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INTRODUCTION 

One of the difficulties in finding suitable investigations for secondary school pupils is that interesting 

scenarios are likely to be too difficult, while those that are manageable are potentially uninteresting. More 

than that, in order to know whether a particular scenario is suitable, one must have worked through it 

oneself. Having done so, the temptation is then to scaffold the investigation process so as to lead students 

to the conclusions one found oneself – thereby eliminating the ‘open-ended’ nature of a proper investigative 

approach. 

A RICH CONTEXT 

While trying to set a Mathematics Olympiad question, I was exploring the following scenario: 

 

 

 

 

 

 

 

 

 

I was struck by how much there was that could be discovered from the situation described in the diagram, 

and realised that this could potentially make for an excellent investigation. Rather than scaffolding the 

process I could simply pose the situation and ask students to see how many interesting things they could 

find, my own exploration having already established that there were sufficient points of interest. The diagram 

was rich in the sense that there are things that could be found quite easily, thereby eliminating the need for 

scaffolding, but with many other things that could potentially be found with deeper engagement. 

OBSERVATION 1 

It is clear that if P is close to A (and Q therefore close to C), 

the area of ∆OUV is quite large and that of the trapezium 

PQVU is small. As P moves away from A and towards B, the 

trapezium acquires greater height, but its parallel sides PQ and 

UV both become shorter; it is thus not clear whether the area 

of the trapezium increases or not as P approaches B, or how 

that area is related to the area of ∆OUV. 

 

 

 ABCD is a square of side 2 units.  

 Points P and Q are chosen so that 

AP = CQ.  

 OP and OQ meet the diagonal AC in 

U and V respectively.  

 Trapezium PQVU is thus formed. 
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On the other hand, it is obvious that when P is close to B, the 

trapezium PQUV is again small, and so there must be a 

moment at which the size of the trapezium is a maximum. 

Exploring the scenario in a dynamic geometry environment 

shows that the area is maximised when angle 𝐴�̂�𝑃 is very close 

to 25°. Proving this result is unfortunately rather tricky, and 

would be beyond most secondary school students.  

 

 

OBSERVATION 2 

What about the relationship between the area of trapezium PQVU and triangle OUV? Under what 

conditions would these two areas be the same? There certainly has to be a point where this occurs, since 

with P close to A the trapezium is small and ∆OUV large, whereas with P close to B, while both the triangle 

and the trapezium are small, they have very similar heights and consideration of their bases shows the 

trapezium is larger than the triangle. Somewhere between these positions the two areas must be equal. 

If we let 𝐴�̂�𝑃 = 𝜃, then 𝐴𝑃 = 2 tan 𝜃 and hence 𝐵𝑃 = 2 − 2 tan 𝜃. Since, 

in right-angled triangle 𝑃𝐺𝐵 we have cos 45° =
𝐵𝐺

𝐵𝑃
 , this means that 𝐵𝐺 =

(2 − 2 tan 𝜃) cos 45° = √2 (1 − tan 𝜃). Since 𝑂𝐵 = 2√2 this means we 

have 𝑂𝐺 = 2√2 − √2(1 − tan 𝜃) = √2(1 + tan 𝜃). Now, since ∆OPQ │││ 

∆OUV, we have  
𝑂𝐺

𝑂𝑀
=

√2(1+tan 𝜃)

√2
= 1 + tan 𝜃. For the area of PQVU to 

equal that of ∆OUV, the area of ∆OPQ needs to be double that of 

∆OUV. Given that triangles OUV and OPQ are similar, we can think of 

∆OPQ as an enlargement of ∆OUV. Recalling that if each dimension is 

increased by a factor 𝑘 then the area of a two-dimensional shape increases 

by a factor 𝑘2, since the area of ∆OPQ is double that of ∆OUV the scaling factor must be √2. This means 

that  
𝑂𝐺

𝑂𝑀
= √2 , and since we have 

𝑂𝐺

𝑂𝑀
= 1 + tan 𝜃 this means that tan 𝜃 = √2 − 1. Using a calculator to solve 

for 𝜃 gives 𝜃 = 22,5°, i.e. OP is the bisector of 𝐴�̂�𝐵.  

Is it possible to show that OP is the bisector of 𝐴�̂�𝐵 without recourse to a calculator? We have previously 

established that 𝐴𝑃 = 2 tan 𝜃 and 𝐵𝑃 = 2 − 2 tan 𝜃. Setting tan 𝜃 = √2 − 1 in these two expressions gives 

𝐴𝑃 = 2√2 − 2 and 𝐵𝑃 = 2 − 2(√2 − 1) = 4 − 2√2 = √2𝐴𝑃. Now, since 𝑂𝐵 = √2𝑂𝐴, we see that P divides 

AB in the ratio of the lengths OA and OB, from which it follows that OP is the bisector of 𝐴�̂�𝐵 (see 

discussion of angle bisector theorem under observation 3). Alternatively, using the double angle formula 

tan 2𝜃 = 
2 tan 𝜃

1−tan2 𝜃
 , one can readily establish that when tan 𝜃 = √2 − 1, tan 2𝜃 = 1, from which it follows 

that 2𝜃 = 45° and hence 𝜃 = 22,5°. 

Thus, to make the trapezium PQVU equal in area to ∆OUV, we need to bisect the angles 𝐴�̂�𝐵 and, from 

symmetry, 𝐶�̂�𝐵. This is a rather pleasing relationship, and is one of the few occasions I can recall where an 

angle measuring half of 45° has a geometric significance.  

 

 










