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Prime factorisation is a useful mathematical technique. I am sure that all pupils remember at some point 

having used either the ‘factor tree’ or ‘ladder’ method to express a composite number in terms of its prime 

factors.  

              

At school level, in the Senior Phase of the GET band, prime factorisation is perhaps most often used to 

determine the Highest Common Factor (HCF) or Lowest Common Multiple (LCM) of two or more 

composite numbers. However, prime factorisation lends itself to many other arithmetical processes. In this 

article I share some of the powerful ways that prime factorisation can be used in the Grade 7–9 classroom. 

DETERMINING THE HCF 

Prime factorisation is a useful way to determine the HCF (also known as the Greatest Common Divisor) of 

two or more numbers. The HCF of two or more given numbers is simply the product of all the prime 

numbers that are common to the given numbers. By way of example, consider the three composite numbers 

24, 60 and 72. In prime factorised form we have: 

 24 = 23 × 3   

 60 = 22 × 3 × 5   

 72 = 23 × 32   

The prime factors in common are  22 × 3 = 12. The HCF of 24, 60 and 72 is thus 12. 

DETERMINING THE LCM 

Prime factorisation is also a useful way to determine the LCM of two or more numbers. By way of example, 

consider the three composite numbers 18, 48 and 60. In prime factorised form we have: 

  18 = 2 × 32   

  48 = 24 × 3   

  60 = 22 × 3 × 5   

The LCM of 18, 48 and 60 would need to be divisible by each of  24, 32  and  5. The LCM of 18, 48 and 60 

is thus  24 × 32 × 5 = 720. Note that the LCM is simply the product of the various prime factors each 

raised to the highest power as found in the various prime factorised forms. 
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TESTING FOR DIVISIBILITY 

While there are many divisibility rules for smaller numbers, things are not quite so straightforward when 

working with larger numbers. In such cases, comparing the prime factorised forms of the two numbers is a 

simple yet direct way of testing for divisibility. By way of example, is 180 divisible by 12? In prime factorised 

form we have: 

  180 = 22 × 32 × 5   

  12 = 22 × 3   

Comparing the two prime factorised forms we see that all the prime factors of 12 are also factors of 180, 

from which we can conclude that 180 is indeed divisible by 12. Note that once we have the two numbers 

expressed in prime factorised form, we can work out the quotient directly: 

  
180

12
=  

22 × 32 × 5

22 × 3
=  

3 × 5

1
= 15 

In a similar vein, prime factorisation also allows for an alternative method to simplify fractions. The 

conventional approach is simply to divide top and bottom by an obvious common factor, and then to repeat 

the process until the fraction cannot be simplified any further: 

  
42

140
 →  

21

70
 →  

3

10
 

Using prime factorisation: 

  
42

140
 →  

2 × 3 × 7

22 × 5 × 7
 →  

3

2 × 5
 →  

3

10
 

Perhaps there is little difference between the two approaches, and perhaps one could even argue that using 

prime factorisation to simplify fractions is a bit of a mechanistic approach. However, I think there is some 

value in the latter approach, particularly considering the extension of the idea to algebraic fractions later on: 

  
𝑥3 − 4𝑥

𝑥2 + 𝑥 − 6
 →  

𝑥(𝑥 + 2)(𝑥 − 2)

(𝑥 + 3)(𝑥 − 2)
 →  

𝑥(𝑥 + 2)

(𝑥 + 3)
 

CALCULATING ROOTS 

Prime factorisation is also a useful way to calculate square roots and cube roots of large numbers. Imagine 

if you wanted to calculate  √150 × 24. By prime factorising both 150 and 24 we could proceed as follows: 

        √150 × 24  =   √(2 × 3 × 52) × (23 × 3) 

           =   √24 × 32 × 52 

           =   √22 × 22 × 32 × 52 

           =   √22 × √22 × √32 × √52 

           =   2 × 2 × 3 × 5 

           =   60 
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One could argue in this particular case that if we had simply multiplied 150 by 24 to get 3600 then square 

rooting becomes easy since  √3600  is clearly 60. However, sometimes the numbers don’t lend themselves 

to an immediately obvious answer. Consider for example  √75 × 45
3

. Multiplying 75 by 45 gives us 3375, 

which doesn’t have an immediately obvious cube root. If we proceed with the prime factorisation, then: 

        √75 × 45
3

  =   √(3 × 52) × (32 × 5)3
 

           =   √33 × 533
 

           =   √333
× √533

 

           =   3 × 5 

           =   15 

What I like about this particular approach is that it can be used flexibly depending on how pupils carry out 

the prime factorisation step. For example, a pupil might start as follows: 

        √75 × 45
3

  =   √(3 × 25) × (5 × 9)3
 

If the pupil has a good grounding in square numbers and cube numbers then, with a bit of insight and 

restructuring, one could write: 

        √75 × 45
3

  =   √(3 × 25) × (5 × 9)3
 

           =   √(3 × 9) × (5 × 25)3
 

           =   √(27) × (125)3
 

And from here the cube root simply pops out as  3 × 5 = 15. 

One could also use the idea to create Maths Olympiad style ‘problem-solving’ questions. For example, 

if  𝑘  is a positive integer, determine the smallest possible value of  𝑘  such that  √150𝑘  is an integer. 

Expressed differently, what is the smallest value of  𝑘  such that  150 × 𝑘  is a perfect square? Expressing 

150 in prime factorised form gives: 

  150 = 2 × 3 × 52   

From this it is clear that we need another 2 and another 3 as factors for the number to be a perfect square. 

This means that  𝑘 = 2 × 3 = 6. 

Before diving straight into an Olympiad type problem, perhaps one could ask something along the following 

lines:  

If  √150 × ? = 30, determine what number should replace the question mark. 

What I like about the question posed in this way is that it allows for different strategies. Some pupils might 

avoid the prime factorisation process completely if they realise that the number being square rooted needs 

to be 900. Dividing 900 by 150 gets you to an answer of 6 very quickly. Others might use prime factorisation 

but only focus on the left-hand side, and then use a bit of trial-and-error to find an answer. Others might 

simply square both sides to get  150 × ? = 900, and then prime factorise and compare the two sides to see 

what is ‘missing’ from the left. What is important is not necessarily the strategy used, but the value in 

comparing different approaches and the discussions that will inevitably arise around these different routes 

to the answer. Posing questions in this way is also a useful stepping-stone to the more Olympiad style 

formulation of the question given earlier. 
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DETERMINING THE TOTAL NUMBER OF FACTORS OF A COMPOSITE NUMBER 

A useful formula that seldom gets taught at school, unless you are in an Olympiad training course, is the one 

relating to the total number of factors of a composite number. 

For a number  𝑁  written in prime factorised form as  𝑁 = 𝑋𝑎𝑌𝑏𝑍𝑐 …, where  𝑋,  𝑌  and  𝑍  are 

prime numbers and  𝑎,  𝑏  and  𝑐  are non-negative powers, the total number of factors of  𝑁  is 

given by the product  (𝑎 + 1)(𝑏 + 1)(𝑐 + 1) … 

By way of example, let us consider the composite number 360. In prime factorised form we have: 

  360 = 23 × 32 × 51 

The total number of factors of 360 is thus  (3 + 1)(2 + 1)(1 + 1) = 4 × 3 × 2 = 24. We can confirm 

this by systematically determining all the factors in pairs: 

        1    ×    360        5    ×    72       10    ×    36 

        2    ×    180        6    ×    60       12    ×    30 

        3    ×    120        8    ×    45       15    ×    24 

        4    ×    90         9    ×    40       18    ×    20 

It is worthwhile understanding the basis of the formula so that one can use it for further exploration. Let us 

take the prime factorised form of 360 as a specific case. Since the prime factorised expression 23 × 32 × 51  

is unique to 360, each factor of 360 must be of the form  2𝑎 × 3𝑏 × 5𝑐  where  𝑎  can take on the values 0, 

1, 2 or 3,  𝑏  can take on the values 0, 1 or 2, and  𝑐  can take on the values 0 or 1. There are thus 4, 3 and 2 

possible powers for the prime bases 2, 3 and 5 respectively. For each of the four possible powers for the base 

2 there are three possible powers for the base 3, and for each of these there are two possible powers for the 

base 5. In total there are thus  4 × 3 × 2  possible combinations, making a total of 24 factors. Note that this 

total always includes 1 and the number itself. 

Now that we understand the basis of the formula we can use it to ask other interesting questions. For 

example, how many factors of 360 are odd? Rather than going and working them all out we can simply look 

at the prime factorised form of 360, namely  23 × 32 × 51. Any odd number must necessarily only have 

odd bases in its prime factorised form. Thus, to determine the number of odd factors of 360 we simply need 

to take all possible combinations of powers of 3 and 5. There are thus  (𝑏 + 1)(𝑐 + 1) =

(2 + 1)(1 + 1) = 6  odd factors. 

As an example of a further extension question, what is the smallest positive integer that has exactly 10 

factors? Notice that 10 = 5 × 2. Working backwards from our formula for the total number of factors, this 

means the product must have been  (4 + 1)(1 + 1) = 10. In other words the number we are looking for 

only has two different prime factors and must be of the form  𝑁 = 𝑋4𝑌1. For the number to be as small as 

possible we take the smallest possible primes, i.e.  𝑋 = 2  and  𝑌 = 3. The smallest number with exactly 10 

factors is thus  24 × 31 = 48. 

CONCLUDING COMMENT 

While pupils are generally familiar with the process of prime factorisation at school, the application of the 

process is typically restricted to determining the HCF and LCD of two or more numbers. What I hope I 

have illustrated in this short article is the wealth of further classroom exploration that can be centred on 

prime factorisation as a powerful mathematical technique.    

 


