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INTRODUCTION 

Problems based on cyclic patterns are often included in mathematics Competitions and Olympiads, and on 

many occasions are linked to the year of the competition. It is important to be able to recognise these types 

of questions and to understand the underlying pattern. Determining for example the exact value of 𝑎𝑏, 

where 𝑎 and 𝑏 are positive integers, soon becomes impractical with a calculator when either 𝑎 or 𝑏 becomes 

large. However, irrespective of the values of 𝑎 and 𝑏, determining the last digit of 𝑎𝑏 becomes a simple matter 

once the cycling pattern in the final digit is recognised. 

INVESTIGATING THE LAST DIGIT OF 𝟐𝒃 

If we write down the first few powers of 2 it quickly becomes apparent that the last digit cycles through a 

4-unit repeating pattern, namely 2 4 8 6: 

               21  =  𝟐 

               22  =  𝟒 

               23  =  𝟖 

               24  =  1𝟔 

               25  =  3𝟐 

               26  =  6𝟒 

               27  =  12𝟖 

               28  =  25𝟔 

               29  =  51𝟐 

The last digit of 22017, for example, may then be calculated by establishing the number of completed cycles 

of four, and thereafter considering only the remainder, if any: 

   
2017

4
 =  504  remainder 1 

There are thus 504 complete cycles of the 4-digit repeating unit 2 4 8 6. We now need only consider the 

impact of the remainder, which tells us which digit of the repeating unit to consider. Since in this case the 

remainder is 1, the next digit will be the first digit of the repeating unit. The last digit of 22017 is thus 2. 

Note that the last digit of, for example, 671522017 will also be 2 since the last digit of the number is 

dependent on the last digit of the base, i.e. 2. 

CONSIDERING ALL POSSIBLE LAST DIGITS OF 𝒂𝒃 

There are four digits that repeat with a 1-unit repeating cycle, i.e. where the last digit remains constant, and 

these are 0, 1, 5 and 6. There are two digits with a 2-unit repeating cycle, these being 4 and 9. The remaining 

digits, i.e. 2, 3, 7 and 8 each have a 4-unit repeating cycle.  
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The table below provides a summary of the various repeating cycles for 𝑎𝑏: 

Unit digit of 𝒂 Cycle length Repeating unit 

0 1    0 

1 1    1 

2 4    2 4 8 6 

3 4    3 9 7 1 

4 2    4 6 

5 1    5 

6 1    6 

7 4    7 9 3 1 

8 4    8 4 2 6 

9 2    9 1 

 

There are a number of interesting observations that can be made from the above table: 

 As the unit digit increases from 0 to 9, the cycle length is itself a cycle (1 1 4 4 2). 

 Given that 8 = 23, it would be expected that the set of last digits of 8𝑥 (i.e. 8 4 2 6) would share the 

same elements as that of 2𝑦 (i.e. 2 4 8 6). However, it is interesting to note that the repeating unit of 

3 (i.e. 3 9 7 1) and the repeating unit of 7 (i.e. 7 9 3 1) share the same elements. 

 Excluding 0, 1 and 6, and using double cycles for 4 and 9, i.e. 4 6 4 6 and 9 1 9 1 respectively, and a 

quadruple cycle for 5, i.e. 5 5 5 5, the sum of the digits in each repeating unit is 20. 

COMBINING VARIOUS LAST DIGIT CONSIDERATIONS 

What is the last digit of 32017 + 42017? Let us begin by considering each power separately. 3𝑎 has a 4-unit 

repeating cycle, and since 2017 divided by 4 is 504 with a remainder of 1, its last digit will be the first digit 

of the repeating unit, i.e. 3. 4𝑎 has a 2-unit repeating cycle, and since 2017 divided by 2 is 1008 with a 

remainder of 1, its last digit will be the first digit of the repeating unit, i.e. 4. The last digit of 32017 + 42017 

is thus 3 + 4 = 7. 

Let us now consider a somewhat more complex problem which requires consideration of multiple cases 

simultaneously. 

Determine the last digit of 


2016

1

2016

k

k  

We require the last digit of 20162016201620162016 20162015...321  . Dividing 2016 by 4 results in no 

remainder, and since the digits with cycle length of one or two may be considered as cycle lengths of four 

(e.g. treating a 2-unit cycle of 4 6 as a 4-unit cycle of 4 6 4 6), the last digit in each case will be the fourth 

digit in the cycle. Applying this leads to last digits: 

1 + 6 + 1 + 6 + 5 + 6 + 1 + 6 + 1 + 0 + 1 + 6 + 1 + 6 + 5 + 6 + … + 6 

This itself is a cyclic pattern of ten repeating digits, each adding to 33. There are thus 2016/10 = 201 cycles, 

with a remainder of 6. The sum of the last digits of the completed cycles is 663320133  , while the sum of 

the remaining six digits is 25656161  . Adding these sums gives 6658256633  . The last 

digit of 


2016

1

2016

k

k  is thus 8 . 
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Let us now consider a similar question using the current year: Determine the last digit of 


2017

1

2017

i

i . 

Readers may wish to make use of the method above to confirm that the last digit is in fact 3. However, a 

quicker and more elegant approach is to note that the last digit of 


2017

1

2017

i

i  will be the same as the last digit 

of 


2017

1i

i  . We can now simply calculate the sum of the arithmetic series: 

2035153)20171(
2

2017
2017...4321

2017

1


i

i  

The last digit of 


2017

1

2017

i

i is thus 3. 

SHOWING THAT THE LAST DIGIT OF 


2017

1

2017

i

i  AND 


2017

1i

i  IS THE SAME 

To begin with, note that the cycles of one and of two may be considered as cycles of four when determining 

the last digit of a number raised to any power. We can thus treat all digits from 0 to 9 as having a 4-unit 

repeating cycle. Using the notation naaaa .......321  to represent the number comprising the n  digits 1a  to 

na , if naaaaX .......321 , then the last digit of 
n

k aX 14  for  𝑘 ∈ ℕ. This can readily be proven using 

mathematical induction: 

 For 1k ,  5321

5 ...... naaaaX  .  Making use of an exhaustive proof for 90 na , it is easily 

shown that the last digit of 
nn aa 5)( , that is 

555555 9,,4,3,2,1,0   all yield last digits 0, 1, 

2, 3, 4, … , 9 respectively. The assertion is thus true for 1k . 

 

 Assume true for k , i.e. the last digit of   n

k

n aaaaa 
14

321 ..... . 

 

 Now, for 1k ,      4321

14

321

54

321 ................. n

k

n

k

n aaaaaaaaaaaa 


, and therefore the last 

digit is calculated from 
nnnn aaaa  54 )()( . Therefore true for 1k . 

Therefore if naaaaX .......321  , then the last digit of 
n

k aX 14  for  𝑘 ∈ ℕ. 

The induction process thus proves that the last digit of 



n

i

ki
1

14  will be the same as the last digit of 


n

i

i
1

 for 

all positive integers. This is the logic used in the determination of the last digit of  


2017

1

2017

i

i at the top of the 

page, since 2017 = 4 × 504 + 1. 

DEALING WITH DIGITS THAT DON’T FORM PART OF THE CYCLE 

When working with problems based on cyclic patterns, care must be taken to exclude any digits that do not 

form part of the repeating unit. 
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Example 1 

What is the 2017th digit of 17286538 ? The first three digits are not part of the repeating cycle of five digits 

and must therefore be excluded in the calculation of the completed cycles and remainder: 

   
2017 − 3

5
 =  402  remainder 4 

The 2017th digit of 17286538  is thus the 4th digit of the repeating unit, i.e. 8. 

Example 2 

What is the 2017th digit of  
29

28
 ? In decimal form  

29

28
 57142803,1 . The first three digits thus need to be 

excluded in the calculation of the completed cycles and remainder: 

   
2017 − 3

6
 =  335  remainder 4 

The 2017th digit of  
29

28
 is thus the 4th digit of the repeating unit, i.e. 4. 

VARIATION OF A CYCLIC PROBLEM 

An adaption of an international mathematics competition question is as follows:  

The first digit of a positive integer with 2017 digits is 5. Any two adjacent digits form a multiple of 

either 13 or 27. What is the sum of all the different possible values of the last digit of this number?  

The reader is encouraged to attempt this interesting question before reading on. 

Solution: The multiples of 13 and 27 under 100 are 13, 26, 39, 52, 65, 78, 91 and 27, 54, 81 respectively. 

Commencing with the 1st digit of 5, the 2nd digit must either be 2 or 4 since multiples 52 or 54 could apply. 

If we choose 4, that is 54…, it is clear that the number can go no further as there are no 2-digit multiples of 

13 or 27 beginning with a 4. Ignoring this option, the 2nd digit must thus be 2. There are again two options 

for the 3rd digit, namely 6 or 7. Our number could thus take the form 526… or 527…. Considering the latter 

option, and consulting our list of possible multiples, we find that the number generates a cyclic pattern, 

namely 5278139139139…. Since (2017 − 4) ÷ 3 = 671 with no remainder, the 2017th digit must be 9. We 

now need to consider the alternative possibility for the 3rd digit, namely 6. This is slightly more complicated. 

If the 3rd digit is 6 then the 4th digit must be 5 and the 6th digit must be 2. However, each time the digit 2 is 

repeated, either 6 or 7 could be chosen as the next digit. If we choose 6 to follow 2 each time then we form 

the number 526526…5265. However, if we choose the penultimate digit to be a 7 instead of a 6, then the final 

digit will change from a 5 to an 8, using the multiple 78. If we change the choice from a 6 to a 7 any earlier, 

then the final digit will again be 9. By way of example, changing the 5th last digit to a 7 gives 526526…78139, 

and the reader may wish to verify that making this choice any earlier will always result in the 2017th digit being 

a 9. The sum of the different possible last digits is thus 22859  . Note that this also happens to be the 

maximum possible sum. The reader may wish to consider (i) which other year(s) result in this total, (ii) what 

the minimum possible sum is, (iii) which year(s) result in such a minimum, and (iv) if the number contains at 

least five digits, how many different possible sums there are. 

CONCLUDING REMARKS 

There is a distinct advantage in being able to identify cyclic patterns in mathematical problems. Being familiar 

with such questions, and understanding the nature of digit manipulation, will not only enhance one’s success 

in dealing with these problems, but should enrich general mathematical ability as well.  

 


