which was 
the model put forth also by Thomas Malthus. Problems involving growth or decay 
of a particular population require the use of the Malthusian population model 
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(Zakari & Hassan, 2019). The Object conception comes about when students 
apply Processes to solve new problem situations and relate them to other concepts 
(Salgadoa & Trigueros, 2015). When faced with word problem in any context, 
students with Object conception can recognise the applicability of first order DEs 
and use it to solve for the required quantities. Finally, students gather the related 
Actions, Processes and Objects into a coherent construction called a Schema. A 
Schema also comprises of other prior Schemas which are connected to the same 
concept. The Schemas of changing the subject of the formula and integration by 
separating variables fits in the Schema for application of first order DEs. Though 
students first understand mathematical concepts at action level and imagined 
Actions encapsulates into objects, the progression from one mental structure to 
another is not always linear but may be dialectical as knowledge is being created.    

METHODOLGY 

This study was framed within the interpretivist paradigm, which acknowledges 
the subjective nature of human action and understanding. This study was 
conducted at a rural-based institution without rich teaching resources in South 
Africa. Thus, neither computer programming nor software was used in instruction 
of DEs. The participants for the study were third-year undergraduate majoring in 
mathematics and another science subject. These are training to Further Education 
and Training phase teachers; hence they take advanced calculus courses. Out of 
a class of 159 education students who had just completed a calculus course “using 
a traditional lecture/recitation model” (Arnon et al., 2014: 104), eleven students 
were selected using convenience sampling. Only the students who volunteered 
and were accessible to researcher formed the sample for the study. Data were 
collected by means of one-to-one task-based interviews (TBIs). TBIs are defined 
as a scenario where the interviewee talks during or immediately after answering 
a question on paper, whereupon the interviewer can probe to seek further 
clarifications if necessary. Moreover, TBIs engage students in activities and have 
the potential to reveal students’ conceptions in a given topic (Trigueros & Oktaç, 
2019). The TBI was made up of four questions on the application of first order 
DEs. My intention was to tap into the data that had the potential to reveal the 
range of conceptualisations on a variety of tasks so as to compare students’ 
thinking. These differences enable the researchers to determine whether the 
mental constructions called for by the theoretical analysis account for differences 
in performance (Arnon et al., 2014). The interviews were captured on audio-
recordings and subsequently transcribed. Written responses were collected to 
support the audio-recordings. Each interview was about 20 minutes long. Ethical 
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clearance to conduct the study was duly obtained from the relevant university 
structures. The analysis of data is meant to reveal how well did the participants 
learn application of DEs and to find supporting evidence. The students’ mental 
constructions could potentially be deduced from their written responses and 
verbal explanations. For purposes of anonymity, the participants were coded 
‘PT1’, ‘PT2’ and so on until ‘PT11’, where the ordering did not carry any 
significance. 

DATA ANALYSIS AND RESULTS  

The analysis of data was achieved by listing both the specific correct and incorrect 
points in all the students’ responses and collate them. This information reveals 
what students have learnt and their possible mental constructions (Arnon et al., 
2014) 

Results for Question 1 

Question was given as follows: Consider the population of bacteria. This 
population grows according to the function 𝑁(𝑡) = 200𝑒0.02𝑡, where 𝑡 is 
measured in minutes. How many bacteria are present in the population after 5 
hours? Students were then supposed to substitute into the formula to get the 
population of bacteria after five hours. Seven students substituted 𝑡 = 300 
minutes in the formula to get the correct answer of the bacteria population. Two 
of the seven students (PT2 and PT6) simply explained the exact procedure to 
solve the problem without doing the written solution.   

PT2: I will first write down and explain later. I first convert 5 hours into 
minutes. 200 stands for C and I will substitute into that equation with the 
minutes that I have converted and get the answer.  

Moreover, PT3 and PT5 preferred written responses only but still got the correct 
solution. Four students attempted unsuccessfully this question and their 
challenges were centred on errors in the procedure of substituting in the formula. 
PT10 did not convert 5 hours to minutes whilst PT4 got 𝑡 = 18 000 minutes after 
converting. Moreover, PT8 encountered a calculator error in the solution process 
(see Figure 1(b)) and PT9 used 𝑡 = 1.  
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Figure 1. Errors in computing the population by PT10 and PT8 respectively. 

Results for Question 2 

Question 2 was given as “The population of Goth island at the end of the year 
2000 was 500. The population increases steadily by approximately 10% per year. 
What will the population be at the end of the year 2050?”. This question was at 
Process level where students did not necessarily have to formulate the DE and 
then solve it by separating the variables.  

PT4: The first thing we need to do here is to define 𝑁. Let 𝑁 be the number 
of population and let 𝑡 be time in minutes. Since we are talking about an 
increase 𝑑𝑁

𝑑𝑡
= 𝑘𝑁. I would have to separate the variables and integrate. 

𝑁(𝑡) = 𝐴𝑒𝑘𝑡. At 𝑡 = 0, there are 500. [reads the question again] 𝑡 = 50 
years. [substituted in the formula and gets the correct answer] 

Four students managed to get this question correct. One of these (PT1) did most 
of the work mentally; he only started by identifying the given variables upon 
which he substituted in the formula 𝑁(𝑡) = 𝑁0𝑒𝑘𝑡 to get the correct answer. PT4, 
PT9 and PT11 chose to start by defining variables and formulating the DE. They 
subsequently solved the DE by separating the variable to obtain the equation 
𝑁(𝑡) = 𝑁0𝑒𝑘𝑡. Four more students did that too, though they erred in the 
subsequent stages in their attempts to identify the values of 𝑘, 𝑡 and 𝑁0. Another 
student (PT6) ill-formulated the DE as 𝑑𝑥

𝑑𝑡
= 𝑡𝑥. But then he was confounded as 

he tried to solve the DE and ditched the attempt.  Interestingly, PT4, PT9 and 
PT11 did not take 𝐴 = 500 as given in the question but had to compute it by 
substituting the initial conditions 𝑁 = 500 when 𝑡 = 0. I believe computing 
A=500 in this case is superfluous (see Figure 2). 
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Figure 2. Unnecessary computation of 𝐴 by PT9 (which is given). 

Seven students indeed attempted this question but encountered varying kinds of 
mistakes so that the final answer was incorrect. Firstly, PT5 did not use the 
concept of application of DE at all, but the principles of simple interest. To get 
the population after 50 years, he added the increase to the initial, that is, 500 +

500 × 10% × 50 = 3000. But the increase is compounded, so simple interest is 
not applicable. PT8 initially stated the equation 𝑁(𝑡) = 𝑁0𝑒𝑘𝑡 but her attempt to 
compute the values of 𝑡 were in vain. She then used the flawed value of 𝑡 in the 
formula above. Together with PT10, PT8 set the initial time at the year 2000 and 
the final as 2050. Having done so, they grappled with computing 𝑘 using the 
initial and final times. Surprisingly, 𝑘 was given in the question as 10%.  

Results for Question 3 

In question 3, students were required to compute the initial value of an investment 
given the final value, the interest rate and the indirectly given time period, as 
follows, A 25-year-old student is offered an opportunity to invest some money in 
a retirement account that pays 5% annual interest compounded continuously. 
How much does the student need to invest today to have $1 million when she 
retires at age 65? Students PT1 and PT7 started by substituting all the known 
variables into the exponential equation. After they substituted, they simply 
isolated 𝑁0 to complete the solution as shown in Figure 3. 
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Figure 3. Correct solution of the initial investment by PT7. 

Three more students (PT4, PT9 and PT11) got the question correct but started by 
formulating the DE and then solving it to get the exponential equation. Then they 
substituted the known variables in the exponential equation and isolated 𝑁0. 
When presented with this question, five students did not give a response at all. 
One student, PT5, did not use the concept of DEs, but went ahead and used a 
resembling of simple interest in the solution process. It resembled simple interest 
procedures but in a flawed way. He computed five percent of the final amount 
and then divided that by 40 years (investment period) to get the final answer, as 
illustrated in Figure 4. 

 

Figure 4. Use of a method resembling simple interest (but not) by PT5. 

Results for Question 4 

The thrust of question 4 was to make students to view the application of DEs as 
a totality and becomes able to act on it with higher-level Actions or Processes. 
Question 4 was as follows: A person places $5000 in an account that accrues 
interest compounded continuously. Assuming no additional deposits or 
withdrawals, how much will be in the account after seven years if the interest rate 
is a constant 8.5 percent for the first four years and a constant 9.25 percent for 
the last three years? Students were required to use the balance in the account after 
the first four years as initial amount for the last three years to obtain the new 
balance in the account after seven years. Only PT4 appropriately displayed the 
expected answer in both the written and spoken responses. Likewise, PT9 had the 
correct solution process to this question where he computed amount for the first 
four years, and this amount was used as the initial amount in the next time period. 
However, she slipped by using 𝑘 = 8.5 and 𝑘 = 9.5 in the calculations. She was 
even baffled by the huge amounts that she obtained as a result of using a massive 
interest rate, which was 850% and 950% in truth respectively. Two students, PT7 
and PT11 calculated only the first part. They calculated the amount in the account 
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after four years and ended there. Given two time periods with different interest 
rates, PT3 and PT10 thought of calculating the two respective amounts and add 
the results to obtain the combined amount. These two computed separately 𝑡 = 4 
and 𝑡 = 3 using the same initial amount of 5000. Three students skipped the 
question completely. And finally, two students did not use the schema for DEs to 
solve this problem. They instead used computations involving simple and 
compound interest. PT5 calculated simple interests for the two periods separately 
and then added these to the initial amount 5000 to get the final amount for the 
combined period (see Figure 5). PT3 calculated the compound interest for the 
first four years: 5000(1 + 0.085)4 and used the result as the new initial amount 
for the second period.      

 

Figure 5. Use of simple interest formula for two periods to get future value by 
PT5. 

DISCUSSION 

To know the students’ construction of knowledge in learning the application of 
DEs, it is best to start by identifying the correctness of their written and verbal 
responses to given questions. Only a few students in this study were able to 
“describe the action verbally without actually performing it” (De Vries & Arnon, 
2004, p. 56). This was evidence of domination of Action conception and less of 
Process skills which the TBI depicted that well. This position is supported by 
Trigueros and Oktaç (2019) who found that the use of task designs is valuable to 
detect and explain students’ thinking styles and also their purported difficulties 
in the concept of application of DEs.  Literature reveals that students first learn 
mathematics concepts as an Action conception. Some students commenced by 
formulating the first-order DE and solving it for questions 2, 3 and 4. However, 
this was not to be expected at the Process conception since this was routine, hence 
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it could be done mentally. Some pre-Action constructions were also displayed 
when quite several students left some questions unanswered. This was common 
for questions 2, 3 and 4, which required some decoding to do before substitution 
in the formula for exponential growth. Adu, Assuah and Asiedu-Addo (2015) 
posited that weak students oftentimes failed to translate word problems into 
mathematical form, hence leave the concerned question unanswered. This is the 
domain of mathematically modelling, where students can make sense of word 
problems by learning to use models to represent salient mathematical 
relationships in given word problems. Modelling bridges the students’ transition 
from concrete arithmetic work to the abstract step of generating equations to solve 
word problems. As an instructor, I must inculcate modelling skills in my students 
in concepts like these.   

In cases where the variables and other information are given implicitly (a 
common feature of word problems), students tended to commit many 
manipulation errors. This was the case when students could not convert to the 
matching units and using 8.5 instead of 0.085 in the calculations. These errors 
dampen the good procedural skills which students would have demonstrated in 
the process of learning the application of DEs. As an instructor, I should make it 
a point to expose my students to more practice activities to help them overcome 
manipulation errors, which, if not controlled, leads to misconception (Kazunga & 
Bansilal, 2020). Such expanded practice potentially can spearhead students’ 
mental constructions in order to interiorise their Actions to the point where they 
can even predict solutions, work in reverse and imagine solutions without 
necessarily doing them.  

I also observed that having started the solution correctly, students got some 
difficulties so that in the end, the solution was left uncompleted. This was 
common with question 4, which had a change in the interest rate after the first 
four years. Many students succeeded in calculating the amount for the first four 
years at the given interest rate only. With well-developed Process skills, students 
were supposed to have envisioned the full solution process, especially after 
having started on the right path. In the same question 4, the majority of students 
could not comprehend the problem in totality; they were expected to compute the 
amount for the first four years and then use that amount as the new initial amount 
for the next period of three years. Some students envisioned calculating the 
amounts separately using the same initial amount and then add the two final 
values to get the combined amount. This approach epitomised the Action 
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conception to this problem, rather than the expected Object conception. Students 
were inclined more to application of procedural knowledge and less on 
conceptual knowledge. This situation depicts the dynamics of procedural and 
conceptual knowledge types in inculcating mathematical competence on students 
of mathematics. Procedural conception of application of DEs is appropriate for 
introducing the concept and in solving factual problems but it does not support 
conceptual knowledge. Moreover, conceptual knowledge may have a greater 
influence on procedural knowledge than the reverse (Rittle-Johnson & Alibali, 
1999). Mathematical competence rests on developing both conceptual and 
procedural knowledge. 

This interview was conducted after some lectures on DEs and their real-world 
applications, so students were supposed to apply the Schema for DEs to solve the 
problems in the interview. However, this was not done as some students used 
simple and compound interests to compute the required amounts, even on 
questions involving population increase. Simple interest cannot be used at all to 
calculate future amounts in real life situations as the interest is naturally added to 
the new initial amount for the subsequent time periods. Compound interest rate 
is an example of exponential growth only if the interest rate is guaranteed and the 
number of compounding approach infinity. If the number of times of 
compounding approaches ∞, compound interest formula approaches the 
exponential growth formula. If interest is compounded annually, the formula is 
given by 𝐴 = 𝑃(1 + 𝑖)𝑡 where 𝐴 is the future value, 𝑃 is the initial value, 𝑖 is the 
annual interest rate and 𝑡 is the duration for the investment. If interest is 

compounded 𝑛 times in a year, the formula becomes 𝐴 = 𝑃 (1 +
𝑖

𝑛
)

𝑛𝑡
. As the 

number of times the interest is compounded per time period increases to increases 

to infinity, then lim
𝑛→∞

(1 +
𝑖

𝑛
)

𝑛
= 𝑒𝑖 . Now 𝐴 = 𝑃 [(1 +

𝑖

𝑛
)

𝑛
]

𝑡

= 𝑃(𝑒𝑖)
𝑡
. This 

give rise to the normal formula for future value under compound interest 𝑁(𝑡) =

𝑁0𝑒𝑟𝑡 where 𝑁(𝑡) is the future amount, 𝑁0 is the initial amount, 𝑟 is the growth 
rate for a given time period 𝑡. Now the students in the study used the compound 
interest calculations based on the annual rate of interest, which is not true based 
on the formula above. The implication is that it is incorrect to apply the compound 
interest formula in real-world application problems on population or interest 
growth. Only the exponential growth formula, which was also used by Thomas 
Malthus can be used. The compound interest method is not an alternative, which 
some students in this study failed to acknowledge. Nevertheless, it worthy to 
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mention that by exploring other solution methods, the students had encapsulated 
the Process into Object conceptions of solving the application of DEs. Instructors 
can then use exponential growth formula to introduce students to more realistic 
models of population growth like the logistics growth equation in further studies 
in calculus. In the logistic population growth model, the swift increases in the 
population crests as the population attains its carrying capacity. Furthermore, 
Actions are interiorised when growth of savings is perceived as the number of 
times of compoundings approaches infinity (Chagwiza, Maharaj & Brijlall, 
2020). 

CONCLUSION 

The study goal was to examine education students’ APOS conception of the 
application of DEs. The results indicated that students in this study made 
considerable progress towards understanding word problem. In practice, students 
operate at all levels of the APOS framework as found by Mutambara, Tendere 
and Chagwiza (2020). I found that many students could respond correctly to 
questions pertaining to Action conception but struggled with those requiring a 
deep understanding of fundamental concepts (Kazunga & Bansilal, 2020). 
However, fewer students attained high mental constructions like Object. 
Pongsakdi, Kajamies, Veermans (2020) discovered that for easy questions, 
procedural knowledge dominates but for difficult items, both procedural and 
conceptual knowledge are required. The construction of Objects-conception is 
difficult and takes a long time (Salgadoa, Trigueros, 2015). Even talented 
students become unable to solve real word problems in DEs because the problems 
are non-standard (Dawkins & Epperson, 2014) and solving word problems with 
two or more steps is problematic for students (Angateeah, 2017). This is 
exacerbated by the short and packed university teaching periods common at 
institutions in some developing countries (Arnawa, Yerison & Nita, 2019). 
Importantly, this implies that students had under-developed Object conceptions 
of the application of DEs, and students did not realise that the compound interest 
method is not an alternative to solving word problems involving exponential 
growth or decay. 

The discussion displayed that by the APOS theory, the failure or success to 
understand concepts in mathematics can be explained (Dubinsky & Macdonald, 
2001). I suggest that instructors should contemplate using APOS theoretical 
framework to design instructional material and to assess the effectiveness of their 
teaching strategies (Moru, 2020).  This study indicates that pre-service teachers 
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should be trained to formally develop all mental structures on the application of 
DEs (Marethi & Marethi, 2018). At the same time, students need adequate 
understanding of the Process and Object, which represent higher-order thinking 
skills in their preparation to be high school teachers. An urgent concern is that the 
undergraduate curriculum is allocated insufficient time which may not allow pre-
service teachers to adequately develop appropriate mental structures. In this 
regard, university administrators have the mandate to develop plans for future 
programmes that take accords students sufficient time to engage with content and 
construct necessary knowledge. Future research may look into using computer 
activities and Activity-Class Discussion-Exercise teaching cycles to teach the 
application of DEs, rather than relying on traditional instruction alone (Afgani, 
Suryadi & Dahlan, 2019). However, Weyer (2010) argues that this way, APOS 
can be time-consuming to institutions with time and resource constraints. 
Moreover, I suggest using another theoretical framework other than APOS to 
study students’ learning of the application of DEs. 
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COVID-19 IMPACT ON LEARNER PERFORMANCE: 

PERCEPTIONS OF GRADE 12 MATHEMATICS TEACHERS 

Puleng Rankweteke & Zingiswa Jojo 
University of South Africa 

To flatten the curve of new COVID-19 infections, an abrupt switch was compelled 
from face-to-face instruction in Grade 12 mathematics to online mode. An 
already challenged technological system emphasised the inequitable capacity 
distribution in rural and urban schools. While many teachers in rural settings 
lacked the capacity for online teaching, learners lacked the means to access 
lessons. In our case study, the views of three Grade 12 mathematics teachers in 
rural settings in the Limpopo province of South Africa indicate that insufficient 
skill and capacity to effectively provide and receive digital mathematics 
instruction puts Grade 12 learners at a low academic achievement  in terms of 
curriculum coverage. Research attesting to improved mathematics 
conceptualisation with the integration of digital technology holds true only when 
both provision and reception of digital instruction is fully capacitated. In a 
narrative analysis of teachers’ responses to semi-structured telephonic 
interviews, we concluded that the pandemic has negatively impacted mathematics 
attainment and delayed its annual progress in rural settings. This dilemma 
prompted an urgent quest to capacitate the production and reception of online 
mathematics teaching in rural settings. The study emphasises the urgent need to 
close the gap between mathematics instruction in under-resourced rural schools 
and their well-resourced urban counterparts.  

Keywords: COVID-19, Mathematics, Rural schools, Online teaching, Learning 

Introduction and background to the problem 

UNESCO (2020a) reports that the COVID-19 pandemic resulted in the total 
closure of schools in about 192 countries across the globe, with 91.4% of the total 
number of enrolled learners in those countries temporarily forced out of school. 
Following the outbreak of COVID-19 in South-Africa in February 2020, all 
schools were forced to close on 18 March 2020. Government identified schools 
as dangerous places where the disease could spread rapidly, and learners had to 
be protected from possible risks of contracting the disease. Face-to-face 
instruction had to switch to an online mode, virtually overnight. 
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According to UNESCO (2020a), only 11% of households in sub-Saharan Africa 
have computers, 18% have a household internet connection, and 26 million 
learners are not covered by mobile networks. In low-income countries, the online, 
digital or technological mode of instruction is therefore generally inaccessible for 
both teachers and learners. In high-income countries, internet platforms alongside 
other technology, broadcast media and printed resources at home are available 
for teachers to continue to teach and for learners to continue accessing lessons.  

South Africa represents both worlds – resourced (high-income) and under-
resourced (low-income) – remarkably discernible along urban and rural divides. 
This paper reports on a study conducted with Grade 12 mathematics teachers in 
rural schools in one of the poorest provinces in South Africa, the Limpopo 
province. Trucano (2013, p. 1) paints a clear picture of the category of schools in 
which our participants teach, saying,  

If you want to see a true crisis in education, come have a look at our schools, they 
might (and do!) say, or at least the remote ones where a young teacher in an 
isolated village has only received a tenth grade education and tries to teach 60+ 
children in a dilapidated, multigrade classroom where books are scarce and many 
of the learners and even more of their parents are often functionally illiterate.   

The teachers we interviewed in our research reported that not only were they 
underprepared for online teaching in terms of skills and resources, but most 
learners in those schools did not own digital devices by which to access online 
lessons. Yet those learners would be subjected to final-year examinations of 
which the content, quality and standards which are the same as those in privileged 
schools, irrespective of the shortcomings prominent in their contexts.  

Learners in under-resourced schools lost about eight weeks in curriculum 
coverage. While final-year assessments in other (non-exit level) grades in South 
African schools can be adjusted and modified to cover content, and can even be 
extended to the next year, Grade 12 learners will all sit for common examinations 
at the end of the year, irrespective of whether the curriculum was covered or not. 
Dziuban, Graham, Moskal, Norberg and Sicilia (2018) argue that the advent of 
information communication technology (ICT) and its applicability in pedagogical 
approaches has been considered a gateway to wider curriculum coverage. This 
holds true for those schools where the offering and reception of online teaching 
were synchronised and effective. However, the online teaching and learning 
opportunities, strategies and infrastructure are underdeveloped (Parker, Morris, 
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& Hofmeyr, 2020) in rural schools where participants in this study teach Grade 
12 mathematics.  

The measure taken to prevent the spread of the coronavirus through the closure 
of schools, exposed serious and wide-ranging systemic problems across South-
Africa’s education landscape. Amongst those, the inequalities existing in the 
South African education system featured mainly in rural and semi-urban schools: 
water shortage, bad sanitation and overcrowding became obvious. Van Lancker 
and Parolin (2020) assert that as a result of COVID-19 school closures, by the 
end of Term 2 (7 August 2020), South African children would have lost between 
25% and 57% of the ‘normal’ school days. Consequently, teachers cannot 
complete the entire remaining curriculum in the limited time available. This 
exacerbates the country’s socio-economic disparities within which unequal 
teaching environments have continued to disadvantage the teaching and learning 
in under-resourced schools. Moreover, according to Reimers and Schleicher 
(2020) the COVID-19 pandemic is a quintessential adaptive and transformative 
challenge, one for which there is no preconfigured playbook that can guide 
appropriate responses. It is a disruptive crisis that requires all stakeholders 
involved in the education of a child to reflect and define what learning should 
look like in the 21st century. More specifically, the adaptive learning process 
dictates that the learner is transformed from being a passive receptor of 
information to a collaborator in the educational process. Roberts (2020) asserts 
that the greatest danger posed by the crisis is that it will exacerbate the inequalities 
in wealth and life opportunities which have emerged as one of the greatest 
problems of the 21st century. In addition, Spaull (2020) argues that in South 
African learners are most likely to perform poorly in key subjects like 
mathematics and physical science where prior knowledge, conceptual 
understanding and self-motivation to succeed are critical. 

The COVID-19 lockdown meant that basic education institutions in the country 
would be shut down almost indefinitely pending the progress from the 
government’s efforts to intervene in this unprecedented global public health crisis 
(Mahaye, 2020). Spaull (2020) also warns that self-guided online learning is 
doomed to fail since learners have no incentive to keep at their studies without 
peer pressure, a teacher at hand or a structured learning environment. The 
untimely interruption of the academic calendar year was seen to be a responsible 
strategy by the government to protect learners from contracting and spreading 
COVID-19. Left open, school environments in South Africa have the potential to 
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become epicentres of the pandemic due to historical overcrowding and the 
teacher-learner ratio which makes it difficult to supervise schools during times of 
crisis (Van Bruwaene, Mustafa, Cloete, Goga, & Green, 2020). Most of the 
fallout from the government-imposed mitigation measures has prompted society 
to focus on the potential devastation of the economy. According to Spaull (2020) 
less attention has been given to the impact of the pandemic on the South African 
basic education system that already has endemic challenges. Amongst the 
education problems outlined by Guliwe (2019), is that the majority of teachers 
(80%) lack the content knowledge and pedagogical skill to teach the subjects they 
are currently teaching. Furthermore, while the approach taken by government and 
schools is to drive online teaching and electronic resources, the question still 
remains, how applicable and accessible are those technology resources to learners 
and teachers in under-resourced rural contexts? Although research attests to the 
improvement of conceptualisation of Science, Technology, Engineering, and 
Mathematics (STEM) knowledge when digital technologies are integrated, this 
article reports on teachers’ perceptions regarding the impact of COVID-19 on 
Grade 12 learners’ mathematics performance in under-resourced and rural-
situated schools.  

This study sought to investigate the effects of COVID-19 on Grade 12 learners 
enrolled for mathematics, especially given that the current year’s cohort of matric 
learners will be sitting for their final-year examinations in December 2020. This 
was part of a larger project named ‘Improvement of pedagogical content 
knowledge (PCK) and proficiency in mathematics teaching & learning: An 
intervention project for mathematics teachers’ that could not take off in 2020 due 
to the COVID-19 school lockdown. This project is run by a team of lecturers from 
the University of South Africa (Unisa) department of mathematics education. As 
part of this team, we (the authors of this article) are responsible for the training 
of Grade 12 teachers in the Limpopo province of South Africa. In this paper, we 
only report on three Grade 12 mathematics teachers’ perception as per telephonic 
interviews since we could not carry on with face-to-face training in accordance 
with the lockdown rules. With this article, we wish to contribute to the literature 
that illuminates the perceptions of teachers of mathematics on the impact of 
COVID-19 in the teaching and learning of Grade 12 mathematics in rural schools. 
We were concerned about the fact that the way in which learners perform in 
mathematics will dictate their acceptance in different scientifically related fields 
soon. By exploring the perspectives of those teachers, we sought to determine 
which strategies they suggested to apply to ensure that they close the knowledge 
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gap in mathematics caused by the time lost during the lockdown. Semi-structured 
recorded interviews were used to address the question: How do Grade 12 
mathematics teachers perceive the impact of COVID-19 on learner performance 
in rural schools? We do not intend repeating the evidence documented on 
challenges experienced by online learning in the context of COVID-19 in South 
Africa. Such evidence is amply available (D’Eon, Ellaway, Martimianakis, & 
Dubé, 2020; Mahaye, 2020; Mhlanga & Moloi, 2020; Reimers & Schleicher, 
2020). What is lacking in the available literature are explanations on how 
mathematics teachers in rural under-resourced schools view the impact of 
COVID -19 on their learners’ performance.  

The rest of this paper is structured as follows: first a conceptual analysis is 
presented of the two concepts ‘mathematics teaching’, and ‘the COVID-19 
pandemic’. This is followed by a literature review on the education response to 
the COVID-19 crisis. Thereafter, the methodology and the processes that we 
followed to extract data for the paper are explained. We then present and discuss 
our findings. Lastly, the conclusions, recommendations and acknowledgements 
are presented. 

Research problem 

The rapid rate at which COVID-19 infections have been rising in South Africa, 
despite lockdown regulations, has exposed every sector of human life to the 
negative effects of the epidemic. The literature available on COVID-19 appears 
to focus on the field of medical studies thereby creating a gap in valuable 
knowledge in educational studies (Chinazzi, Davis, Ajelli, Gioannini, Litvinova, 
Merler, Viboud,  2020; Kraemer, Yang, Gutierrez, Wu, Klein,  Pigott, & 
Brownstein, 2020; Zu, Jiang, Xu, Chen, Ni, Lu, & Zhang, 2020).  As COVID-19 
is a new pandemic, there currently seems to be little to no literature on its effect 
on educational studies, particularly in the field of mathematics. Education is 
directly affected by the COVID-19 pandemic, yet studies in education are 
reluctant to integrate the impact of disease on the quality and efficacy of 
education for learners (Sintema, 2020).  

Furthermore, the loss of teaching and learning time will impact mathematics 
syllabi and subsequent year-end assessments and examinations. In addition, 
Grade 12 learners who will be sitting for their final examinations in 
November/December 2020 have been negatively affected by the loss of contact 
hours, especially given the context of an under-developed online learning regime 
in South Africa (Mhlanga & Moloi, 2020). Therefore, schools will experience 
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challenges in substantiating lost learning time and at year end, teachers will be 
under pressure to progress with the syllabus (Spaull, 2020). Mathematics is one 
of the critical subjects that will most likely suffer as a result of this dilemma, 
especially against the background of South Africa’s pre-existing struggle to 
improve learner outcomes in the field. It is for this reason that we sought to 
investigate the perceptions of grade 12 mathematics teachers on covid-19 impact 
on learner performance, 

Research Methodology 

This article reports specifically on the data collected during the second year of a 
community engagement project focused on mathematics teachers in the Limpopo 
province in South Africa and aimed at improving the pedagogical content 
knowledge and proficiency in mathematics teaching and learning. The study was 
located within an interpretivist paradigm, which seeks to understand the situation 
from the perspective of the participants (Ary, Jacobs, & Razavieh, 2002). A 
qualitative research approach (Creswell & Clark, 2017) was followed in a case 
study designed to explain the perceptions of teachers on the impact of COVID-
19 on learner performance in Grade 12 mathematics. A sample of three teachers 
out of 28 Grade 12 mathematics teachers in the Capricorn district, participated in 
the study. Although the sample is not representative of the South African 
population, it is relatively large for a qualitative study (Charmaz, 2014). The 
sample for this study was made up of the two heads of the mathematics 
department from two schools, and one mathematics teacher from the third school. 

This empirical study consisted of two phases. The first was a familiarisation phase 
lasting two consecutive days during which we visited the schools to observe how 
the Grade 12 mathematics teachers had utilised the existing classroom learning 
environments during the first quarter of the previous year. The teachers attended 
a workshop on how they could approach content areas such as trigonometry and 
geometry in which learners experienced challenges in understanding. The second 
phase, which did not materialise due to the COVID-19 pandemic lockdown, was 
scheduled for a two-week intervention programme in which teachers would be 
introduced to the use of technology software such as GeoGebra in teaching 
mathematics. Instead, because of the lockdown, we engaged three of the teachers 
in the project on how they perceived the impact of COVID-19 to be on their 
learners’ performance in Grade 12 mathematics at the end of the year. The data 
was collected using telephonic semi-structured interviews with the three teachers. 
The inclusion criteria for the participants were (a) being a Grade 12 public school 
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teacher of mathematics; (b) having a decade or more teaching experience in this 
area of education; (c) having knowledge of COVID-19 from reputable sources 
such as radio, television or the internet. Using these inclusion criteria, purposeful 
sampling was employed to select three teachers to answer the questions posed. 
This sampling technique implies that researchers relies on his own judgement 
when choosing the participants in the study (Creswell & Clark, 2017).  

We consequently developed an interview schedule that initially consisted of 15 
semi-structured questions. The instrument was piloted among two specialists in 
mathematics education to test validity and eliminate ambiguities from the 
interview questions. The specialists agreed that five questions should be 
eliminated from the 15 questions in the schedule. Therefore, five items were 
eliminated from the schedule and were not part of the final version of the 
interview schedule. The semi-structured interviews were conducted 
telephonically due to the government rulings of self-isolation and social 
distancing. The telephone calls were set on the loudspeaker in order to record 
them on a Dictaphone (a voice-recording device). The participants could not 
access platforms such as Zoom and Microsoft teams because of network and 
connectivity challenges. 

Ethical consideration  

In compliance with the conditions stipulated by the Unisa Ethics Committee on 
the extension of the ethical clearance certificate 2016/09/14/1123408/43/MC to 
2022/04/11, the participants were informed that the interviews would be 
recorded, and their consent was sought before the study commenced. Each of the 
interviews lasted an average of 25 minutes. The researchers transcribed and coded 
the data following an adapted Miles and Huberman’s (1994) technique of data 
reduction. After the data reduction process, constant comparison analysis, 
together with content analysis, was applied in coding and identifying underlying 
themes. A case study design was chosen that would enable teachers to support 
each other intellectually and grow pedagogically, so that their professional 
standing would be increased by recognising their ability to add to knowledge 
about teaching mathematics.  

Research Findings and Discussion   

The six major themes that emerged from the analysed research data are discussed 
below. They are the following: (i) Effects of the COVID-19 lockdown on syllabus 
coverage of mathematics; (ii) Teachers’ mathematics teaching strategies after 
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lockdown; (iii) Interaction with learners during lockdown; (iv) Student reliance 
on teachers, (v) Use of question papers in mathematics teaching  and (vi) Teacher 
support and adjustments to professional practice during COVID-19 lockdown. 

All quotations from participants are presented verbatim and unedited. 

Effects of the COVID-19 lockdown on syllabus coverage of mathematics 

Results indicated that due to the COVID-19 lockdown learners lost more in terms 
of teaching time. They could neither consult with their teachers nor prepare for 
their final-year examinations. Also, grading, which contributes to Grade 12 
mathematics learners’ final mark, could not be done since learners could not write 
any tests while they were away from school. The following quotations from one 
of the participants illustrates this challenge:  

‘Both the teachers and learners will be affected because there has been a 
significant interruption of this year’s syllabus. Learners are going to have a 
disadvantage of not being able to be in the presence of teachers whom they 
cannot consult. The extension of lockdown prolongs these disadvantages and 
ensures that learners in Grade 12 will reach the examination season without 
having any significant contact with the teachers. This will negatively impact 
learners in mathematics because their class time is already limited due to a 
high teacher-learner ratio in public schools. Most of the learners struggle to 
understand mathematics and cannot manage on their own.’ 

‘Learner performance in mathematics is usually improved due to intensive 
support from the teachers which is impossible due to the current lockdown 
circumstances. Even if schools open during this pandemic, teachers will be 
anxious to interact with learners and learners will be anxious too given these 
circumstances. Teachers are afraid that in general, they will not be able to 
conclude the syllabus successfully and this will negatively impact the 
performance of learners who historically struggle especially in mathematics.’ 

‘Mathematics needs more time for learners to pass, even before COVID-19 
pandemic most teachers were unable to finish the syllabus because they spend 
much time on one topic because most learners take time to understand; but 
now in this pandemic things will be worse, learners will fail dismally because 
of much time lost due to national lockdown. The teaching and learning of 
mathematics must now be in a rush without looking at the learners’ progress 
and understanding because we want to finish the syllabus; most learners will 
fail.’  
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The findings indicated that the absence of teacher support for learners will make 
it difficult for syllabus coverage and hence it will negatively affect performance 
in the subject at the end of the year. In addition, it appears that the COVID-19 
lockdown is also adding to existing challenges of class time and individual 
attention that was limited due to a poor teacher-learner ratio in public schools 
(Van Bruwaene et al., 2020).  

Teachers’ mathematics teaching strategies after lockdown  

Findings in this study indicate that one of the strategies that teachers will apply 
to make up for lost teaching time during lockdown is to extend the teaching time, 
as shown in the following quotations from one of the participants:  

‘Teachers should on a normal basis work 7 hours Monday to Friday but now 
we are forced to work from 06:30 and knock off at 17:00. We are also forced 
to give learners activities to do every day even if you don’t have a period on a 
certain day i.e. find a slot to give them a work, mark it and take it to the HOD 
for moderation. We are also expected to go to work on Saturdays.’ 

‘The plan includes teaching mathematics on Saturday from 08:00 to 12:30, it 
will be only mathematics with 3 groups of learners taught 3 different topics by 
3 teachers in one day, and then the following day (Sunday) or week we rotate 
with those same topics, one can. I will deal with misconceptions and errors 
while the other can give them a test to identify false conceptions to be 
addressed.’ 

‘Our response needs to be surgical because we are faced with very unique 
circumstances per department. It will be important to prioritise the sections of 
the syllabus that the learners need to learn in order to have the capacity to be 
competitive in the matric examinations. When the schools open, we will give 
the learners more contact time within these prioritised areas. The other areas 
are essential as well and we will allow the learners to test themselves through 
homework and problem-solving activities. Through this intervention, teachers 
and learners will have the opportunity to reclaim some of the lost contact time 
and also equip learners with the content that the require to sit for examinations 
successfully.’ 

The first strategy mentioned by teachers is to extend the teaching time to include 
teaching even during weekends. One of the teachers interpreted this extension as 
forced rather than a sacrifice to make up for lost time. It was also revealed that 
group teaching will be a working strategy for the other school such that more 
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topics are covered in order to prepare learners for final examinations. There was 
also emphasis on prioritisation of the sections of the syllabus that the learners 
need to cover in order to be competitive in the final examinations. Ironically, due 
to the under-resourced nature of the schools in which the teachers taught, none of 
the participants mentioned designing and developing digital-age learning 
environments incorporating appropriate digital-age tools and resources 
applicable to the teachers’ contexts (Niess et al., 2009).     

Interaction with learners during lockdown 

With respect to interaction of the participating teachers with their learners during 
lockdown, participants had this to say: 

‘Oh! Mmm … one would have liked to continuously engage learners during 
this lockdown especially in subjects like mathematics. You know, when they 
work on activities and exercises that we usually give out for homework during 
the contact time, it makes a difference. Given that I tried to contact them 
through what’s up to tell them about the programmes that the department had 
organised to be broadcasted on radio and TV. But guess what? Many of the 
learners do not have smart phones. They also are not connected to DSTV, those 
few that can access TV. To make it worse, the few, whose parents could borrow 
learners their phones could not afford data. So it is a problem, I don’t know 
what else to do.’ 

‘I was able to interact with my learners during lockdown through WhatsApp 
but only about 12% were able to access it; I was teaching them and giving 
them questions to do in their textbooks. I would have loved to give even if it’s 
those few some feedback. But then how do I do that? I am sometimes struggling 
to connect or sometimes I run out of data, Yhoo it’s hectic!’  

These findings spell out the socio-economic differences that engulf the South 
African community. In summary, both responses from the participants indicate 
limited time to no interaction of Grade 12 mathematics teachers with their 
learners. Lack of access to ICT tools together with material barriers (Pelgrum, 
2001) on the part of both learners and teachers prevented the necessary teacher-
learner interactions during the lockdown period. In addition, financial problems 
and isolation from peers during the first levels of the lockdown added to the strain 
of the social domain in relation to learners (Assareh & Bidokht, 2011). 
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Student reliance on teachers          

The Curriculum Assessment Policy Statement CAPS prescribes that final-year 
learners should be competent in both Grade 11 and 12 mathematics content. The 
participants were also required to comment on the COVID-19 effects on the 
implementation of the mathematics curriculum in South African schools. The 
following quotations capture their views succinctly: 

‘The class of 2020 will be significantly affected by the COVID-19 outbreak. 
Learners have different learning abilities, and this is especially true for those 
in STEM. In my classes, I have slow learners and others become more 
proficient with material at a faster pace. I have students who are capable of 
learning independently by just practicing mathematics using worksheets. 
However, my concern is especially with those who dependent on the teacher’s 
support and comprehensive guidance in the class environment. Therefore, with 
the lockdown bringing an imminent closing of schools and a reopening process 
that will have predictable challenges ahead, the students who rely heavily on 
the teachers are going to fall behind and even psychologically withdraw from 
the prospect sitting for the national matric examinations. It is going to be a 
huge challenge to teach effectively during this pandemic because we are 
restricted when it comes to essential contact hours. If schools begin to truncate 
learning material to respond to limited contact time, many learners with 
learning abilities will be left behind. This is a nightmare for all teachers whose 
goal is to improve learner’s performance in mathematics.’ 

‘The lockdown period affected them because they cannot prepare, and they are 
already behind. Closing schools early in the year means that the learners did 
not have too much interaction with the syllabus for this year and their teachers 
even more so. I am worried that learners due for year-end matric exams will 
not be ready when the time comes. Mathematics teachers are also faced with 
an unprecedented challenge because we teach best through contact learning 
where we can demonstrate to learners how to solve problems. Due to 
lockdown, we are going to be unable to decide of which of our students are in 
need of attention. This is true for the learners as well. I have found that 
mathematics proficiency is better established among learners when they are 
able to consult with the teacher in the areas of difficulty. The closure of schools 
limits the interpersonal relationship between the teacher and the learner. 
Learning at home might prove difficult for learners and the maths teachers 
would also be wary of learning from home for such a long period of time since 
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learner require a trained professional to manage the pace of the syllabus in 
the long term.’ 

‘It will exposing the unbalanced and stereotypic that schools have e.g. on some 
schools there’s has been only one teacher for grade 12 because of experience 
and the trust the school management have of his/her ability and competency in 
mathematics but now they are forced to outsource lower grades teachers to 
help in grade 12 because of the COVID-19-regulations i.e. classes should have 
a minimal numbers of learners with a distance of 1.5 meter apart from each 
other. The outsourced teacher will have to be helped to understand topics he 
wasn’t teaching in lower grades. These teachers will have to be re-taught 
because most teachers says they don’t understand Euclidean geometry and 
some says they last did calculus in high school, so they don’t remember how it 
is done.’  

The results indicate limited physical resources at home, inadequacy of resources 
available for both teachers and learners (Hadija & Shalawati, 2017), and the fact 
that teachers believe that learners rely on them for assistance with content and 
interpersonal relationships. The other concern relates to competence and 
confidence of the teachers on how learners could pace themselves with 
mathematics learning at home. However, given the conditions under which 
teachers had been working, there is still evidence of their being unwilling to 
change their practice (Hew & Brush, 2007; Scrimshaw, 2004). The participants’ 
methods and strategies that have been mentioned excluded the implementation of 
the application of appropriate technologies that could maximise their students’ 
learning and creativity in mathematics (Niess et al., 2009).  

Use of question papers in mathematics teaching 

About a strategic approach to ensure that Grade 12 learners complete the syllabus, 
the participants’ responses are captured in the following quotes: 

‘I compiled some questions for each and every topic, so I’ll teach my learners 
through question papers. Teaching them following a textbook will take time, 
so I introduce and teach a certain topic, then give them previous question 
papers of the topic I taught and that’s the better way to finish the syllabus by 
the end of the year, but I am not sure if I will finish it because some learners 
are slow. Understanding the concepts? That’s a discussion for another day, I 
cannot guarantee that.’  
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‘I’ll continue to give learners previous question papers to work on and practise 
for the topics I have already taught. For the topics I haven’t taught I will use 
the time remaining to cover the syllabus since our school has increased the 
periods from 45 minutes to 1 hour so that makes it easier to finish up the 
syllabus more quicker. The time for the trial has been extended to a later stage, 
and there’s a Saturday and Sunday class where each subject is given 4 hours 
and classes have doubled due to COVID-19 regulations.’ 

The results indicated that teachers relying on past years’ question papers and 
extended teaching time as main strategies of ensuring that the syllabus is 
completed. Clearly, revision of question papers is not enough to ensure that 
learners understand mathematics. This could be evidence outlined by Guliwe 
(2019), namely that the majority of mathematics teachers lack the content 
knowledge and pedagogical skill to teach the subjects they are currently teaching; 
thus they resort to the revision of past years’ papers. 

Teacher support and adjustments to professional practice during the 

COVID-19 lockdown                    

The findings also revealed the kind of support the participants needed in order to 
improve on their professional practice during and after the COVID-19 lockdown:   

‘This pandemic has affected teaching and learning in STEM structurally and 
as such, we require a top-down intervention that is guided by the Department 
of Basic Education. I know that not one size will fit all but the effort to improve 
learner performance in STEM in nationwide and therefore, the government 
department responsible needs to lead this effort. Such an intervention will 
entail shortening of all school holidays and other breaks during the academic 
year. The examination timetable needs to be revised in accordance to the 
progress and pace with which teachers and learners on the ground have 
progressed through this academic year.’ 

‘Teaching and learning through online. Otherwise we might rely on the fact 
that the department usually the keep learners in some camps. I don’t know also 
if that will be possible, since one of the lockdown rules is to keep social 
distancing between them. In those camps they test all of them so that they can 
have classes during the day and in the evening.’  

‘I believe this the time where technology needs to be braced bad the 
government should come with ways to make it easier and possible; training 
teachers for 4IR and expose them to different software’s applications that will 
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help them to teach mathematics at the comfort of their homes. The problem is 
there’s only few teachers who can interact with learners through technology, 
most teachers can’t work remotely. The government should also assist the 
learners from poor background families with some gadgets and data so that 
no learner is not left behind.’ 

Results show that the lockdown period has introduced unprecedented restrictions 
on time and space that are detrimental to any progress in the teaching of 
mathematics. The participants added that COVID-19 posed a significant 
economic crisis for the country which would subsequently impact the financial 
support of STEM by stakeholders. They commented that learners from poor 
families should be supplied with some gadgets and data so that no learner is left 
behind (Spaull, 2019). Most significantly, the participants called for the training 
of teachers for the Fourth Industrial Revolution (4IR) in which teachers would be 
exposed to different software applications in mathematics teaching. This will 
further enable the teachers to design and develop authentic learning environments 
and experiences (Niess et al., 2009). 

Conclusions and Recommendations 

Findings in this study indicate that the Grade 12 mathematics teachers who 
participated in the study perceived that COVID-19 will have a negative impact 
on learner performance in rural schools. The participants indicated that the loss 
of time during the lockdown deprived learners of consulting time. They 
highlighted that some learners are unable to tackle mathematics problems on their 
own – they need individual attention to assist them in understanding. They 
indicated that the lockdown adds to the unfortunate incidence of high teacher-
learner ratios in public schools – a situation that does not favour the teaching of 
mathematics.  

About strategies to make up for the lost teaching time during and after COVID-
19 pandemic, none of the participants mentioned online teaching. Extension of 
teaching time, including teaching on weekends, was emphasised. They strongly 
believe that learners require face-to-face interaction, feedback on activities 
completed and teachers’ explanations on how to tackle problems; hence they also 
suggested the use and revision of previous years’ examination papers in order to 
close the mathematics knowledge gap while also preparing learners for final 
examinations.  
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The findings in this study also revealed that teachers tried to interact with the 
learners. However, they experienced difficulties since the majority of learners 
could not be contacted through WhatsApp. Also, because of poor socio-economic 
differences most learners could not access the material provided by the 
Department of Education online. They were aware of that help but most of them 
could not download the material because they could not afford data. With the 
prevailing country-wide lockdown regulations the teachers could not make copies 
for the learners or supply them with any activities. The participants also felt that 
learning at home might prove difficult for learners since they rely on trained 
professionals to manage the understanding of mathematics content.  

The underdevelopment of e-learning facilities and other technological support for 
learning in under-resourced rural schools, inform the approach used by many 
mathematics teachers in teaching the subject. Based on the findings we further 
therefore recommend that (i) all schools irrespective of the area in which they are 
situated should enable connection to free wifi; (ii) teachers be given training to 
be 4IR competent and expose them to different software applications that will 
help them to teach mathematics more effectively; (iii) all learners irrespective of 
their background be supplied with gadgets and data so that no learner is left 
behind. The findings also indicated that, in terms of improving teaching and 
learning during pandemic, no suggestions about using technology was proposed 
by the teachers. This means they hold negative beliefs towards technology 
integration; thus it is better to sensitize them about the importance of using ICT 
in teaching and learning to increase   positive beliefs towards ICT integration. 
Secondly, teachers should create confidence in using ICT in teaching and 
learning, if they are not confident, they will still think that ICT is not useful. 
Thirdly, teacher possess no knowledge about technology, so trainings about ICT 
are urgently needed. The implication is that there needs to be an emergency 
response that is participatory in nature and that encompasses parents/guardians, 
teachers, the Department of Basic Education, learners, the international 
community and donors. 
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Although teachers’ content knowledge is not the only factor of their students’ 
achievement, how well teachers know their content is an important variable in 
how well their students could possibly do.  Research consistently shows that it is 
important for teachers to have a profound understanding of the mathematics they 
teach.  In this paper we examine teachers’ mathematical knowledge as evidenced 
in their written responses to four proportional tasks. The study is replicating two 
studies which were previously conducted by Beswick (2008a, 2008b) in Tasmania 
(Australia). Questionnaires containing closed and open-ended questions, were 
distributed to 75 KwaZulu-Natal mathematics teachers.  They were asked to 
provide the answers to these problems and to provide details about the approach 
used to get to the answer. Most teachers based their results on a limited 
comparison across one row or column only. The findings suggest that teachers 
need more assistance to improve their content knowledge so that they can be 
better equipped to help their learners develop the necessary understanding.   

Key words:   teachers ‘knowledge, proportional tasks, errors and misconceptions 

Introduction  

Teachers ‘content knowledge plays a significant contribution to student 
achievement. Shulman (1986, p. 9) states that “the teacher need not only 
understand that something is so, but the teacher must also further understand why 
it is so”. The purpose of this study is to explore the teachers’ content knowledge 
in solving proportional tasks as evidenced in their responses to four tasks. In 
teaching mathematics, Ball, Thames, & Phelps suggested that teachers should 
have Mathematical Knowledge for Teaching (MKT), which they divided into two 
components such as Pedagogical content knowledge (PCK) and Content 
knowledge (CK).  They subdivided content knowledge into three components 
such as Specialized content knowledge (SCK), common content knowledge 
(CCK) and horizon content (HCK). SCK is the knowledge of mathematics which 
enables teachers to teach mathematical tasks. Teachers with SCK are able to 
accurately “represent mathematical ideas, provide mathematical explanations for 
common rules and procedures, examine and understand unusual solution methods 
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or problems” (p. 377).  SCK includes the capability to demonstrate with detailed 
explanation, or to explain when and why a particular quantity, table, or graph 
would be more appropriate than another (Burgess, 2009).  

Other researchers  support the idea of Ball et al. and Burgess by emphasising that 
SCK goes beyond common content knowledge because it includes extended 
knowledge (Pino-Fan, Godino, Font, & Castro, 2013). Common content 
knowledge refers to the mathematical knowledge and skills used in fields other 
than teaching, but knowledge others have and utilize. Horizon links what teachers 
teaching with what it being taught in other classes.  

Further studies suggest teacher to attain both conceptual and procedural 
knowledge in solving mathematical tasks (Khashan, 2014). Conceptual 
knowledge refers to the understanding of the concept to be taught whereas 
procedural knowledge denotes the understanding of procedures or 
demonstrations of the concepts. 

Fennema and Franke (1992) state that teacher knowledge is continually changing 
and developing, it grows through interactions with mathematical learning in the 
classroom environment, engagement with learners, and preservice professional 
experiences. Other studies support this view emphasising that content knowledge 
develops through teaching experience (Fumer & Bemıan, 2003; Kleickmann et 
al., 2013; Rice, 2010), and teachers’ professional development   (Hilton et al., 
2013; Stols, Olivier, & Grayson, 2007; Umugiraneza et al., 2017; Worden, 2015). 

In their study, Hilton et al. (2013) report that teachers who participated in 
workshops about proportional reasoning, felt confident that they were able to 
teach  the algorithmic aspects of proportional reasoning and that they would be 
able to identify situations of proportion in the school surroundings.  Cramer, Post, 
and Currier (1993) comment that “Having a better understanding of what 
proportional reasoning entails, should influence our classroom instruction” (p.2).   
In this paper, we endeavour to see how KZN mathematics teachers who 
participated in Math4stats course, solve or how they attempt to solve the 
proportional tasks and which errors are more likely to be committed in solving 
these tasks. 

UNDERSTANDING MISCONCEPTIONS AND ERRORS 

A misconception describes a result of the lack of understanding which is, in many 
cases, characterised by misapplication of a rule or mathematical generalization 
(Spooner, 2012). Otero and Nathan (2008) comment that “the notion of 
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misconceptions may be understood by preservice teachers to mean something that 
is wrong, bad, broken, and in need of being fixed” (p.22). Studies about teachers’ 
misconceptions have mostly addressed preservice teachers’ problems more 
particularly ( Dollard, 2011; Graeber, Tirosh, & Glover, 1989; Olanoff, Lo, & 
Tobias, 2014; Otero & Nathan, 2008), where these teachers’ misconceptions may 
arise because they lack teaching experience. Graeber et al. (1989) interviewed 
129 female preservice teachers and explored their misconceptions in solving 
verbal problems in multiplication and division. The findings revealed that 
teachers held misconceptions that “the divisor must be a whole number” and that 
"multiplication always makes bigger and division always makes smaller”.  

Moru, Qhobela, Wetsi, and Nchejane (2014), Olivier (2003), Gardee (2015) and 
Versteeg, van Loon, Wijnen-Meijer, & Steendijk, (2020) describe 
misconceptions as the underlying conceptual structures that give rise to errors and 
consequently, errors might be results of  the presence of  misconceptions. 
Research about teachers' misconceptions has informed teacher-education courses 
of the need to be aware of the influence of teachers' misconceptions upon students' 
knowledge constructions (Thipkong & Davis, 1991). In their research, they 
identified preservice teachers' misconceptions in interpreting and applying 
decimals, and they noticed that the misconception that "multiplication makes 
bigger, division makes smaller" was extremely predominant. They suggested that 
if teachers were aware of their own errors and misconceptions in particular in 
mathematical topics, such errors and misconceptions would not be transferred to 
learners. Sadler and Sonnert (2016) and Kamid, Syaiful and Lita (2020) support 
this idea, mentioning that teachers’ misconceptions limit them in teaching 
important concepts.  

In learning proportions, misconceptions may arise when one cannot understand 
the relationship between fractions, decimals, ratios and percentages (Barnett, 
1994; Moss & Case, 1999; Powell, & Nelson, 2021). It is very important to know 
the connections between these concepts.  In learning fractions, misconceptions 
can arise in partition of fractions. Partition consists of shaping an object into parts 
with equal sizes (Brijlall, Maharaj, & Molebale, 2011). In their study, these 
authors identify the misconceptions which appeared when students had to identify 
a  1

3
 on the figure (the partitions were not equal).  Misconceptions also arise when 

both teachers and learners compare the whole numbers in fraction situations, such 
that a fraction with a big denominator is larger (Lyons, 2010). For instance, when 
is 1

6
> than 

1

2
?  When such misconceptions arise, it is advisable to refer to the whole.    
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In learning proportions for the case of percentages, most misconceptions appear 
when learners or teachers do not understand that percentages are a number out of 
one hundred or thinking that percent cannot be greater than 100. Every number 
expressed in percentage must be characterized by the symbol %, otherwise it 
would be a misconception. Thus, ignoring the sign % is misconception (Baratta, 
Price, Stacey, Steinle, & Gvozdenko, 2010), and violates the rules of writing 
percentages.  

In terms of interpreting pie chart, many teachers and learners do not understand 
the relationships embedded within a pie chart, that the percentages of different 
proportions which compose the pie chart must add up to 100% (George & 
Mallery, 2016; Lieu & Sorby, 2015).  Others make mistakes when rounding up 
or down, which may lead to the violation of the total percentages distributed in 
the pie chart. Errors may also appear when constructing the pie chart by using 
negative values or putting too much information on it, which may confuse the 
reader.  Pie charts are meaningless when they do not satisfy the rules of pie charts. 

In South Africa, studies like Venkat and Spaull (2015) report that proportional 
reasoning is critical within middle years’ in-service mathematics teacher 
education in South Africa, and there is an urgent need to improve mathematical 
knowledge for teaching algebra. In her study, Bansilal (2011) mentioned that 
some teachers demonstrated a weak conception of the basic mathematics concept 
of percentage in terms of inflation rate signifier, which prevented them from 
attaining a high level of understanding of percentage. The misconceptions which 
appeared in her study, were that teachers add two percentage quantities by 
treating them as numbers instead of making sense of the whole. 

Kazunga and Bansilal (2015) examined 101 teachers’ understanding in relation 
to solving ratio and proportion tasks. Their results showed that only 60% of the 
participants were   able to solve the problem correctly.  Besides, research points 
out that  South African teachers’ knowledge of data handling is limited (North, 
Gal, & Zewotir, 2014; North & Scheiber, 2008; North, Zewotir, & Gal, 2014) and 
suggests that  statistics education must be supported in order to prepare  
mathematics teachers to teach statistics included in the broadened curriculum.   

Further studies mentioned that many South African mathematics teachers have 
below basic levels of content knowledge, with high percentages of teachers being 
unable to answer the questions aimed at their pupils (Hofmeyr & Drape, 2000). 
Shepherd (2013)  also highlights a lack of content knowledge especially in 
mathematics and sciences for South Africa teachers, which may be one factor of 
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learners’ underachievement.   Venkat and Spaull (2015)  further explored 
teachers’ performance on mathematical tasks in South Africa schools in grade 
four, five and six. Their findings showed a significant gap in grade six, with the 
highest performance seen on the estimation/rounding task with 64% of grade 4 
and 68% of grade 5 teachers getting this item correct.  They also found that only 
half of the teachers from both grades were able to answer the fraction, addition, 
time, and pattern continuation items correctly, with this facility dropping to below 
a third of teachers in both grades getting the perimeter item correct.  

This paper contributes to the previous studies by exploring teachers’ proportional 
reasoning in solving two fraction tasks discussed in (Beswick, 2008a) and two 
percent tasks explored in (Beswick, 2008a, 2008b) in Tasmania (Australia), to 
examine  how KZN  mathematics teachers would solve the similar tasks. Beswick 
(2008a)’ s study was about improving middle school students’ proportional 
reasoning, whereas Beswick (2008b) explored the middle School mathematics 
teachers' knowledge for teaching percent.  

These two studies were shown to contribute to teachers and students’ proportional 
reasoning growth; thus, we find very imperative to make a similar research in 
KZN schools. The study was conducted with 75 mathematics teachers from 
KwaZulu-Natal (KZN) in South Africa who agreed to participate in the study 
while they were enrolled in-service course designed to improve their 
understanding of statistics.  

We chose these tasks based on the research objectives and knowing that they are 
taught in the Middle school. 

RESEARCH DESIGN 

The study involved 75 KZN mathematics teachers who participated in the 
maths4stat workshop in 2015 (North & Scheiber, 2008; North, Scheiber, & 
Ottaviani, 2010).  Teachers were asked to respond to four proportional tasks, two 
concerning the use of fraction (Beswick, 2008a) and other two tasks involving  
the use of percentages  (Beswick, Callingham, & Watson, 2012). 
The research is underpinned under the following research questions: 

1) What levels of proportional reasoning are revealed by teachers’ 
responses to tasks based on fractions and percentages? 

2) What are some misconceptions and errors evident in these responses? 
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Proportional tasks  

Task 1. Mary and John both receive pocket money. Mary spends 1

4
 of hers and 

John spends 1
2
 of his.  

A. Is it possible for Mary to have spent more than John? 
B. Why do you think this? Explain your reasoning  
 
Task 2. Consider the following problem that learners were asked in a survey 
about chance and data:  
 The following information is from a survey about smoking and lung disease among  
250 people.  

 

Lung 

disease  

No lung 

disease Total 

Smoking  90 60 150 
No smoking 60 40 100 
Total 150 100 250 

 

A. Using this information, do you think that for this sample of people, lung 
disease is affected by smoking? 

B.  Explain your reasoning 
Task 3.   A. What is 90% of 40?  

C. Explain your reasoning  

 

Task 4. Teachers’ knowledge about pie chart   
 National wide retail grocery market shares (demonstration, not factual) 

 
 
A. Explain the meaning of this pie chart.   
B. Is there anything unusual about it?  
 

Shoprite
36%

Pick and Pay 28%

Spar 
28%

Woolworths
8%

Walmart 
2%

Others
62%

Shoprite
Pick and Pay
Spar
Woolworths
Walmart'Cambrige Food
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Results and discussion 

The results are reported in three sections.  We first describe the various responses 
given by the teachers to these proportional reasoning tasks. Secondly we examine 
the misconceptions appeared in solving the tasks as well as the correlations 
between teachers ‘answers 

Research Question 1. What do the teachers’ written responses indicate about 

their proportional reasoning skills? 

The teacher’s written responses were broadly categorised into three main 
categories which are described below. 

Blank or no engagement (Irrelevant answers) 

Many teachers’ responses did not show any engagement with the task and many 
teachers seem to have completely misunderstood some tasks. Statements like “not 
know, do not understand” show that no attempt has been made in solving the 
problem.   

 

Figure 1. Irrelevant answers for four tasks 

Some responses also show a disinclination to engage with substantial issues such 
as “Mary spent more than John, John spent more than Mary”.   

 Partial answers  

Partial answers using irrelevant justifications. 

Some teachers showed limited engagement without addressing the use of 
proportions or percentages because they seemed to have been side-tracked by 
irrelevant information.  Some responses indicated teachers’ existing beliefs about 
the issue which mostly appeared in the task about smoking and LD, e.g., “LD is 

8
6

22

6

0

5

10

15

20

25

John&Mary What it is 90%of 40 Smoking&Lung
disease

Piechart

Irrelevant answers 
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mostly affected by smoking”.  Others provided some irrelevant descriptions about 
how the graph looked (colours) or about missing shops e.g. “they are other shops 
that are not listed in the graph” for the problem of pie chart (colours, shops,) In 
this category, there was no reference to the use of proportions or percentages, 
e.g., 90% of 40 (third task) is 50, 30,.. etc.  

Partial answers using some proportional reasoning. 

Partial answers are those which use some aspects of proportions or percentages 
but which may not address the complete situation (Beswick, 2008a).  

In the Mary and John task, although the teachers showed signs of engagement 
with the relevant mathematical ideas, the critical notion that the relative sizes of 
fractions which is dependent upon the size of the whole, is missing.  Teachers 
compare two fractions as if they are entities on their own, without referring to the 
whole (Lyons, 2010), e.g.  “No, because Mary spends 1 

4
 <  

1

2
 for John”.  Beswick 

(2008a) comments that such reasoning is possibly unsurprising given that many 
typical fraction exercises involve working on decontextualized problems in which 
there is unspecified assumption that the wholes to which the various relate are the 
same (Beswick, 2008a).  

 

Figure 2. Partial answers for four tasks 

For the problem of finding 90% of 40, partial reasoning describes an incomplete 
approach of solving percentages or misapplication of the rules of percentages, 
e.g., 90% of 40 is 90x40=3600, 3600%; 36% (misunderstanding of the use of % 
symbol).    

32
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John&Mary What it is 90%of 40 Smoking&Lung disease Piechart
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For the LD task, teachers engaged with the problem using a single comparison of 
just two ratios from the table.  There is no evidence that these numbers were 
considered in relation to any of the other data. For example, teachers respond that 
LD is caused by smoking because 90

150
  is bigger than 60

150
 so therefore LD is caused 

by smoking (just referring to the totals in the first row). They may also argue 
using the numbers in the first column that since 3

5
  is larger than 2

5
 , that smoking 

causes LD.   

For the problem of the pie chart, teachers mention that there is something unusual 
but do not address the error, e.g. It is unusual that Walmart has small shares.  

Appropriate reasoning  

In this category, teachers’ responses  includes correct answers with a detailed 
approach and specific examples representing the procedure used to get the answer 
(Beswick, 2008a). In this category, the whole is addressed. For instance, one 
teacher said that it possible for Mary to spend more than John if she had more 
amount than John, e.g., if Mary had R100 and John had R20, then 1

4
 of 100 >1

2
 of 

20, and then Mary will spend more than John. 

 

Figure 3. Appropriate answers for four tasks 

For the problem asking them to find 90% of 40, the appropriate answer is “36” 
because 90% of 40= 90

100
∗

40

1
=

3600

100
= 36. For the problem of smoking and lung 

disease, the appropriate answer is that smoking does not affect LD because 

35

52

10
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0
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50
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John&Mary What it is 90%of 40 Smoking&Lung disease Piechart

Appropriate answers 
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looking at both sides, the proportions are the same.  Teachers compare each cell 
for both the marginal totals, and do not look at only one row or column.  

For the problem of the pie chart, teachers give an appropriate definition of the pie 
chart and address the error in the graph, e.g., this pie chart is about national 
grocery figures, however, the percentages do not add up to 100%. Other teachers 
immediately recognised the error in the graph, and they mentioned that the graph 
would not be used, it is meaningless because the percentages of different portions 
are >100 (62%+36%+28%+28%+8%+2%=164% >100%).   

Table 2 presents a summary of these responses, with the results for each category 
described above in the four tasks. The findings show that teachers struggled in 
finding the answer for the task 3 (smoking and lung disease) where only 13.3% 
of the teachers demonstrated an appropriate proportional reasoning. 

Co 
Co
des 

S
co
re
s  

Task 1 (Mary and John) Task 2 (what is 90% of 40) Task 3 (smoking and LD) 

% Sub -Category Example(s)  Subcategory Examples % Sub- 
category  

Examples  

 I
n

c
o
r
re

c
t 

a
n

sw
e
r
s 

  

0000 7 
8 
(10.6
%) 

No answer Not know  6(8%) Not know  No answer  22(29.3%) No answer  Don’t know  

Restating of 
question 

She only spent a 1

4
 and 

John spent 1
2
” 

Incorrect 
Without 
explanation  

900/4,9/4,96, 
0.9,30/40,39, 
30,39,33.2, 
19,20 

Yes, with 
incorrect 
reasoning   

Yes, because   smoking is dangerous in 
lungs, “We don’t know how they 
collected their sample. It could be 
biased”  Response with no 

justification 
Mary spent more than 
John 

P
a

r
ti

a
l 

  
a

n
sw

e
r
s 

 

 

1 32(42.
7%) 

Displays 
understanding of 
1

2
 and 1

4
  quantities 

only.  Uses whole 
number 
reasoning 

No, “Because 1

2
 is more 

than 1

4
”. No attempt to 

integrate into the 
context. 

17(22.
7%) 

Use of % , but 
incorrectly    

90x40=3600, 
3600% 
90x40=1260, 
40+90%, = 
130, 50= (90-
40), …  ,10% 
of 40 is 4% 
x90=36% 

43(57.4%) No with 
irrelevant 
reasoning   

No, because 60 people that don't smoke 
had lung cancer” No, because 90 
people have lung disease by smoking 

Same amount  No, If the amount is the 
same  

Yes, may 
consider 
only one 
row or 
column 

Yes, “Because all up 150 people get 
lung disease 90 of it is by smokers and 
only 60 of it is not by smoking”  

A
p

p
r
o

p
ri

a
te

 a
n

sw
e
r
s 

2 35(46.
7%) 

Appropriate 
reasoning with 
specific 
examples, or 
pointing out that 
it depends on the 
amount 

Yes, we do not know 
how much each had. It 
depends on the given 
amount. “M could have 
R10 and spends a ¼of it 
that leaves 2.5. R4 and 
spends 1

2
  of it that 

leaves R2. 

52(69.
3%) 

Correct 
answers  

The answer is 
36, because 
90 of 40 
=90/100x40/
1=3600/100=
36, 

take 90/100 
multiply by 
40 and get the 
answer, 
percentage is 
out 100 

10(13.3%) No, and 
demonstrate 
proportiona
l reasoning 

   

No because both smokers and non-
smokers have 3

5
 with lung disease and 3

5
 

with no disease”. 
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Common errors 

A common error that has been found in Task 1 (Mary and John) was based on a 
misconception about the relative values of 1

2
 and  1

4
 .  It seemed that some teachers 

had understanding that 1

2
  is always bigger than  1

4
  and there is no way 1

4
  can be 

greater than 1
2
 . Others just confirmed that Mary will always spend less than John 

without any justification. This was proved some of their answers to this task 
displayed below. 

 
For task 2 (smoking and lung disease), a common error was that teachers were 
confused by the number 90 and confirmed that percentage of smokers with lung 
disease is high, thus smoking affects lung disease.  However, they did not look at 
the fractions for the two columns.  As it is seen below, the fraction of smoking 
with LD is 3

5
 which is the same as the fraction of no smoking with LD which is 3

5
. 

Therefore, smoking does not affect LD.  
 Lung disease  No lung disease  Total 

Smoking              90                  60                    150                    90/150=3/5 (SLD) (1) 

No smoking          60      40                   100                       60/100=3/5(SNLD) (2) 

Total             150 100                    250 

 

Thus, (1) = (2) = 
3

5
 . 

Is it possible for Mary to spend 

more than John    

Why do you think this ? Explain  

058. No answer  058. Because Mary only ate ¼ but john spend 2/4 of his 
012. No  012. Because Mary spent less but John may want expensive things than 

Mary 
P.161. No P.161.Mary spent ¼ of hers while John spent 2/4 of his 
P193. No  P193. Mary has spent a quarter of money which is less than 1/2 
P133. Not possible  P133. Only R2 then Mary spent 50 and John spend R1. Mary will left with 

50 to make R1 equal to John. 
P220. No  P220. Mary spent less money than John as he spends a quarter of it 
032. No  032. Because she use it by his thinking  
94. No  94.If both they receive R20 Mary will spend R5 while John will spend 

R10  
019. No  019. John is spending 20% of his and Mary is spending less than John 
195. No  195. Because ¼ is less than ½, so she has spent less than John  
189. This is not possible  189. Because ¼ is less than 1/2 
053. No  053. Because 1/2is a bigger portion compared to a quarter 
P170. No  P170. Because John is spending 50% of his and Mary is spending less 

than Johns 
035. No  035. Because ¼ is smaller than ½ so if Mary spends a ¼ she will be left 

with ¾ of her money but John will be left with ½ 
027. No  027. Because if both of them have one money , eg if Mary 30c and John 

spends 50c 
G083. No  G083. No  
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A common error from Task 3 (what it is 90% of 40) was to understand some 
properties of percentages, where some of 23 teachers said that 90* 40

100
 =36% or 

3600. This means that they don’t know when to add the % sign and when do not 
add it.   For Task 4, the pie chart, a common error was that teachers would just 
look at the output of the graph and mention the share that is greater than others, 
or just look at the different colours that compose the pie chart, without noticing 
that the sum of the parts is not 100%.   

 
For task 4, the pie chart, a common response was that some teachers found it 
difficult to explain the meaning of the pie chart and mentioned that it was 
appropriate. They could only look at the output of the graph and mention the share 
that is greater than others or look at the different colours that compose the pie 
chart, without noticing that the sum of the parts is not 100%.  

 

What is 90% of 40 Explain your reasoning  

 Teacher 037. 90x40/100=36% Teacher 037. A percent is always over 100 

Teacher 206. 0.4  Teacher 206. To divide 40 by 100 and get an answer  

Teacher 092. 30 Teacher 092. Because 40 is 100% then subtract the 10% leaves 30 

Teacher 170. 36% Teacher 170. Because 10% of 40 is 4%x90 % is 36% 

Teacher 113. 30 Teacher 113. 50% of 40 is 20 , 90%is short of 10% to recall 100% 

Teacher 019. 36% Teacher 019. Because 10 %of 40 is 4%x90% is 36% 

 

Explain the meaning of the pie chart  Is there anything unusual about it  

 Teacher 085. Many people have shares in op or shops  Teacher 085. Yes  

Teacher 032. It is about the most popular stage Teacher 032. No 

Teacher 053. People prefer to buy at other not so popular 
supermarket compared to the well-known ones. Walmart 
Cambridge is worst inters of selling a s it has 2% costumes. It 
means that Walmart Cambridge needs to advertise themselves.  

Teacher 053. No because these supermarkets are in big 
cities except for spar. Many people are scattered even in 
rural areas where there are other supermarkets   

Teacher 058. There are many people who invest in other shops 
than named grocery markets. Least people buy share at 
Walmart    

Teacher 058. Yes most people use Shoprite and spar as well 
as pick and pay. the pie chart seen to be incorrect because 
its whole exceeds 100% 
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Joining the coding reported in Table 2, for the four tasks together, gave us an 
indication of the consistency of teachers’ CK across the four tasks as for content 
knowledge, we scored absent, mathematically incorrect, or irrelevant answers 
with zero, partial answers with one, and complete responses with two. The results 
of adding scores across the four tasks are shown in Table 4. Many teachers 
demonstrated a partial proportional reasoning, only five teachers have 
demonstrated an appropriate proportional reasoning, for the four tasks. Here, a 
score of 3 was considered a partial reasoning given that  3

4
= 0.75 ≈ 1, which was 

coded partial reasoning. Similarly, a score of 6 was considered appropriate 
reasoning given that 6

4
= 1.5 ≈ 2, which was coded appropriate reasoning. 

Table 4. Frequency of teachers' 'scores' on the four mathematical tasks. 

 

Inappropriate 

reasoning  Partial reasoning  

Appropriate 

reasoning 

Overall 
score  

0 1 2 3 4 5 6 7 8 

F 0 0 4 8 12 18 17 11 5 
% 0.0 0.0 5.3 10.6 16.0 24.0 22.7 14.7 6.7 

 

Table 5 displays the Pearson correlations between scores on the four questions 
(ranging from 0.077 to 0.318). Pearson product-moment correlation coefficient 
(r) was calculated between teachers ‘responses for two tasks (Table 5).  If the 
value of r is close to +1, this indicates a strong positive correlation, and if r is 
close to -1, this indicates a strong negative correlation.  It is noted from Table 5 
that the correlations between every two tasks are low, which means that the 
overall level of their answers is low. If teachers would have responded well, we 
would note a strong positive relationship between their answers for four tasks.  

Table 5. Correlations between four tasks  

1 Task1-Task2 0.077 
2 Task1-Task3 0.168 
3 Task1-Task4 0.188 
4 Task2-Task3 0.112 
5 Task2-Task4 0.129 
6 Task3-Task4 0.318 

Generally, teachers ‘answers give an image that their mathematics content 
knowledge needs attention. They still have misconceptions in solving part-
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whole problems. Overall image is that there is no significant separation between 
two groups of teachers in terms of their answers, which limited the overall fit.  

Discussion and Conclusion   

The focus of this paper was to explore teachers’ proportional reasoning as 
evidenced in their responses to four mathematical tasks regarding the use of 
fractions, percentages as well as interpreting the information included in the pie 
chart.  The findings revealed that teachers struggled to solve the tasks based on 
proportions showing that their levels of proportional reasoning need 
improvement. This insufficiency of the knowledge of mathematics content was 
reflected in the large numbers of inappropriate answers to these tasks, for instance 
only 20.0% teachers responded correctly to the task asking them to respond 
whether smoking causes LD in the given task. Also, approximately 50% teachers 
managed to refer to the whole for the problem of Mary and John and for the 
problem of the pie chart, whereas 69% gave detailed approaches in solving 90% 
of 40. This result shows that the teachers were able to work out simple 
calculations on percentage but were not able to cope with situations which 
required relative comparisons involving proportions. Their struggles in solving 
the tasks based on proportions indicate that their proportional reasoning skills 
need improvement.    

Many teachers revealed various misconceptions in solving these tasks, which is 
linked to a poor conceptual knowledge about fractions, proportions and 
percentages (Khashan, 2014).  Many teachers, in trying to reason about the 
relationships in the tasks, made decisions without referring to the whole, even 
though this was a crucial aspect of one task. For the problem of Mary and John, 
many teachers reasoned that 1

4
<

1

2
 always, so there was no way that Mary could 

spend more than John (Beswick, 2008a). Moreover, teachers demonstrated 
misconceptions in solving the data contained in 2 ∗ 2 contingency table where 
most teachers confirmed that LD is caused by smoking because they did not look 
at both marginal totals, they just used one of them. This limited them in making 
an appropriate response (Beswick, 2008a). As discussed in the literature, several 
real life tasks necessitate proportional reasoning which includes the capacity of 
interpreting situations in comparative terms (Dole et al., 2015). 

Insufficient proportional reasoning also disadvantages a person in terms of the 
capacity to think logically and to defend everyday conclusions (Molefe & Brodie, 
2010). Mathematics and Statistics are applied in different areas such as 
government planning, medicine, psychology, large companies, banks etc. Thus, 
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developing proportional reasoning is one of the factors in terms of improving the 
use of numeracy in real worlds.   

Shulman (1986) advises that teachers need to know not only what something is 
but why it is so, and that content knowledge must focus on knowing what and 
knowing how of a discipline. Therefore, teachers need to know the procedures 
used to generate knowledge in their field as well as to develop their conceptual 
knowledge (Khashan, 2014).  They also need to focus on using real life and 
practical examples and other interesting models that increase learners’ interest 
towards mathematics and statistics.  
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A VALIDATION PROCESS TOWARDS THE MODIFICATION 

OF THE GRADE 1 EARLY GRADE MATHEMATICS 

ASSESSMENT 

Qetelo Moloi and Nicky Roberts 
University of Johannesburg 

The Early Grade Mathematics Assessment (EGMA) is a tool for assessing the 
mathematical competencies of grade 1-3 learners in cross-national studies. In 
South Africa there have been concerns that the EGMA was not functioning 
optimally for Grade 1 learners. The objective of this study was to identify 
elements that may invalidate EGMA as a measure of mathematical competencies 
of grade 1 learners. From the Rasch analysis, our finding was that the EGMA 
suffered notable ‘floor effects’, was too long for grade 1 learners and included 
redundant items. The findings have relevance for the modification of the EGMA, 
for professional development programmes and further research in mathematics 
assessment at the Foundation Phase level. 

KEYWORDS: assessment, floor effects, Rasch analysis, targeting, validation, 
validity. 

INTRODUCTION 

Global concern about learners not being able to achieve minimum proficiency 
levels in mathematics has led to concerted efforts to include improvement of 
numeracy competencies as measurable goals in the fourth Sustainable 
Development Goal (SDG).  Due consideration has been given to developing 
instruments for monitoring progress in narrowing the gap between baseline 
conditions and the set SDG goals (Sachs, 2012). Subsequently, there have been 
some initiatives to develop cross-national measures of progress that are 
sufficiently indigenized to be sensitive to unique local contexts but also share 
common features to facilitate cross-national comparisons. In the Sub-Saharan 
Africa region one such initiative is the development of the Early Grade 
Mathematics Assessment (EGMA) to monitor mathematical competencies at 
primary school level (grades 1-3) (Platas, Ketterlin-Gellar, Brombacher & 
Sitabkhan, 2014). The efficacy of an instrument to be used across grades and in 
cross-national studies raises issues of instrument validity and the need for its 
continuing validation. The objective of this study was to identify elements that 
may invalidate EGMA as a measure of mathematical competencies of grade 1 
learners. 
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In this paper we report on the process of investigating the EGMA for 
appropriateness in eliciting reliable information on the knowledge and skills 
demonstrated by grade 1 learners. Our investigation follows administration of the 
test over five years in mainly sub-urban schools. It was prompted by observations 
from test administrators on frustrations that grade 1 learner seemed to experience 
while taking the test. We provide a brief account of the development of the 
EGMA instrument and its administration in South Africa. Using the conceptual 
framework on how children learn and develop mathematical knowledge and skills 
and, therefore, how valid assessments should be structured, we used the Rasch 
analysis to identify items that were either too difficult or redundant relative to 
what grade 1 learners are expected to know and do. 

The main research question was: To what extent is the EGMA a valid measure of 
the knowledge and skills developed among grade 1 learners? The specific 
research questions were: 

1. What are the patterns of item difficulty revealed and what do the patterns 
suggest in terms of the EGMA test validity? 

2. Are there redundant items and, if so, what happens to the validity of the 
EGMA if redundant items are removed? 

Test validity and validation 

Bond and Fox (2015) define the validity of an assessment instrument as “the 
evidence that supports (or refutes) inferences that can be made from the results 
generated by the instrument” (p.374). The validity of an instrument can be 
affected when, for instance, the results of the test are used for purposes that are 
not aligned with the design of the test or the test items are either too difficult or 
too easy for the target test-takers. Bond and Fox (2015) then contrast “validity” 
and “validation” and posit that, while validity is an evolving property, validation 
is a continuing process (Messsick, 1995). In this paper we report the results of the 
Rasch analysis of the EGMA data to investigate whether the test is a valid 
measure of grade 1 mathematical competencies. 

THE EGMA DEVELOPMENT AND ADMINISTRATION 

The EGMA development 
The development of the EGMA was led by RTI International and funded by the 
United States Agency for International Development (USAID). The EGMA test 
is “an assessment of early mathematics learning”, with an emphasis on number 
and operations” or “number sense” (Platas et al., 2014). EGMA is composed of 
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seven testlets which assess one of the following mathematics skills each: addition, 
subtraction, addition and subtraction together, number identification, number 
comparisons, number patterns and word problems. This is also the order in which 
the testlets are presented to learners during the administration (Platas et al., 2014). 

Measures that have been taken to reduce or eliminate possible confounding 
factors on the validity of the EGMA have been detailed in Platas et al. (2014). 
The testlets are short enough to avoid fatigue on the test-takers but long enough 
to provide meaningful and reliable information on whether the learners 
demonstrate the expected competencies in the assessed mathematics sub-
domains. The tests are orally administered by trained personnel to eliminate the 
confounding effect of learner ability to read and write. Learners are allowed 20 
minutes to complete a testlet but, in addition, there are rules for administrators to 
discontinue the testing if a learner provides about four incorrect responses in a 
row in a testlet. The stop rules are also intended to prevent unnecessary test stress 
on learners and to ensure learners are motivated to participate.  

The EGMA administration in the South African context 

In South Africa work on the introduction and rollout of EGMA was led and 
facilitated by Aarnout Brombacher and Associates, who made the instrument 
available to JumpStart for administration in Gauteng schools. A detailed account 
of how the tests are administered and how data is analysed and reported has been 
given in Roberts and Moloi (2021). 

The EGMA was originally designed for one-on-one administration. However, 
this proved costly and group administration versions were created. Timed items 
were included, where learners are expected to complete as many items of a 
particular type in a specified time. As a result, there are multiple items included 
for top performing and efficient learners, who could complete numerous items in 
the allocated time. In addition, a digital version was created and learners were 
given tablets to work on.  

We engaged with the JumpStart test administrators in a series of meetings to 
understand their process of administering the EGMA at school level and 
understand the test administrators’ concerns pertaining particularly to the grade 1 
administration. The test administrators reported that the grade 1 learners were 
frustrated as they could not answer much of the test (with some reporting on 
children literally crying during the testing). They also indicated that the use of 
tablets was a novelty and that children were very excited to be using a tablet 
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(Roberts, 2021). But in some cases, children were observed to just “push buttons” 
moving on without following the instructions of the test administrator.  

Also, although the tests were administered to children who learnt mathematics in 
an African language, there were no scripted translations in the African languages. 
The test administrators were chosen as having a shared language with the children 
and translated instructions “on the spot” during the test administration. This 
meant that the questions were often read in English and then repeated in an 
African language. Based on this feedback we investigated whether the EGMA 
were accurately targeted at what grade 1 learners know and can do to demonstrate 
their competencies. We hoped to improve the EGMA test instrument for Grade 1 
learners, by making the test shorter, while keeping the richness of information it 
gathered. 

CONCEPTUAL FRAMEWORK  

Development of valid tests needs to be aligned with both the curriculum 
expectations (DBE, 2011) and a theoretical framework on how children develop 
mathematical knowledge and skills. Although theories on how children develop 
mathematical competencies abound since the early dominance of Piaget’s 
cognitive stage-development theory, modern work in this regard has been done 
by Clements and Sarama (2010), Fritz, Ehlert and Balzer (2013) and Kühne, 
Lombard and Moodley (2013). 

A common trend among the theories advanced by the different works is the 
acknowledgement that children’s development of mathematics competencies 
builds on simple skills towards complex ones. From the assertion by Platas et al. 
(2014), the selection of the content included in the EGMA was predicated on the 
hierarchical nature of mathematics concepts so that the EGMA content is 
“foundational to more complex content and predictive to future performance” 
(p.4). For example, proficiency in mathematical knowledge at one grade should 
be predictive of proficiency in the next grade, if all factors remaining the same.  

Clements and Sarama (2010) assert that children learn mathematics “in their own 
way” which is developmental and progresses along their natural development 
pattern. The “own way” of learning demands of teachers to engineer lessons 
according to individual learner needs and their Vygotskian ‘zones of proximal 
development’ (Doolittle, 1997). Learners’ readiness to learn new concepts 
depends on the current level of competency and reflects their different exposures 
and experiences with specific mathematics constructs and topics. So, in a 
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progressive way, it should be expected that the number of years of exposure to 
level-specific educational tasks should contribute significantly to different 
learners’ mathematics competencies. 

RESEARCH DESIGN AND METHODOLOGY 

Because of the paucity of research in the area of Foundation Phase mathematics 
test validation processes, both globally and in South Africa, we adopted an 
exploratory research design to help us gain better insight into some of the issues 
raised from the JumpStart administration of the EGMA on grade 1s. 

We conducted secondary analysis of the grade 1 EGMA data that was obtained 
from the JumpStart project in the Ekurhuleni South Education District in Gauteng 
(Roberts & Moloi, 2021). The grade 1 learners (n = 1 705) whose data we 
analyzed were part of a grade 1-3 random sample of learners from 27 public 
ordinary primary schools that participated in the JumpStart intervention to 
improve mathematics teaching and learning in the said district. To offer feedback 
to schools and the project implementors, the EGMA test was analysed to allocate 
children to one of four levels (which took into account the number of items 
answered correctly in the timed tasks).  

For the purpose of exploring its item functioning, we allocated one correct score-
point to each of the 86 items in the core EGMA instrument, for group 
administration. The data were analysed using the Winsteps programme which is 
aligned with the Rasch model (Linacre, 2020).  

Rasch analysis of assessment data 

The Rasch analysis, applied mainly in analyzing and reporting large-scale 
assessment data in many countries, involves converting ordinal nonlinear raw 
scores such as number-correct test scores into equal-interval linear measures 
(Boone, Staver & Yale, 2014). The Rasch model is used to estimate the 
relationship between the attributes of the test-takers and the characteristics of the 
test items in a probabilistic way and place them on the same scale for direct 
comparisons of learner proficiency and item difficulty (Bond & Fox, 2015). 

According to the Rasch model, the relationship between test-taker proficiency 
and test item difficulty in any measured construct, often referred to as the latent 
trait, is linear and hierarchical such that test-takers with less proficiency in the 
measured construct appear on the lower end of the scale alongside the easier items 
while learners with higher proficiency are on the higher end alongside items of 
higher difficulty level. The visual representation of this relationship is often 
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depicted in what is called the Wright Map (Linacre, 2020). The key principle of 
the Wright Map is that items appear at same level as learners who have a 50% 
chance of getting the items right. Items that learners have less than 50% chance 
of getting them right appear above the learners and, items that learners have a 
more than 50% chance of getting them right appear below the learners. 

Linacre (2020) provides guidelines for analyzing and interpreting data on the 
Wright Map. Accordingly, the conditions and inferences that can be made from 
the map are: the extent to which the test is well-targeted to the proficiency level 
of the test-takers, i.e. neither too difficult nor too easy for the test-takers; 
predictive validity which is an indication of whether test-takers appear at the level 
of proficiency that is predicted by the theory of learning, i.e. less proficient 
learners appear at the lower end and more proficient learners at the higher end of 
the hierarchy; construct validity, which is an indication of whether items 
assessing simpler competencies appear at the lower end and items assessing more 
complex competencies at the higher end of the hierarchy. A violation of any of 
these conditions, according to the requirements of the Rasch model, invalidates 
the test (Bond & Fox, 2015; Linacre, 2020). For instance, if on the map items on 
“addition” appear to be more difficult than items on “division”, contrary to what 
the theory of learning suggests (Clements & Sarama, 2020; Kühne, Lombard & 
Moodley, 2013), that immediately raises questions about the validity of the test. 

The Rasch analysis process involved two steps. Firstly, we generated the Wright 
Map for the data and recorded the observations made following the guidelines by 
Linacre (2020). Secondly, we removed some items from those that appear at the 
same level on the map to explore the impact of reducing redundant items on the 
validity of the test.  

Ethics 

Part of the normal functioning of the JumpStart intervention in Gauteng schools 
is annual administration of EGMA tests. We have obtained ethical clearance from 
the University of Johannesburg for the use of this data for research. 

RESULTS 

Patterns of item difficulty and suggestions in terms of the EGMA test validity 
Overall learner performance is summarized in Figure 1. 

[Winsteps Input: 6171 lrnrs, 86 items; Report 1705 lrnrs, 70 items] 
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Figure 2: Wright map of grade 1 EGMA results 

Each # represents 53 learners and a “.” represents 1 to 52 learners. 

Abbreviations 

AdL1_X=Addition Level 1 Item No. X; SuL1_X=Subtraction Level 1 Item No. 
X; AdSuL2_X=Addition & subtraction Level 2 Item No. X; NoId_X=Number 
identification Item No. X; NoCo_X=Number comparison Item No. X and 
NoMs_X=Missing number Item No. X. 

Analysis of the Wright Map showed that: overall, the grade 1 learners responded 
to 70 of the 86 items. On each of the respective 20 items on “Addition Level 1” 
and “Subtraction Level 1”, the learners responded to only the first 12 items (in 
the timed tasks). The easiest item to this sample of learners was No. Id_7 
appearing at the lowest end of the map. The mean of the item measures (M on the 
item side of the map) was higher than the mean of the learner measures (M on the 
learners’ side of the map) meaning that, overall, the test was relatively difficult 
for this sample of learners. Approximately 688 learners (40%) – labeled as “least 
able learners” at the lowest end of the map (Measure =300) - had a less than 50% 
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probability of responding correctly to any item in the test, thus making the test 
suffer notable “floor effects”. 

Redundant items and implications of removing these 

From the Wright Map we identified items that were assessing at the same level 
of proficiency such as: AdL1_5, NoMs_10, NoMs_7, NoMs_8 and NoMs_9 
(Measure =740). Other sets of redundant items: AdL1_6, AdSuL2_6, NoMs_6 
and SuL1_5 (few measures above 740). Above the 540 measure were NoCo_10, 
NoCo_9, NoId_10 and NoMs_2. We subsequently removed items that learners 
did not attempt as well as redundant items and remained with a 45-item version 
of the test. We then plotted a scatter plot of the measures (in logits) of the long 
test against those of the shorter version to gain a visual representation of whether 
there were changes in the ordering and spacing of items when using either test 
(Figure 2). 

 
Figure 2: Scatter plot of long vs short test 

From the scatter plot: the items in the long and shorter versions of the test are 
ordered and spaced along what is the approximate “identity line” with difficult 
items on the upper end and easy items on the lower end.  

In summary, the key findings from the investigation were as follows. Firstly, at 
least 16 out of the 40 items (40%) on addition and subtraction were targeted above 
the proficiency levels of the learners in terms of either being able to respond 
within the stipulated time or submitting incorrect responses. Approximately 40% 
of the learners had less than 50% probability of responding correctly to any item 
in the test. From this evidence, we infer that the test was an invalid measure of 
the mathematics competencies of the learners. Secondly, we found that a 
substantial number of items in the test were redundant in that they tested at the 
same level of learner mathematics proficiency and thus could not provide 
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information across the range of knowledge and skills linked to the measured 
construct. To the extent that the test could not provide comprehensive information 
on all the test-takers, it was an invalid measure of the expected competencies. 

DISCUSSION 

Despite the measures taken in the development to ensure that the EGMA tests are 
valid, the tests showed notable “floor effects” suggesting that they were targeted 
above the levels at which the grade 1 learners were theoretically ready to learn 
(Doolittle, 1997). There is a need to modify the instrument by reducing the 
numbers of items and thus lessening the burden of redundant items on the learners 
and providing valid information. We demonstrated that a shorter but more 
accessible version of the test would still be a valid measure. 

Our exploratory investigation corroborated the claims made by the test 
administrators that grade 1 learner experienced some frustration during the 
testing. Evidently, the minimum times of taking the tests exceeded the 
concentration spans of the learners. Clements and Sarama (2020) posit that 
learner early grade mathematics competencies are age-related although, where 
learners are exposed to high-quality mathematics tasks, they can perform at levels 
higher than their age. However, in contexts where there is paucity of quality tasks, 
learners perform below the expected age.  

There is research to suggest that, although children at early grades may have some 
understanding of “number sense” in terms of being able to subitize, they still find 
the matching of numerals to quantity or amount challenging (Clements & Sarama, 
2020). Platas et al. (2014) posit that “in numeracy, knowledge of numerals and 
an understanding of their numerosity are the basis for the number competency” 
(p. 10). However, the progression from subitizing to counting and recognition of 
numeral-quantity match and then to bare calculations depends on the quality of 
learning environments and materials that children are exposed to and should not 
be assumed to be the same for all learners, even in the same grade.  

Educational implications 

EGMA provides useful information that teachers access almost immediately after 
the administration of the tests. It occupies a critical space because teachers, in 
their busy schedules, need access to readily available valid assessment tools. It is 
understood that assessment is an integral part of teaching and learning. Ensuring 
that the readily available EGMA tests are a valid measure of authentic learner 
competencies is key to providing teachers with reliable information for 
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identifying learning gaps and developing well-targeted intervention strategies 
(Moloi & Kanjee, 2018). 

CONCLUSION 

From secondary analysis of data from Gauteng schools, we investigated whether 
the EGMA were well-targeted to the proficiency levels of grade 1s and whether 
there were excessive items that rendered the test too long and, therefore, invalid 
for grade 1 learners. Framing the investigation against modern theories on how 
children learn mathematics, we used Rasch analysis to investigate the targeting 
of the EGMA. The main finding was that the test suffered notable floor effects 
alongside redundant items.  

As the EGMA assessment serves its purpose of allowing grade level comparison 
over time, and to measure project impact, we think that retaining anchor items 
which are also used in the group administered core EGMA for grade 2 and grade 
3 would be worthwhile. But for the grade 1 learners we propose modifying the 
group administered core EGMA test to a shorter version and to include a gentler 
onramp with items more grade 1 learners could do successfully. 
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EXPLORING RELATIONSHIPS OF TEACHER 

KNOWLEDGE AND PRACTICE: A QUALITATIVE 

MULTIPLE-CASE STUDY OF FIVE MATHEMATICS 

TEACHERS 

Zaheera Jina Asvat 
Wits School of Education 

In recent years there has been a growing interest in studying the knowledge that 
mathematics  teachers  require  in  order  for  their  teaching  to  be  effective. 
Therefore, examining the relationship between teacher knowledge and practice 
in mathematics classrooms is crucial to gain an overview of the preparation of 
potential teacher candidates and the development of teacher education in the 
future. This study employs a qualitative, multiple-case study design. The study 
was conducted in Johannesburg, South Africa and the data was collected from 
five schools and five grade 10 teachers, two of whom were newcomers and three 
of whom were experienced in school teaching. We argue that the relationships 
between teacher knowledge and practice do not explain why teachers teach in the 
ways that they do. The analysis recommends further studies to dwell on 
understanding the nature of teacher knowledge in practice. 
LITERATURE REVIEW  

Understanding the teachers’ knowledge components, which are necessary for 
integrating mathematics into reform-oriented classroom practices, are still 
challenging for the research community. Researchers are interested in what 
teachers know or do not know, that allows them to teach in particular ways. When 
teachers select tasks and plan their teaching before the lesson, as well as when 
they participate with learners in classroom discussion, they draw on their 
knowledge to be able to anticipate the possible ways in which learners will 
develop an understanding of the mathematics. Frameworks for teacher 
knowledge and practices is outlined below.  
Frameworks for teachers' knowledge 

Shulman (1987) proposed a framework for professional knowledge that includes 
seven domains of teacher knowledge: content knowledge; pedagogical 
knowledge; curriculum knowledge; pedagogical content knowledge; knowledge 
of learners; knowledge of educational contexts; and knowledge of educational 
purposes and values. The category that transformed researchers’ thinking was 
pedagogical content knowledge (PCK), which links the knowledge bases of 
content and pedagogy. 
Researchers continue to develop the field of PCK. For example, Zubaidah, Johar 
and Suparno (2018) noted that Shulman’s categorization did not make allowances 
for student misconceptions. They proposed that the competencies of teachers 
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include The Content Knowledge, Pedagogical Content Knowledge (PCK), 
Curriculum Knowledge, General Pedagogical Knowledge, Knowledge of 
Learners, Knowledge of Educational Contexts, and Knowledge of Educational 
Ends. They emphasise that “teachers' special skill in teaching covering both the 
Pedagogical Knowledge and Content Knowledge” (Zubaidah, et al. 2018, pg.12). 
Mistima, Zakaria and Yusof (2011) also incorporates teachers’ ability to 
transform knowledge into meaningful knowledge that suits students’ levels. Ball 
and her colleagues (Ball, Thames and Phelps, 2008) noted that Shulman’s 
categorization was theoretically rather than empirically based. They proposed a 
model that focuses on Mathematics Knowledge for Teaching (MKT) classified 
into six components: subject matter knowledge (SMK) is subdivided into 
common content knowledge (CCK), horizon knowledge (HK) and specialized 
content knowledge (SCK); and PCK is subdivided into knowledge of content and 
learners (KCL), knowledge of content and teaching (KCT) and knowledge of 
content and curriculum (KCC). The present study draws on the notion of 
Shulman’s original categories of content knowledge (CK) and pedagogical 
content knowledge (PCK), with an elaboration of PCK from Ball et al. (2008). 
Teacher knowledge comprises both CK and PCK and the domains overlap. PCK 
is an amalgam of knowledge of content and learners (KCL), knowledge of content 
and teaching (KCT) and knowledge of content and curriculum (KCC). Within 
each of these categories, further descriptors have been explicated.  
Practices 

Practices are the skilful, patterned regularities that occur in teachers’ classrooms 
(Schifter, 2001). In mathematics classrooms, there are two kinds of practices: 
mathematical practices and teaching practices. Mathematical practices include 
symbolising, representing, justifying and communicating mathematical ideas 
(RAND Mathematics Study Panel in Ball, 2003). Teaching practices involve 
particular approaches or methods that teachers employ in their classrooms in 
order to teach mathematics or develop mathematical practices. So, in 
mathematics classrooms, the two sets of practices are related. In the traditional 
paradigm of mathematics teaching, learners are often on the receiving end while 
the teachers are viewed as sole classroom authorities with respect to their subject. 
In a reaction to the traditional paradigm, situated learning theories see learning as 
increased participation in practice, as we acquire knowledge when we interact 
with those more experienced, and our peers.  Over time, the teacher as a facilitator 
of learning has opposed the traditional conception of teachers as the authority. 
Reform-oriented practices have shifted the focus of instruction, from teaching to 
convey knowledge; to instruction where learners participate by representing, 
justifying, generalising, and communicating their ideas to others. Therefore, 
teacher knowledge that relate to selecting higher-order tasks, asking questions, 
engaging learners to explain their thinking and teaching reflection, are recognised 
as key teacher competencies. Given this, the teachers’ knowledge of learners 
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becomes much more than teaching procedures and responding to learner errors. 
The extent to which teachers manage to foster useful practices in the classroom 
is related to their teacher knowledge – a relationship that is explicated here.  
Research Question 
How do the teachers’ knowledge of grade 10 mathematics relate to their teaching 
practices?  
METHOD 

The research reported in this paper employed a qualitative, multiple-case study 
design as it was necessary to work across a few grades 10 teachers and to look in 
depth at each teacher. The study was conducted in Johannesburg, South Africa 
and the data was collected from five schools and five teachers, two of whom were 
newcomers (NC) to school teaching and three of whom were experienced 
teachers (ET) in school teaching. The mathematics teaching experience of the 
newcomers in the study varied between two and five years, and of the old-timers 
between 25 to 30 years. The newcomer teachers had been exposed during their 
formal teacher training to ideas about interaction in reform-oriented mathematics 
classrooms. All five teachers were highly qualified in relation to the general level 
of teacher qualifications in South Africa. For ethical reasons, we have used 
pseudonyms.  
Data Collection 

Data was collected through lesson observations with field notes, video recording 
(6 lessons) and three interviews with the teacher. All lessons and interviews were 
videotaped, transcribed and coded. The researcher (author) analysed the tasks that 
the teachers implemented in their lessons, focusing on how and why the cognitive 
level of the tasks changed or remained the same during implementation (Stein, 
Grover, & Henningsen, 1996, Stein, Smith, Henningsen, and Silver, 2000)). To 
analyse teaching practices, the researcher used a modified version of Molefe and 
Brodie’s (2010) analytic framework, which distinguishes between reform-
oriented and traditionally oriented practices.  
Four tasks were selected by Brodie (2005), taken from Driscoll (1999), intended 
to focus on teachers’ CK and PCK in algebraic thinking at intersen level. These 
problems were both challenging for teachers and related closely to the 
mathematics in the curriculum. The teachers solved these tasks as part of the 
knowledge interview and discussed their solution. The researcher asked the 
teachers to solve each mathematical problem, to explain the way in which they 
did so, and to explain whether and how they might teach with the problem. The 
teachers’ responses to these problems enabled the researcher to discern their 
knowledge of the mathematical concepts involved in algebraic thinking and their 
PCK of how they might use the problems in their lessons. 
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The researcher analysed the teachers’ knowledge from the teacher knowledge 
interviews for each teacher, and then from their lessons, focusing on CK and 
PCK. For the domain of CK from the teachers’ knowledge interview, Driscoll’s 
(1999) description of each of the tasks for the topic on algebraic thinking was 
implemented. Driscoll (1999) describes algebraic thinking as the capacity to 
represent quantitative situations, so that relations amongst variables become 
apparent. For PCK, the researcher used Ball, Thames and Phelps’ (2008) 
categories: knowledge of content and students (KCS), knowledge of content and 
teaching (KCT) and knowledge of content and curriculum (KCC), respectively. 
The analysis in this paper focuses on tasks in the set-up and implementation 
stages, practices in the lessons, knowledge in the lessons and from the interviews. 
RESULTS AND DISCUSSION 
Task Analysis 

Stein et al. (1996, 2000) have used the concept of mathematical tasks to study the 
connections between teaching and learning in classrooms. They have defined four 
levels of cognitive demand of mathematical tasks. ‘Memorization tasks’ involve 
reproducing previously learned facts, rules, formulae, or definitions. ‘Procedures 
without connection to meaning’ tasks require the reproduction of a procedure, but 
without connection to underlying mathematical concepts. Such tasks are focused 
on producing correct solutions, rather than on developing mathematical 
understanding. ‘Procedures with connection to meaning’ tasks focus learners’ 
attention on the use of procedures for the purpose of developing deeper levels of 
understanding of mathematical concepts and ideas. Such tasks focus learners on 
the procedures of solving mathematics problems in a meaningful way. ‘Doing 
mathematics’ tasks do not require any particular procedure to be followed. A 
crucial element of Stein et al.’s framework (1996, 2000) is the relationship 
between task set up and task implementation. Tasks at set up are selected by the 
teacher. Task implementation is defined by the way learners actually work on the 
tasks, usually in interaction with the teacher. 
 
 
 
 
 
 
 
 
 



518 
 

 
Table 1 presents the results of the task analysis at set-up and implementation 
stages according to Stein’s et al’s (1996, 2000) framework.  
Table 1: Task classification at set-up and implementation using Stein et al.’s 
categories 

 

Teacher 

 Procedures 

without 

connections 

Procedures 

with 

connections 

Total 

Mr. Molete 
(NC) 

Set up 4    (33%) 8     (67%) 12 
Implementation 2   (17%) 10   (83%) 

Mr. Marks (NC) Set up 1    (20%) 4     (80%) 5 
Implementation 0   (0%) 5    (100%) 

Mr. Khan (OT) Set up 0    (0%) 15   (100%) 15 
Implementation 15 (100%) 0    (0%) 

Mr. John (OT) Set up 1    (10%) 9     (90%) 10 
Implementation 10 (100%) 0    (0%) 

Ms. Ann (OT) Set up 0    (0%) 17   (100%) 17 
Implementation 14 (82%) 3    (18%) 

Table 1 shows that across the range, all five teachers selected high level tasks. 
None of the selected tasks were ‘memorization’ tasks and ‘doing mathematics’ 
tasks, the newcomers managed to maintain and increase the level of the tasks 
from set up to implementation. For example, two of the tasks that Mr. Molete had 
set up as ‘procedures without connections’ to meaning increased in level at 
implementation to ‘procedures with connections’ tasks. Likewise, the one task 
that Mr. Marks set up as ‘procedures without connections’ to meaning increased 
in level at implementation to a ‘procedures with connections’ task. For example, 
Mr. Marks began lesson one by getting the learners to draw the graphs of

2xy = ;
52 += xy ; 32 −= xy ; 2

12 −= xy  on the same set of axes using the table method. To 
solve the task, the learners needed to recall knowledge of the Cartesian coordinate 
system and of how to plot points on the Cartesian axes. They also needed to know 
how to draw up a table, and how to obtain a few points by means of which to 
draw the graphs defined by the equations. At set up, the task was classified as 
‘procedures without connections’ task, because it required limited cognitive 
demand for successful completion. The learners knew what needed to be done, 
and how to do it. The learners worked on their own to do the task and after they 
had drawn the graphs, Mr. Marks focused their attention on the similarities and 
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differences between the graphs. He created a discussion which was more 
‘conversational’ (Molefe and Brodie, 2010, Webb, Franke, Ing, Turrou, Johnson,  
Zimmerman, 2019), in which the learners argued and compared points. The level 
of the task was raised, because the learners were required to make connections 
between the graphical representation of the graphs and the effects of the 
parameters a and q and contribute their observations to subsequent whole class 
discussion. In the next section, further analysis of the teachers’ practices using a 
tool developed by Molefe and Brodie (2010) is presented.  
Teaching Practices 

Situated theorists hold that practice is an on-going, social, interactional process, 
co-produced between teacher and learner. How the teacher structures the lesson 
with learners reflects how s/he aims to promote meaning, and how meanings are 
constructed in practice. 

 
Mr. 

Molete 

(NC) 

Mr. 

Marks 

(NC) 

Mr. 

Khan 

(ET) 

Mr.  

John (ET) 

Ms.  

Ann  

(ET) 

Total number of 

reform-oriented 

practices 

149   
(78%) 

146    
(85%) 

8      
(7%) 

7     
(11%) 

89   
(59%) 

Total number of 

traditionally 

oriented 

practices 

43     
(22%) 

26      
(15%) 

100   
(93%) 

55   
(89%) 

63   
(41%) 

Total number of 

practices 

192   
(100%) 

172   
(100%) 

108   
(100%) 

62   
(100%) 

152   
(100%) 

Total time of 

lessons 

134min 161min 189min 119min 163min 

Table 2: Total number of reform-oriented and traditionally oriented practices for 
each of the five teachers 
Table 2 shows that the newcomers, Mr. Molete and Mr. Marks employed more 
reform-oriented practices than traditionally oriented practices. Table 2 also shows 
that the experienced teachers, Mr. Khan and Mr. John employed more 
traditionally oriented practices than reform-oriented practices. In Table 1 we 
showed that Ms. Ann’s task practices were both similar and different to the task 
practices of the other two experienced teachers. The analysis in Table 2 shows 
that the teaching practices employed by Ms. Ann were very different from the 
practices employed by Mr. Khan and Mr. John as she employed more reform-
oriented practices than traditionally oriented practices. The three main practices 
that distinguished between reform-oriented and traditionally oriented practices 
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are: working with learners’ responses; getting learners to explain their ideas; and 
teacher explanations. The two traditionally oriented teachers accepted correct 
responses from learners, and corrected the incorrect responses, with no further 
interaction. The reform-oriented teachers allowed for some discussion of the 
responses among the class and probed for more explanation, although at times 
they reverted to the more traditionally oriented practice of correcting incorrect 
answers or accepting correct responses with no explanation. For teacher 
explanations, the traditionally oriented teachers did not take any account of what 
learners had contributed in the lessons, while the reform-oriented teachers, took 
some account of learners’ ideas when they explained mathematical ideas.  
The analysis in Table 1 and Table 2 show that Mr. Molete and Mr. Marks, as 
newcomers to school teaching, employed more reform-oriented practices through 
the types of tasks that they selected, as well as the classroom practices that they 
had employed. The analysis also shows that Mr. Khan and Mr. John, as 
experienced teachers, set up higher cognitive demand tasks, but reduced the 
demand of the tasks by presenting the answers to the learners. Ms. Ann employed 
some classroom practices in reform-oriented ways making her practice more 
hybrid practices (Cuban, 1993, Molefe and Brodie, 2010). Based on these 
findings, I expected that Mr. Molete, Mr. Marks and Ms. Ann would demonstrate 
stronger teacher knowledge in the knowledge interview, when compared with Mr. 
Khan and Mr. John. My findings, however, show otherwise. Research (Ball et al., 
2008, Park and Chen, 2012) suggests that the employment of practices is an issue 
of teacher knowledge, related to the teacher. The study turns next to a focus on 
the teacher knowledge of the five teachers and how it does or does not explain 
their practices.  
Relationships between teacher knowledge and practices 

In the larger study a detailed analysis of the five teachers’ knowledge from the 
knowledge interviews and their lesson analysis is presented. Here I highlight the 
dynamics of knowledge use in teaching, by examining the relationship between 
the five teachers’ knowledge and their practices. 

 Mr Marks  

NC  

Mr Molete  

NC  

Ms Ann  

ET 

Mr John  

ET  

Mr Khan  

ET 

CK and  
PCK  

Weak CK  
Weak  
PCK  

Strong CK  
Strong PCK  

Strong CK  
Strong PCK  

Strong CK  
Weak PCK  

Weak CK  
Weak PCK  

Practices  Reform-
oriented 
practices 

Reform-
oriented 
Practices 

Hybrid Traditionally 
oriented 
practices 

Traditionally 
oriented 
practices 

Table 3 Summary of knowledge and practice for the five teachers  
The three teachers with strong content knowledge were able to solve the tasks in 
the interview and give explanations about the algebraic reasoning that they 
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engaged in. The two teachers with weak content knowledge were not able to solve 
most of the tasks, even though the tasks only required high school algebra 
knowledge. The two teachers with strong PCK were able to explain how they 
would teach the task, what knowledge the tasks would develop among the 
learners and how they would anticipate learner errors, i.e. they showed 
knowledge of Ball et al’s categories of KCT, KCS and KCC. The two teachers 
with both weak CK and PCK did not talk about how they would teach the task 
and although Mr John could solve the tasks and explain his thinking, he was 
unable to explain how learners might approach the task and how he would use it 
to develop mathematic knowledge. 
Table 3 shows that there are no simple relationships between knowledge and 
practice. Two teachers, Mr Molete (newcomer) with strong knowledge developed 
reform-oriented practices, as could be expected based on previous research. Ms 
Ann (experienced teacher) with strong knowledge coordinated between reform-
oriented and traditionally oriented practices. When teachers, many of whom have 
been teaching traditionally for years, begin to implement new approaches, they 
develop hybrid practices, mixture between reform-oriented and traditionally 
oriented practices (Brodie, 2010; Cuban, 1993). Mr Khan, with weak knowledge, 
did not change his practices. This could be seen as a potential weakness in his 
CK, as a result of his many years of traditionally oriented practice, to the extent 
that he could not think beyond his regular practices (Jina, 2014). He showed a 
desire to stay within his learners’ experiences and within the curriculum demands, 
which are important components of PCK. The pieces of the puzzle did not seem 
to fit for Mr John and Mr Marks. Mr John had strong CK, weak PCK and taught 
in traditionally oriented ways, suggesting the importance of PCK. Mr Marks, with 
weak CK and PCK, taught in reform-oriented ways,  
CONCLUSIONS 

The above discussion suggests that clear relationships between teacher 
knowledge and practice exist for some teachers and not others. Ms Ann placed 
emphasis on the hybrid practices from her teaching to describe how she might 
help learners to reason mathematically. Her teacher knowledge was therefore 
strong, both her CK and PCK. Although there were relationships between her 
teacher knowledge and practices, this analysis did not help us understand why 
she was the only experienced teacher who could effectively manage hybrid 
practices. Further explanation cannot be made to understand the relationships 
between teacher knowledge and practice for Mr Marks and Mr John. The analysis 
recommends further studies to dwell on understanding the nature of teacher 
knowledge in practice. In subsequent work an extension of analysis of 
mathematics teachers’ practices is presented, by explicating relationships 
between their knowledge and their identities to understand why teachers teach in 
the ways that they do.  
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ANALYSIS OF GRADE 12 STUDENTS’ MATHEMATICAL 

REASONING WHILE PROBLEM SOLVING: A CASE FOR 

EUCLIDEAN GEOMETRY 

 

Muzi Manzin1 and Duncan Mhakure 
 University of Cape Town 

 

The objective of this study is to investigate the quality of statements provided by 
Grade 12 students when supplying rationale or mathematical reasoning for 
answers given or to get to the answer. This nicely tags on the “when” and “why” 
questions of mathematical inquiry on Euclidean geometry. Results from the study 
sample show that there is generally a gap between the level where the students 
are in terms of their mathematical reasoning abilities and, where they are 
supposed to be. Most students in this study rely more on imitative reasoning as 
opposed to creative reasoning, however, there is a select few students that reason 
at the expected levels. Further studies should focus on how students’ 
mathematical reasoning abilities vary with the type of Euclidean geometry task 
they are carrying out.  
 

Keywords: Mathematical reasoning, Task-solving, Lithner’s Criteria, Euclidean 
geometry, Mathematical thinking, Problem solving. 
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INTRODUCTION 

Problem solving is a ubiquitous feature of human functioning (Martinez, 1998). 
Martinez (1998) further supports this view and argues that we live in a time 
unprecedented societal transformation where conditions change, and previous 
modus operandi are almost instantaneously deemed obsolete. The recent advent 
of the COVID19 pandemic is but one example. Advances in technology and its 
applications (e.g., 4th Industrial Revolution, 5th Generation mobile technologies, 
etc.) is but another typical example. A quarter of a century has passed since 
Martinez (1998) purported that “Problem-solving ability is the cognitive passport 
to the future” (Martinez, 1998, p. 606). Albeit good or bad, nonetheless a change 
is going to come sooner rather than later and as Martinez (1998) advises. As such 
Martinez (1998) posits that the ability to do problem-solving is something that is 
expected of individuals. Given the evident rise in the rate of societal change and 
depicting no signal of ever deteriorating, the 21st century therefore calls for active 
citizenry ready to become adept problem solvers that, can manhandle emergent 
ill-defined problems hands on and claim tangible victory. 
 
The South African mathematics national education policy statements 
(Curriculum and Assessment Policy Statements ( CAPS)) state that in the Further 
Education and Training (FET) phase (Grades 10-12) of secondary schooling, 
students should be exposed to mathematical experiences that give them 
opportunities to develop their mathematical reasoning and creative problem-
solving skills in preparation for more abstract mathematics in tertiary education 
(Department Of Education (DOE), 2011) and everyday life situations. The 
production of students that can use mathematical reasoning in an active and 
critical approach to problem-solving is key to the South Africa’s developmental 
agenda. This ideal is also captured in the specific aims of mathematics education 
policy statements: 
 

To develop problem-solving and cognitive skills. Teaching should not be 
limited to “how” but should rather feature the “when” and “why” of 
problem types. Learning procedures and proofs without a good 
understanding of why they are important will leave learners [students] ill-
equipped to use their knowledge in later life. (DoE, 2011, p. 8) 

 



526 
 

Mathematical thinking is a complex construct that is easy to talk about and 
difficult to define (Brown, 2021; Goos, 2018). Mathematical reasoning is quite a 
crucial aspect of one’s mathematical capacity in teaching and learning of 
mathematics (Jeannotte & Kieran, 2017; Sukirwan & Herman, 2018). Reasoning 
is a skill that students demonstrate in higher-order mathematical thinking and is 
an ability by students to think coherently, logically, and to draw meaningful 
inferences from facts assumed and given (Gunhan, 2014; Kenney & Linguist, 
2000). At school level, algebra is regarded as the first domain in mathematics that 
encourages reasoning because of its “transition from concrete arithmetic to the 
symbolic language of Algebra … students develop abstract mathematical 
cognition essential” (Susac et al., 2014, p.1) to learn other mathematical domains 
such as geometry. 
In advanced mathematics such as in the studies of abstract spaces we know that 
we typically start from basic generally agreed upon facts (axioms) and, proceed 
using mathematical logic and reasoning to attain new theorems that enrich the 
field further. It is in these lines that various studies agree that in some ways 
mathematics can be thought of as focused logical reasoning, and any 
mathematical activity cannot be dissociated from reasoning (Lithner, 2008; 
National Council of Teachers Mathematics (NCTM), 2000; Sukirwan & Herman, 
2018). This includes even tasks that students can achieve through rote learning, 
as some form of cognitive reorganization of knowledge must be invoked even in 
these circumstances. In addition, studies show that mathematical reasoning can 
be developed in primary school level through exposing students to learning tasks 
and/or contexts where they are able to make and evaluate their own conjectures 
(Mansi, 2003). Similarly, students in high schools can learn to reason deductively 
and inductively through creation of mathematical assertions when carrying out 
proofs. Studies have also shown a correlation between mathematics reasoning 
skills and high achievement in mathematics (Kospentaris et al., 2011; Kramarski 
et al., 2001; Toole, 2001;). Other studies have shown that South African students 
lack conceptual understanding and reasoning skills in geometry (Mukucha, 
2010), and high-level reasoning skills (Maqsud, 1998). There are strategies to 
improve students’ mathematical reasoning. These include the use of cooperative 
learning as a teaching strategy, and the use of argumentation during teaching and 
learning there by addressing the “why” and “when” questions that arise. 
Aineamani (2011) concurs that enhanced communication skills are key to the 
development of mathematical reasoning skills among the students.  
 
In this study, Lithner’s natural perspective framework is used to analyse students’ 
mathematical reasoning in Euclidean geometry. Geometry, as one of the most 
important branches of Mathematics, has a very significant place in education for 
the development of critical thinking and problem solving (Serin, 2018). Goos et 
al. (2007) posit that, through the process of visualization and reasoning, students 
to explore the world by comparing objects and shapes and their related 
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connectedness. Duval (1998) concurs and states that geometric thinking 
incorporates elements of visualization and reasoning. Battista (2007, p. 843) 
views geometric reasoning as a process of “inventing and using formal conceptual 
systems to investigate shape and space”. Other studies have also maintained that 
the logic and competence to reason insisted upon by Euclidean geometry renders 
its pursuit worthwhile, since these skills are not only indispensable in all 
mathematics, but also in real life (Van Putten et al., 2010). Some of the crucial 
objectives and gains of geometry are outlined by Van Putten (2010) and Suydam 
(1985) include: (i) developing logical thinking abilities, (ii) developing spatial 
intuition about the real world, (iii) imparting the knowledge needed to study more 
mathematics, and (iv) teaching the reading, interpretation, and reasoning involved 
in mathematical arguments. 
 
An understanding of the students’ levels of the quality of making mathematical 
arguments through logical reasoning is therefore key in assessing student’s 
progress in the subject. It is particularly in this regard that the underlying study 
seeks to make a meaningful contribution. The aim of this study is to determine 
the quality of grade 12 students’ mathematical reasoning based on the perspective 
criteria developed by Lithner (2008). Therefore, the main research question of the 
study is: What is the quality of final year secondary school grade 12 students’ 
mathematical reasoning skills in Euclidean geometry? 
 

THEORETICAL FRAMEWORK 

 
The theoretical framework adopted in this study is that of Lithner (2008)’s 
criteria. This is a framework for analysing students’ creative and imitative 
mathematical reasoning abilities. A basic idea of this framework is that rote 
learning reasoning is imitative, while the opposite type of reasoning is creative 
(Lithner, 2008; Sukirwan & Herman, 2018). The framework considers two types 
of imitative reasoning, memorised and algorithmic. Memorised reasoning (MR) 
is characterised by the fact that the students’ choice of strategy is “founded on 
recalling a complete answer” and “writing it down” (Lithner 2008, p. 258). On 
the other hand, Algorithmic reasoning (AR) is identified by the fact that the 
students’ “chosen strategy is to recall a solution algorithm” and, once that is done 
the answer is easily reached (Lithner, 2008, p. 259). 
 
On the other extreme of the mathematical reasoning spectrum is creative 
mathematically founded reasoning (or creative reasoning, CR). CR is 
characterized by the following criteria. (1) Novelty - “a new (to the reasoner) 
reasoning sequence is created, or a forgotten one is re-created”. (2) Plausibility - 
a student “makes arguments supporting the strategy choice and/or strategy 
implementation motivating why the conclusions are true or plausible”. (3) 
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Mathematical foundation – “the arguments are anchored in intrinsic 
mathematical properties of the components involved in the reasoning” (Lithner, 
2008, p. 266).  The solutions of the students are deemed as not appearing (NA), 
if the student is completely wrong, or the students gives a solution not envisaged 
by the problem. 
 
Figure 1 below shows that the reasoning sequence involved when students are 
solving a particular mathematical task can be represented by a path realisation in 
a directed graph (Lithner, 2008). The vertices, 𝑣𝑖, signify two things i.e., the 

momentary state knowledge and the (sub) task. That is, at each vertex the 
students’ state of knowledge at that specific point in time will have an influence 
on the reasoning, moreover each vertex (𝑣𝑖: 𝑖 ≠ 1) involves a subtask from which 
the task solver must transition through correct reasoning. In this way, the task 
solver makes a strategy choice among the transition edges, 𝑒𝑖,𝑗, and the reason 
acts as the motivation that supports transitions between vertices (Lithner, 2008). 
Notwithstanding this, in terms of task solving this means that each edge, 𝑒𝑖,𝑗, 
represents a transition from one step (i) to the next step (j) in the task solving 
sequence. Given the wide scope of the task solvers’ knowledge (which can be 
incorrect or has misconceptions),) the set of possible conclusions can be 
countably varied.  

        Figure 1: Different routes to solving a task depicted as path realisations.  
in a graph, adapted from (Lithner, 2008, p. 258). 

 
In this study, we also adopt Lithner’s perspective on the meaning of reasoning. 
That is, reasoning is a line of thought adopted to produce assertions and reach 
conclusions when solving a mathematical task. Similar to Fauskanger and 
Bjuland (2021) students’ mathematical thinking also refers to the strategies, 
representations and reasonings they use. Students’ mathematical thinking is a 
coherent and logical approach to mathematical reasoning (Fauskanger & Bjuland, 
2021). A mathematical task includes all the write up work collected from 
students, such as classwork or homework exercises, assessments (tests or 
examinations), assignments, among others.   
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RESEARCH METHODOLOGY 

Using Lithner’s natural perspective on mathematical reasoning, this study sought 
to unpack the students mathematical reasoning on questions on Euclidean 
geometry. The research study was carried out towards the end of the first term of 
the 2021 academic calendar. The study sample comprised of 35 Grade 12 students 
from a township school in Cape Town, South Africa. The students wrote the first 
term’s control test, and their written work was then collected and analysed.  
 
This study analysed students’ work (control test) for two of the tasks involved on 
the assessment. In the first task the path is already set out and given to the students 
(e.g., {𝑣1, 𝑣2, 𝑣4, 𝑣6}) and they are required to generate the reasoning involved 
in transitioning between the vertices (subtasks) along the edges {𝑒1,2, 𝑒2,4, 
𝑒4,6}leading up to the suggested or given answer. For the second task, the students 
are only given the overall main task. They are required to reason their way 
through and transition between the vertices along whichever edge their state of 
momentary knowledge leads them to. Both these tasks seek to engage or inculcate 
the task solvers’ mathematical reasoning and are both well sustained under the 
underlying framework. Since one purpose of the underlying framework is to 
characterize students’ mathematical reasoning, the choice is to see reasoning as a 
product that appears in the form of a sequence of reasoning that starts in a task 
and ends in an answer (Lithner, 2008).  
 
The analysis was specifically focused on the Euclidean geometry part of the test. 
It can be argued that Euclidean geometry in the secondary school level provides 
the archetypal mathematical thinking methodology required of any mathematics 
student (Duval, 1998; Serin 2018; Van Putten et al., 2010). Euclidean geometry 
domain typically starts with a few known or given facts and then requires the 
student to use logic and mathematical reasoning to uncover further facts and/or 
provide concrete mathematical proofs. Other studies have also contended that 
students’ general mathematical competencies are closely linked to their geometric 
understanding (Alex & Mammen, 2018; French, 2004). 
 
The table below provides a summary of the types mathematical reasoning and 
their respective descriptions as they were used to analyse students’ mathematical 
reasoning in the context of this study (Lithner, 2008).  
 
Table 1: Types of mathematical reasoning and their descriptions (adapted from Lithner, 2008) 

Type of 
mathematical 

reasoning 
Description 

NA 
Is referenced when a student gives no answer at all, or the solution of the 
student is completely wrong, or the students gives a solution not 



530 
 

envisaged by the problem. For instance, in Euclidean geometry a student, 
instead of calculating the angles, measures the angles from a given figure. 

MR 

Consists of students focusing on recalling the complete answer and writing 
it down. MR can also be observed when students have conflicting ideas 
between the size of the angle they have calculated and its size as it appears 
on a given figure (p. 258).  

AR 

AR is identified by the fact that the students’ chosen strategy is to recall a 
solution algorithm and, once that is done the answer is easily reached. AR 
occurs when a student recalls a theorem required to solve a question (p. 
259). If students avoid careless mistakes, they should get a correct 
solution.  

CR 

CR is characterized by the following criteria. (1). Novelty a new (to the 
reasoner) reasoning sequence is created, or a forgotten one is re-created. 
(2). Plausibility - a student makes arguments supporting the strategy choice 
and/or strategy implementation motivating why the conclusions are true 
or plausible. (3). Mathematical foundation - the arguments are anchored 
in intrinsic mathematical properties of the components involved in the 
reasoning (p. 266).  

 
 
Figure 2 below shows the first task that students wrote for the first terms’ control test. 

Figure 2. Task 1 requires students to provide any mathematically correct   reasoning. 

 

 

 

 

 

 

O is the Centre of the circle.  𝑇𝑂𝑃̅̅ ̅̅ ̅̅  is the diameter and 𝑃𝑅̅̅ ̅̅  tangent at P. If �̂� = 23°, to determine 

the size of �̂�, the following steps have been given. For each of the statements below, provide the 
relevant reason. (Remember you are building a logically sequenced proof) 
 

Statement Reason 

1) 𝑇𝑂̅̅ ̅̅ = 𝑂𝑆̅̅̅̅   

2) �̂�1 = 23°  

3) �̂�2 = 46°  

4) �̂� = 90°  

5) �̂� = 44°  
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It is worth noting that the two tasks as seen in Figure 1 are slightly different. In 
Task 2, the question required the students to both calculate the answer and 
rationalise or provide a sequence of concise mathematical reasoning for their 
intermediate steps as well as the final answer. However, the CAPS policy 
statements also demand that:  
 

In the FET Phase, learners [students] should be exposed to mathematical 
experiences that give them many opportunities to develop their 
mathematical reasoning and creative skills in preparation for more abstract 
mathematics in Higher / Tertiary Education institutions, (DoE, 2011, p. 
10). 

 
In this regard, in Task 1, the students are given both the intermediate steps’ 
answers as well as the final solution and, are asked to provide mathematically-
sound reasoning. This also covers the “why” question type as is prescribed in the 
CAPS policy statements’ specific aims. Critical to student’s learning is also the 
ability to be able to mathematically critique and /or mathematically justify the 
solutions routes that other task solvers have taken in as an evaluative judgement 
type of setup. Evaluative judgement is the capability to make decisions 
(judgements, reasoning, etc.) about the quality of work of oneself and others (Tai, 
2018). Tai (2018) argues that developing students’ evaluative judgement should 
be an imperative goal of education, to enable students to improve their work and 
to meet their future learning needs, and Tai (2018) deems this as a necessary 
capability of graduates. 
 
Figure 3 below shows the two of the tasks that students wrote for the first terms’ 
control test. 

          Figure 3. Task 2 requires students to use reasoning to calculate the angle 
size.   
 

Task 2: In the given diagram, O is the Centre of the circle and �̂�1 = 30°.  

 

 

 

 

 

Calculate with reasons the size of the angle �̂�2. 
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RESULTS AND DISCUSSION 

Table 2 shows the student’s quality of mathematical reasoning as measured by 
Lithner’s criteria. In Table 2, both the actual frequency and percentage counts are 
given. 
 

Table 2. Absolutea and Relativeb Data on the Quality of 
Mathematical Reasoning using Lithner’s Criteria 

Statement 
Quality of Reasoning 

NAa %b MRa %b ARa %b CRa %b 

1 16 46 2 6 8 23 6 18 
2 20 58 0 0 2 6 9 26 
3 7 20 3 9 13 38 9 26 
4 19 55 1 3 4 12 8 23 
5 10 29 4 12 7 20 10 29 
6c 23 66 1 3 5 15 7 20 

a. Actual frequencies of student reasoning at a given Lithner quality 
of mathematical reasoning criteria. 

b. These are measured relative to the sample size. 
c. NB: This is a standalone question (Task 2) based on Figure 3. 

 
Based on the data given in Table 2, it is evident that from the sample of students, 
a significant proportion fall in the NA quality level in almost all the questions 
with statement 3 being the only exception. This means that students are 
predominantly struggling with making meaningful mathematical reasoning. Task 
2 elucidates the point further, in that about two-thirds of the students could not 
provide reasoning to get to the correct answer. Moreover, in task 2, of this 66% 
of students that were at the NA quality level, 50% preferred to leave the question 
unanswered or failed to start.  
 
Notwithstanding, the low level of mathematical reasoning skills as evidenced by 
Table 2, it is worth noting however that the results indicate that the students’ 
reasoning qualities fall into two extremes. The one extreme concerns many 
students with low reasoning abilities, the other are the students with an 
exceptional mathematical reasoning ability and in general, the second dominant 
level is the CR.  
 

Figure 4. Student answer statements to 
Task 1, all answers in level NA. 

Figure 5. Student answer statements to Task 1 
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For the students that are able to display acceptable levels of reasoning some do 
display some creativity in reasoning in the sense of not taking the obvious route 
but following their own line of reasoning to get to the given answer (or solve a 
particular subtask).   For instance, for statement 3 (see Figure 2) about 26% (9 
students) used “angle at the centre is twice the size of the angle at the 
circumference” route, instead of “Exterior angle of △ 𝑇𝑂𝑆”, see Figure 5 for 
instance. The data also showed evidence of student misconceptions, for example, 
the statement “angles on a right triangle” was common with students at the NA 
as shown by Figure 4. Figure 4 also shows that the students also rely on recalling 
memorised facts that they regurgitate even in situations that are not plausible, for 
instance the “Tangent-Chord Theorem” was applied by students in situations 
where neither a tangent nor a chord was involved. 
 

Figure 6. Student answer to 
Task 2, in level NA. 

 Figure 7. Student answer to Task 2, in level CR. 

Task 2, was generally poorly answered with 23 of the 35 students rating at level 
NA. The two extremes in reasoning abilities were again evident, with most 
students failing to reason to a correct answer as in Figure 6, however, seven 
students were able to give full reasoning and rated at level CR. In figure 7, above 
the student took a rather long route to find the solution to task 2, whilst there is 
nothing wrong with the solution, we note that it is not the most inefficient way of 
finding the solution to task 2.  
 

Figure 8. Student answer statements to Task 1, different rating per 
statement. 

 
What was also evident from the results is that some students assumed that doing 
a calculation that shows how to get to the given answer is sufficient to serve as 
mathematical reasoning. Figure 8 shows an example of a student that did a 
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calculation to prove the answer. This student knows that “angles on a triangle are 
supplementary” but, did not state it outright. The logical deductions made by the 
student are correct, he/she could have supplemented the calculations done by 
outlining the reasons.  
 

CONCLUSIONS 

Based on the study sample results, it can be concluded that these students 
generally struggle with providing mathematical reasoning. The students 
reasoning also seems to rely a lot on imitative type of reasoning dominating for 
the students who at least attempted to provide the answer.  However, there is a 
select group of students that seem to be quite efficient in reasoning creatively to 
even justify task-solving steps that are already set out.   
 

One limitation of the study is that the data for this study was collected from 
students’ assessment work and, due to COVID19 restrictions and other mitigating 
factors face-to-face interviews were not conducted. As a result, further 
information from the students was not gathered.  
 

This study attempted to bring to the surface the important quality of students 
mathematical reasoning abilities in Euclidean geometry. Further studies on this 
subject can go a step further by conducting face-to-face interviews with students 
and, acquire more insight into the students’ mathematical thinking process when 
solving Euclidean geometry tasks. In addition, further studies should focus on 
how students’ mathematical reasoning abilities vary with the type of Euclidean 
geometry task they are carrying out. Finally, other studies can further adapt the 
framework and methodology to allow for the analysis of the efficiency of the 
student’s chosen route for their solutions. 
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